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Abstract: Two common problems in econometric models of production are aggregation 
and unobservable variables. Many production processes are subject to production 
shocks, hence both expected and realized output is unknown when inputs are committed. 
Expectations processes are notoriously difficult to model, especially when working with 
aggregated data or risk averse decision makers. Duality methods for the incomplete sys-
tems of consumer demand equations are adapted to the dual structure of variable cost 
function in joint production. This allows the identification of necessary and sufficient re-
strictions on technology and cost so that the conditional factor demands can be written as 
functions of input prices, fixed inputs, and cost. These are observable when the variable 
inputs are chosen and committed to production, hence the identified restrictions allow ex 
ante conditional demands to be studied using only observable data. This class of produc-
tion technologies is consistent with all von Neumann-Morgenstern utility functions when 
ex post production is uncertain. We then derive the complete class of input demand sys-
tems that are exactly aggregable, can be specified and estimated with observable data, 
and are consistent with economic theory for all von Newmann/Morgenstern risk prefer-
ences. We extend this to a general and flexible class of input demand systems that can be 
used to nest and test for aggregation, global economic regularity, functional form, and 
flexibility. The theory is applied to U.S. agricultural production and crop acreage alloca-
tion decisions by state for the years 1960-1999. Ongoing work includes applying this 
model to a recently updated data set created by the USDA/ERS through 2004 and esti-
mating the intensive and extensive margin effects for state-level crop production with a 
stochastic dynamic programming model of risk aversion, asset management, and adjust-
ment costs. 
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1. Introduction 

Analysis of multi-product behavior of firms is common in agricultural economics. Tech-
niques of analysis might be based on the distance or production functions, or profit, reve-
nue, or cost functions (Färe and Primont 1995; Just, Zilberman, and Hochman 1988; 
Shumway 1983, Lopez 1983; Akridge and Hertel 1986). There is a large literature on 
functional structure and duality that helps guide empirical formulations and testing based 
on concepts of non-jointness and separability (Lau 1972, 1978; Blackorby, Primont and 
Russell 1977; Chambers 1984). Specifications of non-jointness generally reduce to some 
form of additivity (Hall 1973; Kohli 1983). Separability in some partition of inputs or 
outputs often results in separability in a similar partition of prices so long as aggregator 
functions are homothetic (e.g., Blackorby, Primont and Russell 1977; Lau 1978). Such 
restrictions on technology guide empiricists as they think about aggregation based on 
functional structure. 

Two ubiquitous problems in the econometric modeling of production are aggrega-
tion and whether or not the variables are observable. Aggregation is unavoidable and use-
ful. Many production processes are subject to production shocks. Planned output and 
product prices are unobservable when inputs are committed. Expectations processes are 
difficult to model, especially when working with aggregate data or decision makers who 
are averse to risk. An alternative solution that avoids this issue might prove useful in ap-
plied production analyses. 

This paper presents a new class of variable input demand systems that very re-
cently has been derived by LaFrance and Pope (2008a, 2008b). The demand models in 
this class can be estimated with observable data, are exactly aggregable, and are consis-
tent with economic theory for all risk preferences. LaFrance and Pope also extend this 
class to a general, flexible class of input demands that can be used to nest and test for ag-
gregation, global economic regularity, functional form, and flexibility. Almost all exist-
ing input demand systems are restricted cases of this class. However, the focus of this 
study is on flexible, exactly aggregable full rank input demand systems. 
 
