Fall L2004

AREZLL
MIDTERM EXAM - ANSWER KEY

Problem 1 (25 points).

Definition: Two metrics are equivalent if they define the same open sets, that is if a set is open with respect
two the first metric whenever it is open with respect to the second.

The next definition applies only to part c) of this question.
Definition: Two metrics are uniformly equivalent given € > 0, there exists & > 0 such that for all X,y € X,

p(x,y)<d = o(xy)<e and
oxy) <8 = pxy)<e

a) Show that two metrics o and p on a set X are equivalent if and only if given x € X and € > 0, there

b)

exists & > 0 such that for all y € X,
p(x,y) <8 = oa(xy)<e 1)
o(xy)<d = pxy)<e )

We'll first show that if either (1) or (2) fails, then we can construct an open set with respect to one metric
that is not open with respect to the other. Assume that (1) fails, i.e., there exists x € X, € > 0 and a
sequence (Yn) such that for each n, p(X,yn) < 1/nbut 0(X,yn) > €. Let U = Bg(X,€). Necessarily U
is open w.r.t. 0 and contains X. However, the sequence (Y,) converges to X w.r.t. p, but none of the
Vn belong to U. Hence X is a boundary point of U w.r.t. p and so cannot be open. A parallel argument
can be constructed if (2) fails.

Now suppose that both (1) or (2) are satisfied. We need to show that a set U is open w.r.t. p iff it is
open w.r.t. . We will do so by picking an arbitrary set U that is open w.r.t. 0 and showing that an point
X € U is an interior point of U w.r.t. p. This will show that every element of U is an interior point w.r.t.
P, and thus that U is open w.r.t. p. Since U is open w.r.t. 0, there exists € > 0 such that Bs(x,€) C U.
From (1), there exists & > 0, such that By(x,8) C Bg(X,€) C U. That is X belongs to a p-open subset
of U, and is hence a p-interior point of U. A parallel argument using (1) can be constructed to show
that if U is open w.r.t. p, then it is also open w.r.t. O.

Show that the Pythagorian metric on R" is equivalent to the metric p, defined by

pxy) = max{jx—vi:i=1,.,n}

We'll refer to the Pythag metric as 0. Fix x € R" and € > 0.and let = €/n. It's easier to prove that
o(xy)=ze = pxy) =3 ®3)
p(x,y) >e = o(x,y)>9d 4)

Clearly, if p(X,y) > € then 0(X,y) = v/€2+K, for some nonnegative number K. Hence o(x,y) > &.

On the other hand, if o(X,y) > € then necessarily |X —Vi| > €/y/n > €/n, for at least one i. But this
implies that p(x,y) > d.



c) Prove that the following metrics on R, , are equivalent but not uniformly equivalent.

p(xy) = [x=y|
axy) = [1/x=1}y|

Hint: you can identify certain upper bounds and assume without loss of generality that € > 0 is not
greater than these bounds.

To show that these are equivalent, pick Xx € R and € > 0. Assume without loss of generality that
minje/4,ex(x—¢€)] ifx<15

£/X(X+€) ifx>15

Consider y € Bg(X,0). We have two cases to consider:

€ <min(0.5,1/x). We'll set & = {

i) X< 1.5: In this case, y < 2 since if y > 2, then
okxy) > [1/15-1/2] = 1/6 > 1/8 > ¢€/4

Therefore we have
oxy) = x=yl/xy < & < ¢/4

Since xy < 4, [x—y| = p(Xy) < €.

i) x> 1.5: Note first that y < X+ €, since if y > X+ €, then
oxy) = [1/x=1)y] = [1/x=1/(x+¢)] = ¢g/x(x+g) = &

Therefore we have

o(x,y) Ix=1y = Kx=yl/xy < 8 = g/xx+¢)

so that

m

pixy) = =yl < &y = exy/x(x+g) <
Now consider y € By(X,8). We again have two cases to consider:

i) X< 1.5: Since y > x— 0> X— ¢, we have
o(xy) = [X=yI/xy < [x=y|/x(x—g) < 9J/X(x—g) < ex(x—g)/X(x—¢)
i) Xx>1.5: Sincey>x—0>x—¢>15-0.5=1, we have

oxy) = [X=yl/xy < [x-y < & < ¢

However, the two metrics are not uniformly equivalent. To see this set € =1 and for all n € N, let
oh=1/n. Letx=1/nand y=1/2n. For all n, p(x,y) =|1/n—1/2n| =1/2n < d,. However,
o(xy)=[2n—n|>1=¢.



