DESIGNING OPTIMAL CROP REVENUE INSURANCE

OLIVIER MAHUL AND BRIAN D. WRIGHT

When the indemnity schedule is contingent on the farmer’s price and individual yield, an optimal
crop revenue insurance contract depends only on the farmer’s gross revenue. However, this design
is not efficient if, as is the case with available contracts, the coverage function is based on imperfect
estimators of individual yield and/or price. The producer’s degree of prudence and the extent of basis
risks have important influences on the optimal indemnity schedule. In this broader context, optimal
protection is not provided by available U.S. crop insurance contracts and may include combinations
of revenue insurance, yield insurance, futures, and options contracts.
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Farmers generally face joint price and out-
put (yield) risk. Alternatives for manag-
ing these sources of risk have recently ex-
panded with innovations in revenue insurance,
which aims to provide protection against
price declines and/or low yield. In 1991, the
Canadian Department of Agriculture intro-
duced the Gross Revenue Income Program
which paid indemnities based on a fifteen-year
moving average of crop-specific revenue. The
U.S. Federal Agricultural Improvement and
Reform Act of 1996 also changed the risk envi-
ronment for U.S. producers of major crops by
allowing some growers to elect revenue insur-
ance policies. The Risk Management Agency
launched a revenue insurance program known
as Income Protection (IP). Two private sec-
tor programs were also approved: Crop
Revenue Coverage (CRC) and Revenue As-
surance (RA). Revenue insurance choices con-
tinued to expand with the introduction of
a new product called Group Risk Income
Protection launched in 1999 (Harwood et al.
2000). In Europe, the first revenue insur-
ance contract was proposed to UK. farm-
ers in 1999 and other policies should be of-
fered to European producers in the near
future.
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This article investigates the design of an op-
timal crop revenue insurance contract, given
the risks typically faced by farmers and the in-
formation typically useable by insurers, using
recent theoretical developments on optimal
insurance in incomplete markets. As a pre-
liminary case, we show that the optimal crop
revenue insurance policy when the indem-
nity schedule is contingent on the individ-
ual farmer’s crop yields and prices depends
only on the farmer’s gross revenue, defined
as the sum of the products of acreage, in-
dividual yield, and the price which the pro-
ducer receives for each crop output. This re-
sult confirms and generalizes the comparison
of specific contracts in Hennessy, Babcock, and
Hayes.

However, real-world markets often are not
complete because the indemnity function is
based on imperfect estimators of the individual
yields and/or prices. Indeed, in several insur-
ance products introduced in the last decade,
indemnity payments are based on aggregate
measures of price and yield. In such informa-
tional environments, optimal indemnity pay-
ments are shown to be contingent not only on
the product of the aggregate estimates of yield
and price, but also on the aggregate estimates
of price and yield taken separately. A heuris-
tic example of optimal insurance coverage, as-
suming a quadratic utility function, identifies
and highlights the role of bias and basis risks
in the aggregate measures in determining the
optimal indemnity schedule.

The second purpose of this article is to
investigate how the optimal revenue insur-
ance policy can be used to derive important
features of the efficient hedging strategy
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with crop yield and revenue insurance poli-
cies and with futures and options con-
tracts offered on financial markets. The
complementarity/substitutability between rev-
enue insurance contracts and other hedg-
ing tools is analyzed. Under yield and/or
price basis risks, the optimal revenue in-
surance contract is shown to be replicated
with yield insurance, revenue insurance, and
futures contracts if the producer’s prefer-
ences are quadratic, insurance contracts are
sold at an actuarially fair price, and fu-
tures markets are perceived as unbiased. Fi-
nally, the results are used to cast further
light on informative numerical simulations of
the risk-reducing performance of insurance
and hedging contracts recently presented in
the agricultural economics literature (Wang
et al.; Heifner and Coble; Coble, Heifner, and
Zuniga; Mahul, 2002).

The Model

In the expected utility framework, the pro-
ducer’s preferences are represented by a
monotone increasing and strictly concave von
Neumann-Morgenstern utility function u. We
assume that the producer’s gross revenue is ex-
posed to multiple risks, such as random yield
and random price, that affect each crop. The
stochastic gross revenue is defined as a deter-
ministic function R of a vector of n nonnegative
random variables ¥ = (X1, X2, ..., Xiy ..., Xn)
with a joint cumulative distribution function
defined over the support X = [0, %] x --- X
[0, X,], where x; > 0 for i = 1,..., n. Hence,
the producer’s gross revenue is R(x) when x =
(x1,...,x,) € X is realized. The function R is
assumed to be nondecreasing with respect to
each argument:

(1) R,‘(.Xf) = BR(x)/ax, >0

forallx e X, fori=1,...,n.