2. The Production Model and Two Results 

The neoclassical model of conditional demands for variable inputs with joint production, 
fixed inputs, and production uncertainty is 

 { }( , , ) arg min : ( , , ) 0 ,F= ≤x w Y z w x x Y zT  (1) 

where xn
+∈ ⊆x \X  is an nx–vector of variable inputs, xn

+∈ ⊆w \W  is an nx–vector of 

variable input prices, yn
+∈ ⊆Y \Y  is an ny–vector of planned outputs,1 kn

+∈ ⊆z \Z  is an 

                                                           
1 The nonstandard notation of a bold, italics, and capital Y  to denote expected/planned crop outputs is 
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nz–vector of fixed inputs, and :F × × → \X Y Z  is the joint production function (the 
boundary of a closed and convex production possibilities set with free disposal of one or 
more inputs and one or more outputs). Let the variable cost function be denoted by 

( , , ) ( , , ).c ≡w Y z w x w Y zT  We assume throughout that the production process is subject to 
supply shocks of the general form 

 ( , , ), ( , , ) | , ,E= + =⎡ ⎤⎣ ⎦Y Y h Y z ε h Y z ε x Y z 0.  (2) 

In both static and dynamic settings, it is a simple matter to show that (1) is implied by (2) 
and the expected utility hypothesis for all von Newman-Morgenstern preferences (Pope 
and Chavas 1994).  

Three issues are associated with the estimation of the equation system (1) above. 
First, planned/expected output is a vector of latent, unobservable variables. To estimate 
(1) directly, therefore, one needs to either identify and estimate the planning and expecta-
tions formation process or address errors in variables associated with using the observ-
able Y in place of the theoretically correct unobservable Y  in the conditional demand 
equations (Chavas and Pope 1994). There also is a fairly large literature which proposes 
various approaches to the specification of ex ante cost functions when output is uncertain 
under potentially risk-averse behavior (e.g., Pope and Chavas 1994; Pope and Just 1998; 
Chambers and Quiggin 2000; Chavas 2008).  

The essential problem is that if inputs are applied ex ante under stochastic produc-
tion, then the outputs in a) can’t be observed. One straightforward solution is to make the 
correct assumptions such that c exists in some quantity (or quantities). LaFrance and 
Pope (2008a, 2008b) identify the necessary and sufficient condition to consistently esti-
mate conditional input demands as functions of variables that are observable when the 
inputs are committed to production – prices of the inputs, the levels of quasi-fixed inputs, 
and the variable cost of production – so that the variable input demands can be written as 

 ( , , ) ( , , ( , , )).c=x w Y z g w z w Y z  (3) 

This is not the typical approach to formulating conditional demands. But it makes par-
ticular sense in situations like agriculture where output is observed only ex post. We re-
state the fundamental result of LaFrance and Pope (2998b) on this question as follows. 

Proposition 1: The variable input demand equations have the structure (3) if and 
only if the variable cost function has the structure 

 ( , , ) ( , , ( , )),c c θ≡w Y z w z Y z�  (4) 

                                                                                                                                                                             
 
intended to distinguish this from expected crop yields per acre, ,y  which will be used later in the paper. 
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if and only if the joint production function has the structure, 

 ( , , ) ( , , ( , )).F F θ≡x Y z x z Y z�  (5) 

In other words, outputs are weakly separable from the variable inputs. Although this re-
sult is somewhat restrictive in outputs,2 it is quite flexible in the inputs. 

The second issue, especially in agricultural supply modeling, is that aggregation 
across economic agents appears to be both an unavoidable and a useful data management 
strategy. For example, aggregation increases the statistical precision of economic vari-
ables like the yield per acre of a crop on a farm with several fields, in a county, state, re-
gion, or country. Aggregation from micro-level decision makers to macro-level data has 
been studied extensively in consumer behavior,3 but has received little attention in the 
field of production economics (Chambers and Pope 1991, 1994; LaFrance and Pope 
2008a, 2008b, 2008c).4  

Taking the class of input demands that can be specified in terms of observable vari-
ables as the point of departure, LaFrance and Pope (2008c) extend Gorman aggregation 
theory to multiple output production systems. Their main result on this issue requires the 
following definition. Let :ω × →\ \ \  be defined by 

 

[ ]
( , )

0

, if 1,2or 3 and ( ) 0,

( ( , ), )