Problem 2 (25 points).

a)

b)

Given N € N, N > 2, we say that a nonempty set W is an N-wector space if {v*,...,vN} c W and
a € RN implies YN ; ajv' € W. Show that for any N € N, a set W is an N-wector space iff it is a vector
space.

If N < 2, there’s nothing to prove, so assume N > 2. The proof in one direction is completely trivial.
Suppose W is an N-wector space. Now consider {Vl,vz} C W and a € R?. Extend o to R" by adding
zeros and let {v3, ...,VN} be arbitrarily chosen. We have zizzlaivi = ZiNzl O(ivi € W, proving that W is
a vector space.

Now suppose W is an vector space. Trivially, we know that W is also a 2-wector space. Now assume
that for some n > 2, we've proved that W is an n-wector space. (We have done so for n=2.) We'll
prove that W is also an (n+ 1)-wector space. Arbitrarily pick {v!,...,v"*1} c W and a € R™?,
Let w = Zinzlo(ivi and note that by assumption w € W. Since W is a vector space zi”jllonvi =

W+ 0y VL € W, Therefore, W is an (n+ 1)-wector space.

The remaining parts of this question relate to the following construction. Fix ® € R®>and a set K C N,
Let
Xn2=Xn3 forallneKC

i = for all K
X(B,K)Z{sequencestSS.t. {X” 0 orallne }

where x, ; denotes the j’th component of the n’th element of the sequence. What is the largest
collection of @’s in R® and largest collection of sets K’s for which X(@,K) is a finite dimensional
vector space. To get full marks for this question, you must prove that for the pair of collections that
you have identified,
i) whenever (8,K) belongs to this pair of collections, then X(0,K) is a finite dimensional vector
space,
ii) whenever (8,K) does not belong to this pair of collections, then X(@,K) is not a finite dimen-
sional vector space,

Let O consist of all co-finite subsets of N. A subset of N is co-finite if its complement in N, denoted
KC, is a finite set. Let ® = 0. Pick an arbitrary co-finite subset K C N, pick sequences X,y € X(0,K),
0, € R and let z denote the sequence ax+ By. For all n € K, z, = ax, + By, = a0+ B0 = O, while
for all n € K€, 2, = z,3. Therefore, z€ X(0,K), establishing that X(0,K) is a vector space.

The only way to prove that it’s finite dimensional is to provide a basis for the space. For k € KCandi=
1,2,4,5, let y* denote the sequence defined by, for n € N and j = 1,..,5

1 ifn=k&i=2&j=23
)};" 1 ifn=k&i#2&j=i . We will establish that this is a basis in the answer to the next

.
0 otherwise
part. For now note simply that the number of sequences we have defined is 4 times the number of
elements in K€ which is a finite number. Hence X (0,K) is finite dimensional.
On the other hand,



c)

d)

i) for @ £ 0, pick X,y € X(0,K) and let z denote the sequence x+Yy. Forall n € K, z, =X, +Yyn =
0+0 =20 +6. Therefore, z¢ X(0,K), so that X(8,K) is not a vector space.

i) If K is not co-finite, then the number of elements in a basis for X(0,K) is infinite, so that X (8, K)
is not finite dimensional.

Fix a set K ¢ N and @ € R® such that X(8,K) is a finite-dimensional vector space. Find a basis for
X(0,K). Do this abstractly, not for a specific K and @. That is, you should give one answer that
“works” for all K and all @ such that X(0,K) is a vector space. Demonstrate that it is a basis. Hint: it
is quite possible that you have already partially or fully completed part c) in your answer to part b).
If you have, simply refer to your previous answer; don’t repeat work you’ve already done.