To protect against the occurrence of low
gross revenue, the producer has the oppor-
tunity to purchase an insurance contract.
Its indemnity schedule depends on a vec-
tor of n nonnegative random variables Z =
(Z1,Z2,--.,2n), With a joint cumulative dis-
tribution function defined over the support
Z=10,z1] x --- x [0, z,], where z; > O fori=
1,..., n, and is correlated with %;. The insur-
ance policy is described by a couple [I(-), O]
where I(z) is the indemnity payment trans-
ferred from the insurance company, which is
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assumed to be risk-neutral, to the risk-averse
insured producer when the vector z is realized
and Q is the insurance premium. We assume
that a feasible indemnity function must be non-
negative:

2) I1z)=0 forallz € Z

and the premium is assumed to depend only
on the actuarial value of the policy:

(B)  Q=c[EIQ®)]

with ¢(0) =0,¢'(e) > 1 for alle > 0. The expecta-
tion operator is denoted by E. In one particular
case of interest, transaction costs are propor-
tional to claims, that is, c(e) = (1 + vy )e where
the loading factor y is nonnegative. Through-
out this article, we will assume that losses are
perfectly observed.

An optimal insurance contract is obtained
by finding the insurance premium and the in-
demnity function that maximize the insured
producer’s expected utility of gross revenue
under the above-mentioned constraints:

4 max Eu|R(X) 4+ 1(Z) —
“4) max u[R(¥) +1(2) — Q]
subject to conditions (2) and (3).

Optimal Insurance Using Individual
Yield and Price

We assume in this section that the indemnity
schedule of the insurance contract is based on
the farmer’s yields and prices and the insur-
ance company can perfectly observe these in-
dividual parameters, z; = x; for all x; € [0, X;]
and i = 1,...,n. It can be easily shown (see
the appendix) that the optimal insurance con-
tract, the solution to program (4) subject to
constraints (2) and (3), provides full cover-
age below a trigger gross revenue R > 0 such
that 7*(x) = max(R — R(x), 0). When the pro-
ducer faces multiple uncertainties affecting
his gross revenue, it is optimal to purchase a
unique insurance contract covering all sources
of risks at the same time, with full insurance
below a gross revenue trigger. In other words,
the payoff function 7*(-) is the least expensive
risk-sharing tool to reach a predetermined in-
surance coverage. This provides a slight and
intuitive generalization of Raviv’s work, which
examined this problem with additive losses
(see also Gollier and Schlesinger).

The optimality of full insurance against
aggregate revenue loss above a deductible
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implies that it dominates insurance using sep-
arate contracts for different components of
income, or for price and yield. For exam-
ple, insurance displaying full coverage on the
farmer’s gross revenue below R = %%, is less
costly than price insurance providing full cov-
erage below price *; and crop insurance pro-
viding full coverage below yield %, consis-
tent with the comparison of these contracts in
Hennessy, Babcock, and Hayes (see result 1).
Other contract comparisons covered by our
general result include that a whole-farm rev-
enue insurance contract provides, for a given
premium, a better coverage than the sum
of crop-specific revenue insurance contracts.
Equivalently, for a predetermined coverage
level, whole-farm revenue insurance is less
costly than crop-specific revenue insurance, as
found by Hennessy, Babcock, and Hayes (see
result 2).

Despite the interpretation of the above-
mentioned model that producers would like
to cover multiple risks by purchasing an “um-
brella” contract displaying full coverage above
a deductible on the gross revenue, real-world
insurance markets are often based on indices
of individual yield and price as an imperfect
signal of the producer’s gross revenue. In the
following section, we examine the design of an
optimal insurance policy against joint yield and
price risk in this context of incomplete markets.