( ) ( , ) , if 3 and ( ) 0,

K K s

s s ds K s
η

θ λ

ω η θ

θ λ ω θ λ

′= = =⎧
⎪⎪= ⎨
⎪ ′+ + = ≠⎪⎩ ∫

w z

w z  (6) 

subject to (0, )ω θ θ=  and 2(0, ) (0)sω θ λ θ∂ ∂ = + , for some : ,η × → \W Z  and some 
: .λ →\ \  With this mathematical device, LaFrance and Pope (2008c) characterize the 

                                                           
2 Among other things it implies that marginal rates of product transformation are independent of the vari-
able inputs and factor intensities. Of course, if these restrictions are deemed too strong, then an alternative 
approach to formulating the variable cost function becomes necessary. 
3 A small, but important, subset of the literature on this topic includes: Gorman (1953, 1961, 1965, 1981); 
Burt and Brewer (1971); Diewert (1971); Phlips (1971); Muellbauer (1975, 1976); Cicchetti, Fisher and 
Smith (1976); Howe, Pollak and Wales (1979); Deaton and Muellbauer (1980); Jorgenson, Lau and Stoker 
(1980, 1981, 1982); Russell (1983, 1996); Jorgenson and Slesnick (1984, 1987); Lewbel (1987a, 1988; 
1989a, 1989b, 1990, 1991, 2003, 2004); Jorgenson (1990); Diewert and Wales (1987, 1988); Blundell 
(1988); Wales and Woodland (1988); Brown and Walker (1989); van Daal and Merkies (1989); Jerison 
(1993); Russell and Farris (1993, 1998); and Banks, Blundell, and Lewbel (1997), LaFrance, Beatty, Pope 
and Agnew (2000, 2002), Beatty and LaFrance (2005), LaFrance, Beatty and Pope (2005, 2006), and La-
France and Pope (2007). The focus in the literature has been interior solutions and smooth demand equa-
tions. We remain faithful to this approach throughout the present paper. 
4 This is somewhat surprising in light of the fact that agricultural input demand and output supply data is 
generally only available at the county- or state-level of aggregation, with few exceptions. 
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complete class of exactly aggregable variable input demand systems in the sense of Gor-
man (1981) and Lewbel (1987a) by the following result. 

Proposition 2: Let :π +× → \W Z ,  be increasing, concave, and positively line-
arly homogeneous in w; let : ,η × → \W Z  be homogeneous of degree zero in w; 
let , { , , },a b a bα β γ δ ι, , : × → = + ∈^ \W Z  where 1,ι = −  ,α β γ δ ∞, , ∈C  are 
homogeneous of zero degree in w and satisfy 1αδ βγ− ≡ ; and let :f →\ ^ , 

0f ′ > . Then the variable cost function for any full rank exactly aggregable joint 
production system is a special case of: 

 ( , , ) ( , ) ( ( , ), ( , )) ( , ) .
( , ) ( , ) ( ( , ), ( , )) ( , )

cf α ω η θ β
π γ ω η θ δ

⎛ ⎞ +
=⎜ ⎟ +⎝ ⎠

w Y z w z w z Y z w z
w z w z w z Y z w z

 (7) 

It is instructive to consider the structure of the input demand functions implied by 
(7). This is accomplished simply enough by differentiating with respect to w. and apply-
ing Hotelling’s/Shephard’s lemma. To make the notation as compact as possible, let a 
bold subscript w denote a vector of partial derivatives with respect to the variable input 
prices and suppress the arguments of the functions { , , , , , }α β γ δ η π  to yield (after consid-
erable straightforward, but very tedious, algebra): 

 

{

}

2 2

2 2 2

( )
( )

2( ) ( )

( ) ( ) .