A basis was provided in the answer to the previous part. Call it Y We now just have to check that it is
indeed a basis. To verify this, we need to check that: (a) Y is a subset of X(0,K); (b) Y spans X(0,K);
(c) any proper subset of Y will not span X(0,K). Clearly, each element of Y belongs to X(0,K).
Moreover for an arbitrarily chosen x € X(0,K), it is clearly the case that X= 3 ;_1245 Y neke Xn’jy”'j.
Hence Y spans X(0,K). Finally, suppose that y*' were omitted from Y, for some k € K€ and i =
1,2,4,5. Since for all remainingy €Y, yxi =0, Yl cannot be written as a linear combination of the
remaining elements of Y. Hence Y is a set of basis vectors for X(0,K),

Given a set K ¢ N and € R® such that X(8,K) is a finite dimensional vector space, what is the
dimension of X(0,K)?

The dimension of X(0,K) is the number of elements of any basis for X(8,K). As noted already, the
dimension of X(0,K) is 4 x #KC.

Given a set K N and @ € IR® such that X(8,K) is a finite dimensional vector space, find a minimal
spanning set for X(0,K) that is not a basis. Again, do this abstractly. Demonstrate that it spans, is
minimal, but that it isn’t a basis.

For k e K¢ and i =1,...,5, let Z denote the sequence defined by, for n € N and j = 1,...,5,

i?i 1 |fn:k&J:| . Zk‘i . . .
= _ . We now verify that Z = {Z*'};ckc 15 is a minimal spanning set for
0 otherwise

X(0,K) but not a basis. Clearly, no element of this set belongs to X(0,K), since for n € K€, iilz #
‘J(nl?, It spans the set however since for an arbitrarily chosen x € X(0,K), it is clearly the case that
X=73j=1245 2 neKC Xn’jy”'j. To show that Z is a minimal spanning set, pick arbitrarily k € K€, and
i =1,...,5 and omit the sequence z= Z“ from Z. Now consider the “corresponding” member of the
Y2 ifi=3

ykvi otherise

except for z, Zi(‘i = 0. Therefore, y cannot be written as a linear combination of the members of Z if zis
excluded.

basis sety €Y, defined above, where y = { . By construction, yxj = 1, butforall Z € Z



Problem 3 (25 points).

a)

b)

d)

Let U denote the set of all 2 x 2 matrices for which no real eigenvalues exist. I1s U open, closed or
neither? Whatever your answer, specify the appropriate universe. Prove your answer.

Now for the remainder of this question, fix B € R, and a € R and let A(a|B) = [2 ﬂ . (I’d strongly

recommend—who would have thought—that you use a computer to check your answers. If you want
to use matlab, the following might help: A=[a,b;c, d]will define a2 x 2 matrix. [Vec,Vval] =
eig(A) will deliver its eigenvectors and eigenvalues. help eig will give you more details.)

U is a open set in R* (or, if you like, R? x R?, it doesn't matter). To prove this, consider a matrix
A= E 3} . This matrix will belong to U if there is no value of A such that the matrix {a; A d E )J :
has a zero determinant. This will be the case iff (a4 d)? —4(ab—cd) < 0. But in this case, we can find
a b
c d

that A is an interior element of U.

€ >0, such that if A’ = [ ] € Bpythag(A,€), then (& +d')2 —4(a/b/ — cd’) < 0. This establishes

Write down an expression (in terms of a and () for the eigenvalues of A(a|B).

2-A B

. has determinant
A

To solve for the eigenvalues, compute the A’s for which the matrix [
zero, i.e.,

2-N@4-N—asp = 0

A = 3+Itop

Compute the largest interval | in R such that A(-|B) has real eigenvalues on this interval.

A(a|B) will have real eigenvalues provided that (1+af) > 0, i.e., provided that a > —1/B. Hence

| =[—1/B, ).
For a € I, write down an expression for two distinct unit eigenvectors of A(a|f).

V is a unit eigenvector corresponding to A iff v = (v,v/1 — V2) and

F&A 4EA] [h} - m



Because the matrix is not invertible, we need to solve for v by substitution. We have
AN=2)v = BV1-V2 (5)
av = A—4)V/1-\2 (6)

From (5) we have

Vo= 1+ <(A_2)V>2

B
-05
(5) B
vV = 14+ — = —
B B2+ (2—1)2
Summarizing, the eigenvector corresponding to eigenvalue A is
v = [ B A2 }
T VB2 VB2

which, substituting for A

B
1+/1+0p

B
1+\/1+af

_ [Bz+ (1£v/1+aB) 1 o

— [e+proprayita @)

Let vi(a) and v2(a) denote the expressions for the unit eigenvectors you have just calculated and let
Cos(a) denote the cosine of the angle between them. Write down an expression for Cos(a). (You
will be surprised at how simple the expression is.)