Optimum Insurance Using Aggregate
Yield and Price

Consider now the more realistic case in which
the indemnity schedule is based on imperfect
estimators of individual yield and price. These
indices are assumed to be an aggregate yield
estimated in a surrounding geographic area
and a futures price on a market for a com-
modity different from the hedged product in
location and/or other attributes. Because the
purpose of this section is to investigate how
these imperfect estimators affect the optimal
insurance contract design, we restrict our anal-
ysis to farms producing a single commodity. To
model the imperfect information available to
the insurance and financial markets, individual
price p, with p € (0, pmax], and individual yield
g, with g € (0, gmax], are written as linear func-
tions of the price index f and the yield index
¥, respectively:

©)

pP=ai +PB1f+&
6) §G=

o+ B2y + &
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where f € (0, fmax)s ¥ € (0, ymax], & and &
are zero-mean random variables. Such a re-
lationship is obtained when the stochastic
individual price (yield) is projected orthog-
onally onto the stochastic price (yield) in-
dex.! Assume that basis risks are (uncondi-
tionally) independent of indices, that is, &
and &, are independent of (f,7) and each
other.> Note, however, that no specific assump-
tions are made about the stochastic depen-
dence between the price index and the yield
index. Price and yield indices are assumed to
be perfectly observable and therefore yield
and price basis risks are caused only by het-
erogeneity among farmers. Given the avail-
able information, an optimal insurance policy
[Z(-,-), O]is the solution to the program (4) sub-
ject to constraints (2), (3), (5), and (6) where
¥=(p.q),Z2=(f,9), and R(p.q) = pq. This
leads to the following characterization of the
optimal (single) crop revenue insurance con-
tract.

PROPOSITION 1. The insurance contract that

solves program (4) subject to constraints (2),
(3), (5), and (6), satisfies

(i) If B1 > 0, a trigger function f(-) exists

such that
. >0 if f < f(y)
I*(f, .
(f:3) { =0 otherwise.
(ii) If B1 < 0, a trigger function f(-) exists
such that
P |70 T 1)
Y120 otherwise.

When B1B; > (<)0, the trigger function f(-)
decreases (increases) with y. For all (f.y):
I* (f, y) > 0, the marginal indemnity functions

satisfy

ar(f,y)
of

=B

™)

Er[(ar + Boy + &) Equ”(77)]
E1Eou”(77)

!'We thus have By = cov(p, f)/var(f),oq = Ep — B1Ef, B2 =
cov(q. 5)/var(j) and o = EG — By E.

2 We acknowledge that these unconditional independence as-
sumptions are restrictive. However, they allow us to focus on the
interaction between yield and price indices.
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ar*(p,y)
dy

=—B

®)

Ei[(oq + Brf + &) Equ”(47)]
ElEzu”(’ﬁ')

where it = (a1 +B1f +&1) (w0 + By + &)+
I(f,y)— Q and E; is the expectation opera-
tor conditional on (f, %) = (f, y) with respect
o€, forj=1,2.

The proof of Proposition 1 is found in the
appendix. The form of the optimal single-crop
revenue insurance policy depends on the sign
of the regression coefficients 3; and ;. If B4
is positive (negative), indemnity payments are
made whenever the realized price index is be-
low (above) the trigger level. This trigger price
is a function of the realized yield index, and
it decreases (increases) as the yield index in-
creases if B1B; is positive (negative). The in-
demnity function decreases (increases) with
the realized price index p if B is positive (neg-
ative) and it decreases (increases) with the re-
alized yield index y if B, is positive (negative).
Because price and yield expressed in equa-
tions (5) and (6) enter symmetrically in our
model, the trigger yield defined as a function
of the realized price index would also lead to
the optimal revenue insurance contract design
presented in Proposition 1.

This proposition is related to, but distinct
from, Proposition 1 of Mahul (2000), which
addresses optimal insurance contract design
in the presence of non-additive (uninsurable)
background risk. First, the trigger price is a
function of the realized yield index in our
model with two insurable risks, while it is a
constant when a single risk is insurable, as in
Mahul (2000). Second, the non-additivity of
basis risks in our model does not come from
the relationship between individual and aggre-
gate parameters (yield and price), as in Mahul
(2000), but from the multiplicative relation-
ship between yield and price in the gross rev-
enue function. The price (yield) basis risk in-
teracts with the yield (price) index; there are
thus cross-interactions between basis risks and
insurable risks.

The impact of actuarially fair insurance, that
is, ¢'(e) = 1 for all e > 0, and costly insur-
ance, that is, ¢/(e) > 1 for some e > 0, on the
trigger function is presented in the following
proposition.

PROPOSITION 2. Under actuarially fair in-
surance, the optimal trigger function satisfies

f(y) = fmax for all y, if B1 > 0, and f(J’) =0
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for all y if B1 < 0. Under costly insurance, it
satisfies [(y) < fmax for some y, if B1 > 0, and
f(y) > 0 for some y, if B; < 0.