c
f c

f c

f c

π π αβ βα α λ β η
π π

βγ γβ δα αδ αγλ βδ η π

γδ δγ α λ δ η π

⎛ ⎞ ⎡ ⎤= + × − + +⎜ ⎟ ⎣ ⎦′⎝ ⎠

⎡ ⎤+ − + − − + ×⎣ ⎦

⎡ ⎤+ − + + ×⎣ ⎦

w
w w w

w w w w w

w w w

x

 (8) 

Note that there are a total of four variable cost terms on the right-hand side with 
four associated vectors of input price functions. Also note that if ( ) {ln , , },f s s s sκ ιτ∈  
then either ( ) ( )f s f s′  or 1 ( )f s′  is proportional to s. Since the first term on the right-
hand side is proportional to / ,s c π=  any of these choices for the functional form for f 
reduces the number of independent variable cost terms by one. Thus, an exactly aggrega-
ble deflated demand system in the sense of Lewbel (1987a) has rank equal to one plus the 
rank of an otherwise identical Gorman (1981) system if and only if ( ) {ln , , }.f s s s sκ ιτ∉  

The third issue with estimating any system of conditional demand equations is 
that quasi-fixed inputs, expected/planned outputs, variable input prices are all almost cer-
tainly jointly determined with the variable input demands. Consistent estimation therefore 
requires an estimation method that addresses this simultaneity. We address this issue 
comprehensively in the empirical application to state-level demands for agricultural in-
puts. 
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3.Econometric Structure 

Let 1, ,i I= "  index states, 1, ,j N= "  index variable inputs, and 1, ,t T= "  index time. 
In general, the state-level variable input demand equations can be written as 

 ( , , , ; ) , 1, , , 1, , , 1, , ,ijt ij it it it ijtx f k c t u i I j N t T= + = = =w θ " " "  (9) 

where itw  is the N×1 vector of (normalized) input prices, itk  is capital per acre, itc  is 
(normalized) variable cost per acre, θ  is a K×1 vector of parameters to be estimated, and 

ijtu  is a mean zero random error term. Suppose the errors are intertemporally correlated,  

 1
1

, 1, , , 1, , , 1, , ,
N

ijt jj ij t ijt
j

u u v i I j N t Tφ ′ ′ −
′=

= + = = =∑ " " "  (10) 

while the mean zero random variables ijtv  are uncorrelated across time, but correlated 

across inputs within each state, ( )i t i t iE =v v Σi i
T , 1[ ]i t i t iNtv v=v i " T . Let 1

i i i
− = L LΣ T  be a 

lower triangular Choleski factorization of the ith state’s covariance matrix. Then the typi-
cal element of ½

i t i i t i i t
−= =v L vε Σi i i

T  is 
1

N
ijt ijj ij tj

vε ′ ′′=
= ∑ A . The mean zero, unit variance 

random variables, ijtε , now are uncorrelated across inputs and time, but are assumed to be 
correlated across space, ( ) ( ), 1, , ,ijt i jt iiE d j Nε ε ρ′ ′= = "  where iid ′  is the geographic dis-
tance between states i and i′ , (0) 1ρ = . The I×I matrix, 

 

12 1

12 2

1 2

1 ( ) ( )
( ) 1 ( )

( ) ( ) 1

I

I

I I

d d
d d

d d

ρ ρ
ρ ρ

ρ ρ

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

R

"
"

# # % #
"

, (11) 

is symmetric, positive definite, and for simplicity, we assume R is constant across j. 
 
4. Consistent Estimation and Inferences with Semi-Parametric GMM 

Let iZ  denote the matrix of instruments for state i and let 1( )i i i i i
−= Z Z Z Z` T T  the associ-

ated projection matrix.5 Let [12 ]T=τ " T , and stack equation (9) by inputs and time. 