From the cosine rule we have
vi(a) - v3(a)
[[vE(a)]| [[v2(a)]]

Cos(0)

which, from (7)
B2+1—(1+ap)
VB (Lt It ap)2 /B2 + (1- /T +ap)?
which, after a great deal of fuss and bother

_ (B—0a) ()
4+ (a+B)?

Set B =2 and (using a computer if you like) sketch a plot of Cos(-) as a function of a. Interpret your
graph in terms of the relationship between the two eigenvectors.



FIGURE 1. Graph of cosine of angle between eigenvectors

Fig. 1 below was generated from the following code.
fSymb =’(Beta - Alpha)./sqrt(4 + (Alpha+Beta).2)’;

Beta = 2;
step = 0.1;
top = 6;

Alpha = -0.5:step:top;
Cos = eval(fSymb);

plot(Alpha,Cos);
grid on ylabel('Cos(alpha)’);
xlabel('alpha’);
Cos(a) represents the cosine of the angle between the two eigenvectors. Note that it equals unity,
just before the real eigenvectors disappear, i.e., at 0 = —1/[3, equals zero when a = 3 and is negative

thereafter. That is, the two eigenvectors are colinear on the boundary of the interval |, make an acute
agnle with each other until & = 3, and an obtuse angle thereafter. Though it's not clear from the graph
the angle between the eigenvectors converges to 180 degrees as O increases without bound.

g) Based only on the data you have computed for this question,

i)

i)

conjecture a necessary and sufficient condition for a 2 x 2 matrix to have pairwise orthogonal
eigenvectors. For what class of matrix can you prove this conjecture, based only on results
obtained by answering this question?

The conjecture is that the matrix has to be symmetric. You have enough information based on
results obtained above to prove that this result holds for all 2 x 2 matrices with diagonal elements
2 and 4. From (8) you know that regardless of the values of a and [, a necessary and sufficient
condition for Cos(a) = 0 is that a = 3.

conjecture one property for the eigenvalues, and one property for the eigenvectors, of a 2 x 2
matrix which belongs to the boundary of the set of all 2 x 2 matrices that have real eigenvalues.
For what class of matrices do you havea enough information to prove this answer?

A matrix on the boundary has only 2 unit eigenvectors instead of the usual four, and one eigen-
value instead of two.

As a consequence of the answer to part g)ii), the relationship between eigenvectors and non-
eigenvectors is fundamentally different for matrices on the above boundary vs matrices in the
interior of the set of matrices with real eigenvectors. Explain.



FIGURE 2. Image of unit circle under A(—1|1) vs under B

Because a matrix on the boundary doesn’t have “enough” distinct eigenvectors to span ‘R?, you
cannot write non-eigenvectors as linear combinations of eigenvectors. This has many conse-
gences: in particular, you cannot determine the shape of the image of the unit circle just by
knowing what there is to know about eigenvectors and eigenvalues.

h) Construct 2 distinct 2 x 2 matrices with the property that (a) their eigenvalues and eigenvectors are
identical; (b) the images of the unit circle for the two matrices are different? Hint: look at your answer
to part ).

From the answer to the previous question, we might infer that it's possible to construct another matrix
on the boundary of U with the above property, and this is in fact the case. Replace the diagonal

elements 4 and 2 in the matrix with d and Y, i.e., consider the abstract matrix. {2 ﬂ . We want this

matrix to have a unique eigenvalue of 3, and an eigenvector that's (1/v/2,1/+/2), but we don’t want
0 = 4. Consider the equation

0 = (@-A(y—=A)—ap
= M —(3+yYA+dy—ap

In order to get properties (a) and (b) above, we need:

0+ y)2— 4dy—ap) = 0 ensuring that the term under the square root is zero
o+y = A = 3 giving us a single eigenvalue of 3
B = 3-3 giving us an eigenvector (1/v/2,1/v/2)

So we have 4 equations in five unknowns and one degree of freedom: We can find a one-dimensional
infinity of matrices with the same eigenvalue and vector as the one above. For example, Consider

B= { 52 ﬂ . Comparing the image of the unit circle under A(—1|1) to it's image under B we obtain:



Problem 4 (25 points).