The proof of Proposition 2 is found in the ap-
pendix. This proposition shows that full cover-
age, that is, the trigger price equals the highest
realization of the commodity price index, is op-
timal when insurance is offered at a fair price,
whereas partial insurance is optimal when in-
surance is costly, that is, the insurance premium
is higher than the actuarial value of the insur-
ance policy.

The remaining part of this section focuses
on the most realistic case where the individual
price and the price index are positively corre-
lated, that is, B > 0, and where the individual
yield is positively correlated with the yield in-
dex, that is, 3, > 0. Observe first that if the in-
surance indemnity is based on individual price
and individual yield, that is, f = p and ¥ = g,
then partial derivatives (7) and (8) are equal
to —q and —p for all (p, q): I*(p, q) > 0, re-
spectively. The optimal insurance contract is
thus I*(p, ¢) = max(R — pq, 0) with R > 0, as
shown in the preceding section.

Following Mahul (2000), equations (7) and
(8) can be rewritten as:

i (foy)
af

©) Bl{—E[q/y =]

Elu”(ﬁ')

covy| &, —— 2
+ Vz[ 2 —ElEzu”(ﬁ)]}

(10) %y”) - Bz{—E[ﬁ/f -

Eou’(7)

&, ————
+COV1|: ! —ElEzu”(’ﬁ)]}

for all (f, y): I*(f, y) > 0, where cov; is the co-
variance operator with respect to the &; basis
risk, for j =1, 2, conditional on (f, §) = (f, y).
The optimal marginal indemnity function with
respect to the price index, expressed in equa-
tion (9), is affected by the regression coef-
ficient between the individual price and the
price index, by the bias between the individ-
ual yield and the yield index through the ex-
pectation of the individual yield conditional on
the yield index, and by the &, yield basis risk
through the covariance term. Thus, this case
contrasts with previous results where prefer-
ences do not affect the optimal contract when
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price is non-random and the relationship be-
tween individual yield and area yield is lin-
ear (Mahul 1999). Here the slope is higher
or lower than —B;E[G/y = y] depending on
whether the covariance term is positive or neg-
ative. Because the profit function 7 increases
with €,, this covariance term is positive, null or
negative depending on whether the marginal
utility function «’ is convex, linear or concave
in wealth. The role of " has been established
in hedging decisions by Losq. The condition
u'"" > 0is called “prudence” by Kimball in ref-
erence to precautionary saving. The marginal
indemnity function with respect to the aggre-
gate price is thus higher than —,E[¢/7 = y]
if the producer is prudent. From a similar anal-
ysis, the marginal indemnity function with re-
spect to the aggregate yield in (10) is higher
than —B, E[/f = f]if the producer exhibits
prudence.

The system of differential equations (9)
and (10) characterizes the optimal indemnity
schedule. It shows that, unfortunately, no an-
alytical solution can be derived under a gen-
eral form of the utility function. However, as-
suming a quadratic utility function allows us to
define an explicit form of the optimal indem-
nity function and to highlight the roles of bias
and basis risks in the aggregate measures. The
producer’s preferences are represented by the
quadratic utility function: u(w) = —w?%2 + bw
with b > 0 and w < b. The limitations of this
function as a representation of attitudes to-
wards risk are well known (e.g., the index of
absolute risk aversion increases with wealth),
but this case shows the role of bias in the in-
dices independent of prudence. This function
can also represent the preferences of a risk-
neutral producer facing a quadratic and convex
profit tax schedule who thus adopts apparent
risk-averse behavior.? In this case, the covari-
ance terms in equations (9) and (10) are zero

because u”’ = 0 and the partial derivatives be-
come
oI*(f.y) o
an LD gipg— )
af
aIr* (f,y o
) LD a7 =

3 Such a behavioral assumption implicitly holds for the mean-
variance model to be consistent with the expected utility frame-
work, if the assumption of a normally distributed profit function
does not seem realistic (see, e.g., Duncan and Myers; Vukina, Li,
and Holthausen).
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forall (f,y): I*(f,y) > 0. The optimal insurance
design depends only on the bias between indi-
vidual and aggregate yield and between indi-
vidual and aggregate price. Itis independent of
producer preferences in this case because basis
risks affect it only through the third derivative
of the utility function, which is now equal to
zero. Integrating the above two equations with
respect to f and y gives the exact form of the
optimal insurance policy for a producer with
quadratic utility function:

(13)  I(f,y) =max[§ - E(G/5 =)

x E(p/f = [).0].