                                                           
5 In the empirical application, we use the same instruments for all states, so that 1, , .i i I≡ ∀ =` ` "  
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First, we use nonlinear two-stage least squares (NL2SLS) to estimate θ  consistently, 

    [ ] ( )[ ]2
1

ˆ argmin ( , , , ; ) ( , , , ; ) .
I

SLS i i i i i i N i i i i i
i=

= − ⊗ −∑ x f w k c I x f w k c
θ

θ τ θ τ θii i ii i i ii i ii i i`T  (12) 

This consistent estimator of θ  is then used to generate consistent estimates of the errors, 

 2̂ˆ ( , , , ; ), 1, , , 1, , , 1, , .ijt ijt ij it it it SLSu x f k c t i I j N t T= − = = =w θ " " "  (13) 

Second, for 2, ,t T= " , we estimate the N×N intertemporal correlation matrix, Φ, by 
linear seemingly unrelated regressions (SUR) methods, 

 1
1 1

1 2

ˆ ˆˆ ˆ ˆ ˆarg min ( ) ( ) .
N T

i t i t i i t i t
i t

−
− −

= =

⎧ ⎫
= − −⎨ ⎬

⎩ ⎭
∑∑ u u u u

Φ
Φ Φ Σ Φi i i i

T  (14) 

One can undertake this stage of the estimation procedure with ˆ
i N i∀IΣ =  and iterate 

once on the state-specific cross-equation covariance matrices, or with each ˆ
iΣ  calculated 

from the NL2SLS estimates of θ  and [ ]= 0Φ . Either approach gives a consistent estima-
tor for Φ, since the weight matrix does not affect consistency, but the former method is 
preferred if the model is correct, while the latter is more robust to departures from the 
assumed error covariance matrix structure. We apply the first of these two methods in our 
empirical application below. 

Third, we construct consistent estimates of the spatially correlated error terms,  

 
1
ˆˆ ˆN

ijt ijj ij tj
vε ′ ′′=

= ∑ A , (15) 

where 11
ˆˆ ˆ ˆN

ijt ijt jj ij tj
v u uφ ′ ′ −′=

= −∑  and , 1,
ˆˆ [ ]i ijj j j N′ ′==L "A  satisfies 1 ˆ ˆ

i i i
− = L LΣ� T . We then calcu-

late consistent sample estimates for the cross-state spatial correlations as,  

 
1 2

ˆ ˆ ˆ ( 1), , 1, , .N T
ii ijt i jtj t

N T i i Iρ ε ε′ ′= =
′= − =∑ ∑ "  (16) 

We then use the ½ ( 1)I I −  spatial correlations to estimate the relationship between the 
spatial correlations and the geographic distance between states using robust nonlinear 
least squares to obtain [ ]ˆ ˆ( )iidρ ′=R . In this study, we use a third-order exponential speci-
fication for the spatial correlation function, 

 { }3
' 0 '1

( ) exp .ii k iik
d dρ η η

=
= +∑  (17) 
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Fourth, let 1− =R QQT , where Q is a lower triangular Choleski factorization of the in-

verse spatial correlation matrix, and write 
1

I
ijt ii i ti

qω ε′ ′′=
= ∑ . Now, the random variables 

ijtω  are mean zero, unit variance, and uncorrelated across inputs, states, and time. Replac-
ing the unknown parameters and error terms with the consistent estimates developed with 
the above estimation steps, and substituting backwards recursively, we have  

 

( )

1

1 1

11
1 1

ˆ ˆˆ

ˆˆ ˆ

ˆˆˆ ˆ ˆ

,

I

ijt ii i jt
i

I N

ii i jj i j t
i j

I N
N

ii i jj i j t j j i j tj
i j

P
ijt

q

q v

q u u

ω ε

φ

ω

′ ′
′=

′ ′ ′ ′ ′
′ ′= =

′ ′ ′ ′ ′ ′ ′′ ′ ′′ −′′=
′ ′= =

=

=

= −

⎯⎯→

∑

∑ ∑

∑ ∑ ∑

A

A

 (18) 