Let A be a symmetric nx n matrix with nonzero eigenvalues (A1, ...,A,) and consider the difference equation
system xt = Ax'~1, for t € N. A solution sequence for this system is any sequence (x*){>_; such that for each
t, xt = Ax"1 A steady state for this system is a solution sequence with the property that all elements of the
sequence are equal.

a)

b)

Prove the following theorem: a necessary and sufficient condition for the zero sequence to be the
unique steady state for the system defined by the matrix A is that none of A’s eigenvalues is equal to
unity.

This is a completely trivial fact! Clearly, the sequence (Xt), where x' = O for all t, is a steady state
since A0 = 0. To see that this sequence is the unique steady state iff none of its eigenvalues is equal
to zero, pick X' # 0 arbitrarily. If (x!)* ; is a steady state, then x*> = x> = Ax%. But in this case, x! is
an eigenvector with a unit eigenvalue.

Show that if |Aj| < 1, fori=1,...,n, then for any solution sequence, (xt){"’:l, to the system, lim;_, x! =
0.

Let (xt){”:l be a solution sequence. We'll show that for given € > 0, there exists T such thatt > T
implies ||x|| < €||x}||. Since A has full rank, x* can be written as a nonnegative linear combination
of a selection of its eigenvectors. Choose such a selection, Vi i= 1,...n, such that x* belongs to the
non- negatlve cone deflned by these eigenvectors, i.e., there exists 0 € ]R” such that x! = Z, 1 Qi Vv
and x2 = 31, oAV, Now assume that for t > 2, xt = 3L 10( AV (We ve just noted that this

is true for t = 2.) Then x'™ = Ax' = 57 o A(A)' 2! = 375 a1 (A))'V'. Since a is nonnegative, it
follows that when t is even, xt+l once again belongs to the nonnegative cone defined by V', i =1,...n.
In this case, since and A = max{|Aj| :i =1,...,n}, then |[bx{*1]| <A'ST ajvi = AY|xY||. Since by

assumption |A| < 1 we can pick pick t even large enough that A' < €, so that Xt 2| < g|xY]|. we
have established therefore that the sequence (Xt){”:1 converges to zero.

Now suppose that [A1| > |Ai[, i =2,...,n, and |A1| > 1. Let v! be an eigenvector with eigenvalue A;.
Let (x');> ; be a solution sequence for the system. Characterize the limit behavior of this sequence in
terms of the angle 6" between x' and v1. Your answer should be of the form: Ve > 0, there exists T
such that if t and x* satisfy certain conditions, then some property can be established about this angle.
Prove your answer. (Hint: you need to identify a number of different cases. The number is bigger
than 2, but smaller than 357.)

As before, choose a selection of pairwise otrhogonal eigenvectors, Vi i= 1,...n, such that for some
acRY, xt = SiL1aiVv'. From the answer to the previous question, we have established that X+l =

Siia ()\i)tvi. There are three different cases to consider.

i) Case 1: a1 = 0. Since the vectors Vi i= 1,...n, are all orthogonal to v, it follows that for all t

so that 6' = 90° for all t.
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i) Case 2: daq > 0,A1 > 0. In this case, again x't1. vl = Z{‘:lai()\i)tvi -vl. For each t, let

. O ,
i = |a1(A1)!], and for each i, let B} = %ﬁ'—). Note that B} = 1, for all t. We can now rewrite

the inner product as X' *1- vt =\, S iV -vL. Since A > 1 and |A1| > |Ai|, i =2,...,nit follows

that for all € > 0, there exists T such that for all t > T, |Bl| <€, for i = 2,...,n. It follows that
SN BV -v! converges to v - v, Hence (8') converges to 0°.

iy Case 3: a1 > 0,A1 < 0. In this case the argument is exactly the same as in case 2, except that

\ = (—1)}, i.e., alternates between positive and negative 1. Hence (8') has two convergent

subsequences, for even and odd values of t. (8'),_; 35 converges to 180°, while (8');_, 46

converges to 0°.