The indemnity function is contingent on the
product of the expected individual yield con-
ditional on the yield index and the ex-
pected individual price conditional on the price
index, S (f.y) = E(q/3 =) x E(p/] = f).
Payoffs are made whenever S(f, y) is lower
than the trigger level S. From equations (5)
and (6), this can be rewritten as

(14)  I(f.y) = max[T — (Bioaf + Broyy

+B1B2fy), 0]

where T = 8§ — ajay. The indemnity sched-
ule depends not only on the gross revenue
index fy but also on the price index f and
on the yield index y taken separately. In this
quadratic case, the trigger function defined
in Proposition 1 satisfies f(y) = (T — Byayy)/
(Bioz + B1B2y). It is a decreasing and convex
function of the realized yield index whereas,
under an insurance contract against price only,
the optimal trigger price function is a constant
independent of the yield index.*

The optimal insurance policy in (14) can
also be viewed as an optimal insurance
contract against gross revenue R (f,y)=
(o1 +B1f) (02 + B2y) where the individual
price (yield) is a deterministic linear function
on the price (yield) index, that is, there are no
yield and price basis risks. The optimal indem-
nity schedule for a producer with a quadratic
utility function facing yield and/or price basis
risk thus has the same form as that of a risk-
averse producer with a general utility function
facing no basis risk; indemnities are paid when-
ever S(f, y) = R(f, y) is below a trigger level.
If the indemnity is based on the price index

4 The convexity of the optimal trigger price function may not
hold under a more general utility function.
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and on the individual yield then, from equa-
tion (14) with a; =0 and B, = 1, the indemnity
function is contingent on the insurable gross
revenue fg and on the individual yield g; gross
revenue insurance is still insufficient to repli-
cate the optimal insurance policy.

The design of an optimal single crop revenue
insurance policy is now used to investigate the
optimal hedging strategy with insurance poli-
cies and hedging tools available in real-world
markets.

Insurance and Hedging Decisions

The U.S. Risk Management Agency (RMA)
has developed a variety of agricultural insur-
ance contracts in collaboration with private-
sector insurance companies. The producer can
buy insurance based on individual yields using
multiple peril crop insurance (MPCI) or on
aggregate yields using the Group Risk Plan
(GRP). He can also purchase individual rev-
enue insurance through IP, RA, or CRC poli-
cies based on individual yields and futures
prices or aggregate revenue insurance using
the Group Risk Income Protection (GRIP)
program (see Barnett for a detailed descrip-
tion of these insurance policies). While the
MPCI still represents the largest RMA busi-
ness, the new revenue insurance products have
attracted considerable interest. In the 2002
crop year, 41.98% of total US. crop insur-
ance premiums were spent on the MPCI pro-
gram, 29.36% on the CRC contract, 18.57% on
the RA contract, 1.10% on the GRP contract,
0.48% on the GRIP contract, and 0.31% on
the IP contract. In terms of insured acreage,
crop yield insurance (MPCI and GRP) cov-
ered 55.55% of total U.S. insured acres, while
crop revenue insurance (CRC, RA, IP, and
GRIP) covered 43.88% of total U.S. insured
acres (RMA).

Farmers have also the opportunity to hedge
against yield and price variations on financial
markets. Beside price futures contracts and op-
tions on futures to manage price risk, they
can use Crop Yield Insurance (CYI) futures
and options launched by the CBOT in 1995 to
hedge against crop yield risk. The underlying
instruments are the official state-based yield
estimates released during the growing and har-
vesting season by the U.S. Department of Agri-
culture (Vukina, Li, and Holthausen).?

5 As far as we know, these contracts are not traded any more
on the CBOT. However, CYI options are equivalent to the area
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The purpose of this section is to examine
how revenue insurance contracts can be com-
bined with crop insurance policies and finan-
cial hedging instruments in order to replicate
the optimal insurance contract against joint
yield and price risk characterized in the pre-
ceding section.

We know from our preliminary results that,
when there are no basis risks, the optimal
insurance policy depends only on individual
gross revenue and this policy displays full in-
surance under a critical level. Consequently,
crop insurance and hedging tools turn out to be
redundant.