with 2
' ' '( ) 0, ( ) 1, ( ) 0, ( , , ) ( ', ', ').ijt ijt ijt i j tE E E i j t i j tω ω ω ω= = = ≠  A final NL3SLS step of 

the form, 

 ( )3
1

ˆ ˆ ˆarg min ( ) ( )
I

SLS i i N i
i=

⎧ ⎫
= ⊗⎨ ⎬

⎩ ⎭
∑ I

θ
θ ω θ ω θii ii`T , (19) 

gives consistent, efficient, asymptotically normal estimates of θ. White’s heteroskedastic-
ity consistent covariance estimator can be used for robustness to heteroskedasticity be-
yond the state-specific input demand covariance matrices. 
 
5. Econometric Model, Data and Empirical Results 

We apply this model of exactly aggregable demands for variable inputs that can be esti-
mated with observable data to state-level data on farm labor, fuels and energy, agricul-
tural chemicals, and materials for the period 1960-1999. This data has been compiled by 
the USDA/ERS and is described in detail in Ball, Halahan, and Nehring (2004). Land and 
capital are quasi-fixed inputs, and we include a time trend to proxy for technological 
change and other nonstationary economic forces. 

The specific specification is a full rank three model adapted from LaFrance, 
Beatty and Pope to variable costs in joint production, 

 ( ) ( ) ( )
( ) ( )

,
, ,

, ,

, , ,
( , , )

t n t
t n t t n t t

t n t t n t t t t

w
f c w w k t

w w k

β
α

δ β θ

⎡ ⎤
⎢ ⎥= −
⎢ ⎥+⎣ ⎦

w
w

w w Y a

�
�

�
 (20) 
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where  ( ) ( 1) , ,f x xκ κ κ κ += + − ∈\  

   ( ) ( ), 0 1 2 0 1 2 ,, , ( ) ,t n t t n n t n t t n tw k t k t k t wα α α α= + + + + +w g wα α α T  

with  1 1( ) [ ( ) ( )] ,ng x g x −=g x " T  ( ) ( 1) , , ,j jg x x jλ λ λ λ += + − ∈ ∀\  

   ( ) ( ) ( ) ( ), , , ,2 1,t n t t n t t n t t n tw w w wβ = + +w g w Bg w g wγ� � � �T T  

and   ( ) ( ), , .t n t n t n tw wδ δ=w g w+ δ� �T  
 
The nth input is farm labor, which we treat asymmetrically from the other physical inputs, 
both in the first- (conditional mean) and second-order (variance-covariance) components 
of the model. The translated Box-Cox functions f and g are observationally equivalent to 
the standard Box-Cox transformations. If 1κ = , then we have ( ) ,f x x=  while if 0κ = , 
then we have ( ) 1 ln .f x x= +  The same results apply to ( )g x  for 1 or 0,λ =  respectively. 
For all other values of 2(κ λ +, )∈\ , we have functional forms of the PIGL class in input 
prices and cost, allowing us to nest this class of demand models with a rank three gener-
alized translog and a rank three generalized quadratic production model. To conserve on 
and simplify the notation from this point forward, we drop the ~ over the first n–1 input 
prices and omit the ratio notation for cost and input prices by defining 1N n= − .  

Applying Hotelling’s/Shephard’s lemma to (20) gives the variable input demands 
for energy, chemicals, and materials in per acre expenditures for state i in year t as 

 

( ) ( )
( ) ( )

( ) ( )
( )

( )
( )

, , ,1
, , , , 0, 1, 2, ,

,

2

, , ,, ,
,

, ,

( ) , ,

( ) , ,
, 1, . , 1, , .