Unfortunately, to the best of our knowl-
edge, real-world insurance markets do not pro-
vide such revenue insurance. When insurance
is sold at an actuarially fair price and the in-
demnity paymentis based on price and yield in-
dices, the partial derivatives of the optimal cov-
erage expressed in equations (9) and (10) show
that the optimal insurance design is (piece-
wise) linear in yield and price indices under a
quadratic utility function, but not in general.
Hence, the optimal insurance policy cannot
in general be replicated with existing insur-
ance and financial contracts because the lat-
ter are piecewise linear. This creates a second
source of incompleteness, in addition to unin-
surable/unhedgeable basis risks. In this general
framework, there are roles for other financial
instruments. The optimal hedging strategy will
be based on a combination of revenue insur-
ance contracts, crop insurance contracts and
price futures and options. The use of options
occurs because of the nonlinearity of optimal
coverage with respect to price and yield in-
dices, even if hedging contracts are sold at a
fair price. This analysis extends Moschini and
Lapan who provide a rationale for the use of
options under multiple sources of uncertainty
when price risk can only by hedged and un-
der specific assumptions (the utility function is
of CARA type and random variables are joint
normally distributed).

However, additional results can be derived
under the following three restrictive assump-
tions: (a) the utility function is quadratic, (b)
options and insurance premiums are fairly
priced and futures prices are unbiased predic-
tors, and (¢) crop and revenue insurance pro-
grams do not exhibit constraints on yield and

yield crop insurance (AYCI) policy with a deductible offered by the
GRP, and CYT futures are equivalent to the AYCI contract with no
deductible, that is, the trigger yield equals the highest realization
of the yields.
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price guarantees and on the coverage level.®
When the indemnity schedule of the revenue
insurance contract depends on the yield index
(e.g., aggregate yield) and the price index (e.g.,
futures price) and is available at a fair price,
Proposition 2 and equation (14) show that the
optimal indemnity function net of its premium
is

(15) I(f.y)—EI(f.5)
—[Bioaf + Baory + BiB2 fy]
+ [BiE f + By E

+ BiB2E(f7)].

J(f,y)

It can be rewritten as

(16)  J(f,y) =BiBAE(FF) — fy]
+Biew[Ef — f]
+ By [EF — y].

This coverage can be replicated as follows: the
producer purchases the GRIP policy at cover-
age level 8 = B1B; and at the maximum rev-
enue guarantee R = fmaxYmax. It thus provides
full insurance against 813, f . In addition, the
producer selects on financial markets a short
(long) price futures position with a futures
price at planting equal to the expected price
and an optimal hedge ratio equal to |Biay] if
ay is positive (negative), and a short (long)
CYI futures position against the y yield risk
with a futures yield at planting equal to the ex-
pected aggregate yield and an optimal hedge
ratio equal to |Byay| if oy is positive (nega-
tive).” Crop revenue insurance, CYT futures,
and price futures contracts are thus comple-
mentary. The GRIP policy sold at a fair price
with no restriction on the revenue guarantee
does not allow the producer to have the most
efficient coverage; additional futures contracts
are needed but options contracts are redun-

% We acknowledge that the existence of informational asym-
metries on real-world insurance markets makes assumption (c)
unrealistic when the indemnity schedule is based on individual
yield. Nevertheless, it allows us to investigate the complementar-
ity/substitutability between existing revenue insurance programs
based on individual yield, for example, IP, RA and CRC contracts,
and other hedging instruments, for example, MPCI contract and fi-
nancial tools. However, this assumption seems to be more realistic
when the insurance policy is based on a yield index that is beyond
the producer’s control.

7The CYI hedging ratio is defined up to a multiplicative factor
that depends on the unit of trading of the financial contracts. For
example, the unit of trading for Towa Corn Yield Insurance Futures
is the Towa yield estimate in bushels per acre times $100 (Vukina,
Li, and Holthausen).
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dant. The final wealth of the insured producer
is

(A7) @™ =pg—J(f.9) = mor + BiEf

+ B EY + BB E(f¥) + G&
+E[p/f = flea.

He thus bears two sources of risk caused by the
unhedgeable price and yield basis risks.

Following the same method, it can be easily
shown that when a revenue insurance policy
has an indemnity schedule based on individual
yield and futures price, the optimal indemnity
function in equation (16) where oy, = 0 and
B> = 1 can be replicated by purchasing the
IP policy at a coverage level 6 = 3; with a
maximum revenue guarantee R= Sfmax@max- It
thus provides full coverage against the ran-
dom variable B; f§. The farmer also purchases
the MPCI contract with price election p; =
ay, if positive, and yield guarantee § = gmax. It
provides full coverage against individual yield
variability. Revenue insurance and individual
crop insurance turn out to be complementary,
whereas futures contracts and options on fu-
tures are redundant. The insured producer’s
final wealth is " = pg — J(f.§) = v Eq +
B1E(f@) + g&;. The only source of uncertainty
borne by the insured producer stems from the
zero-mean random variable &§.