i t i i t i t
i t i t i j t i i t i i t

i t

i t i i t i ti t i t
N i t

i t i t

f c k t
c w k t

f c k t
i I t T

κ λ α
β

α

β β

−
⎧ ⎡ ⎤−⎪ ⎡ ⎤= + + + +⎢ ⎥⎨ ⎣ ⎦⎢ ⎥⎪ ⎣ ⎦⎩

⎫⎡ ⎤ ⎡ ⎤− ⎪⎣ ⎦⎢ ⎥+ − + = =⎬
⎢ ⎥ ⎪⎣ ⎦ ⎭

w
e Bg w

w

wBg w g w
I u

w w

Δ α α α γ

δ

�

" "
T

(21) 

As discussed in the previous section, due to the 3-dimensional nature of the error 
covariance matrix, estimation is by a four-stage GMM procedure. The instruments we 
choose are the national averages of cost per acre, capital per acre, and normalized vari-
able input prices lagged two periods, and the following general economy variables: real 
per capita disposable personal income; the unemployment rate; the real rate of return on 
AAA corporate 30-year bonds; the real manufacturing wage rate; the real index of prices 
paid by manufacturers for materials and components; and the real index of prices paid by 
manufacturers for fuel, energy and power. Per capita disposable personal income is de-
flated by the consumer price index for all items, while the aggregate wholesale price vari-
ables are deflated by the implicit price deflator for gross domestic product. 

There are far too many parameters to present and discuss in detail in this paper. 
Thus, we will focus on a relatively small number of parameters of interest. We first pre-
sent and discuss the properties of the error terms. The estimated 3×3 intertemporal auto-
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correlation matrix, with White/Huber robust asymptotic standard errors in parentheses, is: 

 

.464 .110 .055
(.054) (.176) (.070)
.0095 .700 .030ˆ .(.0101) (.047) (.026)
.022 .116 .711

(.013) (.062) (.044)

−⎡ ⎤
⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥−
⎢ ⎥⎣ ⎦

Φ  (22) 

For all four variable inputs, the implied dynamics are stable, with the largest Eigen value 
of the 4×4 difference equation equal to 0.7, indicating no evidence of nonstationarity. In 
addition, the estimated error terms , ,i j tε  from equation (15) above show no statistical evi-
dence of further serial correlation. 

The estimated spatial correlation function, with White/Huber robust standard er-
rors in parentheses, is: 

 3 7 2 10 3
' ' ' '4 7 11

ˆ( ) exp .583 1.80 10 8.86 10 1.42 10 .
(2.49 10 ) (2.48 10 ) (6.81 10 )(.066)

ii ii ii iid d d dρ − − −

− − −

⎧ ⎫⎪ ⎪= − − × + × − ×⎨ ⎬× × ×⎪ ⎪⎩ ⎭
 (23) 

A 2-dimensional plot of the empirical data, estimated correlation function, and 95% con-
fidence band are presented in figure 1 below. 
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Figure 1. Spatial Correlation across the 48 Contiguous States.
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There is no statistical evidence of remaining spatial correlation or heteroskedastic-
ity in the cross-state error terms. Hence, we conclude that this estimation procedure rea-
sonably captures the properties of the spatial/temporal error terms. One interesting prop-
erty is that the spatial correlation is very flat from a distance of approximately 800 miles 
out to 2,500 miles, so that the error of states as far apart as Washington and Florida or 
Maine and California remain positively correlated. Failing to account for this property 
would lead to biased and inconsistent statistical inferences. 

We turn next to a subset of the parameter estimates for the structural model. Table 
1 presents the estimates of the parameters in the functions ( )β w  and ( ),δ w  along with 
the Box-Cox parameters, ( , ).κ λ  
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Table 1. Estimated Coefficients and Robust Asymptotic Standard Errors. 
            