Although the above-mentioned results must
be viewed as exploratory because they depend
strongly on three restrictive assumptions, they
allow us to highlight the complementarity of
existing contracts in replicating the optimal
(single) crop revenue insurance design. This
theoretical approach offers a first theoretical
basis for interpreting recent numerical simula-
tions (Wang et al.; Coble, Heifner, and Zuniga;
Mahul 2002).

When the revenue insurance program is
based on individual yield and futures price, we
have shown that, under our three restrictive
assumptions, the optimal insurance coverage
can be replicated with the IP contract rather
than the CRC policy. However, the latter in-
surance product turns out to have the highest
enrollment among U.S. farmers. This observa-
tion is a priori in contradiction with the above
theoretical results. This may be a consequence
of existing constraints on the yield guarantee
and coverage level in the actual IP and CRC
programs, and of the subsidization levels im-
plicitin these policies. Because these insurance
policies are sold at a price that is less than
the actuarial premium, thanks to the premium
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subsidies, producers should be induced to
select the policy that displays the highest cov-
erage. By construction, the CRC product gen-
erates a higher coverage than IP and RA
products. However, for identical insurance
premiums, the IP product should be pre-
ferred to the CRC product. This seems to
be confirmed by recent numerical simulations
(Heifner and Coble, Mahul 2002).

Conclusions

This work is a first attempt to provide a the-
oretical analysis on the design of an optimal
(single) crop revenue insurance contract when
the producer faces joint yield and price risk.
As a preliminary result, we have shown that if
the indemnity schedule is contingent on indi-
vidual yield and individual price, then the op-
timal insurance contract depends only on the
individual gross revenue and it displays full in-
surance under a trigger revenue. In this con-
text of complete markets, crop yield insurance
contracts and hedging instruments, including
futures and options, turn out to be redundant.

The main contribution of this article is to
investigate insurance and hedging when the
indemnity schedule is contingent on a yield
and/or price index that are not identical to in-
dividual producer yield and/or price. In this
context of incomplete markets, the indemnity
schedule of an optimal single crop revenue in-
surance policy depends not only on the gross
revenue index but also on the price index and
on the yield index. It thus provides a ratio-
nale for combining existing revenue insurance
contracts, crop insurance policies and price
and yield hedging instruments, as indicated
by numerical simulations (Heifner and Coble,
Wang et al., Mahul 2002). In addition, we have
shown how the optimal revenue insurance con-
tract can be perfectly replicated under restric-
tive assumptions; the producer’s utility func-
tion is quadratic and unconstrained yield and
revenue insurance policies and hedging instru-
ments are sold at fair prices. The IP program is
complementary with the MPCI program, and
price futures and yield options contracts are
redundant. The GRIP plan is complementary
with the yield and price futures contracts; op-
tions contracts are redundant.

These theoretical results, which are comple-
mentary to recent works based on numeri-
cal simulations, may offer useful information
to designers of revenue insurance programs.
In addition, they bring the general efficiency
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of the CRC contract into question, and point
to a continuing role for futures contracts on
yield and price as complements to other cur-
rently available crop and revenue insurance
contracts.

Some obvious extensions of our model could
be undertaken. For example, the assumption
of independence of yield and price basis risks
could be dropped, and a nonlinear relation-
ship between individual parameters and their
associated indices could be considered. Ex-
tension to multicommodity farms would com-
plicate the analysis, but preserve the general
message that multiple contracts are optimal
when contracts cannot be contingent on indi-
vidual prices and yields. Recognition of real-
world constraints on the yield guarantee and
on the coverage level would introduce new
sources of incompleteness that require further
investigation.

[Received March 2001;
accepted November 2002.]
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Appendix

Optimum Insurance Contract Design Using
Individual Yield and Price

The unknown function I(x) depends on n vari-
ables and therefore the extension of the sim-
ple Euler equation can be used to include
n dimensions and derive the optimal insurance pol-
icy. Because the partial derivatives of the optimal
indemnity function appear neither in the objective
function nor in the constraints, the Euler equation is
a succession of pointwise first-order conditions for
I(-) and, consequently, problem (4) can be solved
by using Kuhn-Tucker conditions for /(x) for all
x € X. The first-order condition with respect to I(x)

Amer. J. Agr. Econ.
is
(AD " W[R(x) + I(x) = 0]+ \x)

—w[EIF)] =0,

for all x € X, where p and A(x) are the Lagrangian
multipliers associated with constraints (3) and (2),
respectively, with
=0 ifI(x)>0
(A2)  A(x)
>0 otherwise.

Equation (A1) can be rewritten as

(A3)  W[R(x)+ I(x) — Q] = uc[EI(R)]

for all x € X such that /(x) > 0.

In every state of the world in which indemnity pay-
ments are made, the marginal utility function of
the insured producer must be constant. Therefore,
the optimal indemnity function depends only on
realized gross revenue and there exists a function
J(-) such that I*(x) = J[R(x)] for all x € X. Be-
cause the producer’s utility function is concave and
gross revenue is assumed to increase with respect
to each argument from equation (1), an optimal in-
surance contract satisfies I*(x) = max(R — R(x), 0)
with R > 0.

Proof of Proposition 1. The optimal indemnity
schedule, solution to the maximization problem (4)
subject to constraints (2), (3), (5), and (6) is de-
rived by using Kuhn-Tucker conditions for I(f, y)
for all (f, y). The first-order condition with respect to

I(f,y)is

(AY)  EEsu[(oq + Bif +8)

x (o +Boy + &)+ I(f.y) — Q]
+Nf.y) = pe'[EI(F, )]
=0 v(f.y)
where p and \(f, y) are the Lagrangian multipliers

associated with constraints (3) and (2), respectively,
with

=0

if 1(f,y) > 0
Afy) . 1 Y

(A5) .
0  otherwise.

For all couples (f, y) such that I(f, y) =0, (A4) can
be rewritten as

(A6) K(f,y) = E1Ey'[(cq + Bif + &)
x (g + Boy + &) — 0]

—wc[EI(f.5)] <0,
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and its partial derivatives are

(A7)
AK(f,¥)/3f = BrE1E2{(cr + B2y + &)u”
xu"[(og + B1 f + &)
x (o + By + &) — O]}

(A8)
AK(f,y)/3y = BrE1Ea{(on + Brf + E)u”
xu"[(on + Brf +&1)
x (g + B2y +&) - 0]}

From the concavity of u, K(-,-) decreases (increases)
with f if By is positive (negative); it decreases (in-
creases) with y if B, is positive (negative). For
all y, define f(y) such that K(f(y),y) =0. Ob-
viously, this trigger relationship could be defined
on yield rather than price because price and yield
are perfectly symmetric in our model. This im-
plies that under realized price index f and realized
yield index y indemnity payments are made when-
ever f is lower (higher) than f(y) if B, is positive
(negative). From the theorem of implicit functions,
we haved f/dy = —(8K /dy)/(0K /3f) evaluated at
(f(»). y). The trigger function f(-) thus decreases
(increases) with y if the product B;B; is positive
(negative). For couples (f, y) such that I(f, y) >
0, (A4) becomes

(A9) E1Eou'[(oq +Bif + &)

x (0 + Boy + &)
+I1(f,y) - 0]
- [EI(f.5)]=0.
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Differentiating (A9) with respect to f and y and
rearranging the terms leads to the optimal marginal
coverage characterized by equations (7) and (8).

Proof of Proposition 2. Optimizing problem (4)
with respect to the insurance premium Q yields the
following first-order condition:

(A10) Eu[pg +1(f.5) = Ql = p.
Combining the above equation with (A4) gives

(A11)
E[W'(pg+I1(f.5)— Q)/(].7)
=)+ NS y) — Eu'(pG + 1(F, )
- Q)'(EI(p,5))=0  forall (f,y).

Taking the expectation of the above equality with
respect to (f, 7) gives

(A12)
EN(f.5) = [€(EI(f.5) - 1]
x Ew'(pg +1(f.3) = Q).

Suppose first that insurance is sold at an actu-
arially fair price, ie., c¢'(e) = 1 for all e > 0.
Then EX(f,7) equals zero and, by definition of
N (+,), I*(f, y) must be positive almost surely. Given
Proposition 1, this is satisfied if f(y) = fiax for all
y. This proves the first part of the proposition.

If insurance is costly, i.e., ¢’(¢) > 1 for some e >
0, EX(f, #) must be positive. This implies that the
non-negativity constraint (2) must be binding for
some couples (f, y) with a positive probability. This
implies that f(y) < fma for some y if B; > 0, and
£ (y) > Oforsome yif B; < 0. This proves the second
part of the proposition.