Coefficient Estimate Standard Error T-Ratio P-Value 

β11 .14118 .04877 2.89 .004 
β12 -.00113 .00191 -.595 .552 
β13 -.00300 .00350 -.856 .392 
β14 .38002 .06544 5.81 .000 
β22 -.406×10–5 .386×10–4 -.105 .916 
β23 -.497×10–5 .723×10–4 -.069 .945 
β24 -.00355 .509×10–4 -.696 .486 
β33 .182×10–3 .146×10–3 1.25 .212 
β34 -.00822 .968×10–2 -.849 .396 

δ1 .714×10–3 .540×10–4 1.32 .186 
δ2 -.984×10–5 .119×10–4 -.825 .409 
δ3 -.197×10–4 .219×10–4  -.901 .368 
δ4 .00170 .00120 1.417 .158 

κ .327 .0320 10.233 .000 
λ .409 .0346 11.824 .000 

            

 
It is clear from the table that the additional flexibility of the power functions in 

prices and variable cost due to the Box-Cox transformation is very important. Indeed, the 
industry standards of logarithmic or linear transformations of both of these sets of vari-
ables are rejected at any reasonable significance level. This is consistent with results we 
have found in the area of consumer choice behavior. On the other hand, rank three ap-
pears to seriously overfit this data, as evidenced by the insignificance of all of the δj pa-
rameter estimates. Indeed, a Wald test for the joint significance of these coefficients pro-
duces an asymptotically 2(4)χ  test statistic of 2.11 with an implied probability value of 
0.716. As a result, we currently are analyzing the structure of the simpler full rank two 
models in this general class. 
 
6. Ongoing Work: Crops, Acres, and Capital as Agricultural Assets 

Although the organizational form of farms can vary widely, a recent report by Hoppe and 
Banker (2006) finds that 98 percent of U.S. farms remained family farms as of 2003. In a 
family farm, the entrepreneur controls the means of production and makes investment, 
consumption, and production decisions. In this section, we develop and analyze a model 
of the intertemporal nature of these decisions. The starting point is a model similar in 
spirit to Hansen and Singleton’s (1983), but generalized to include consumption decisions 
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and farm investments as well as financial investments and production decisions. The ad-
ditional variable definitions required for this are as follows: 
 
 Wt = beginning-of-period total wealth, 
 bt = current holding of bonds with a risk free rate of return rt, 
 ft = current holding of a risky financial asset, 
 ,F tp = beginning-of-period market price of the financial asset, 
 , 1F tρ + = dividend plus capital gains rate on the financial asset, 

 ai,t = current allocation of land to the ith crop, i = 1,…,nY, 
 At = total quantity of farm land, 
 pL,t = beginning-of-period market price of land, 
 , 1 , 1 , ,( ) /L t L t L t L tp p pρ + += − = capital gain rate on land, 
 ,i ty = expected yield per acre for the ith crop, i = 1,…,nY, 
 yi,t+1 = realized yield of the ith crop, 
 , 1iY tp + = end-of-period realized market price for the ith farm product, 
 qt = vector of quantities of consumption goods, 
 ,Q tp = vector of market prices for consumer goods, 
 mt = total consumption expenditures, 
 u(qt) = periodic utility from consumption. 
 

As with all discrete time models, timing can be represented in multiple ways. In the 
model used here, all financial returns and farm asset gains are assumed to be realized at 
the end of each time period (where depreciation is represented by a negative asset gain). 
Variable inputs are assumed to be committed to farm production activities at the begin-
ning of each decision period and the current period market prices for the variable inputs 
are known when these use decisions are made. Agricultural production per acre is real-
ized stochastically at the end of the period such that 

 , 1 , , 1(1 ), 1, ,i t i t i t Yy y i nε+ += + = … , (24) 

where εi,t+1 is a random output shock with E(εi,t+1) = 0. Consumption decisions are made 
at the beginning of the decision period and the current market prices of consumption 
good are known when these purchases are made. Utility is assumed to be strictly increas-
ing and concave in qt. The total beginning-of-period quantity of land is t tA a= ι T , withι  
denoting an nY–vector of ones. Homogeneous land is assumed with a scalar price, ,L tp . 

We require two somewhat unusual pieces of matrix notation for this section. First, 
we define the n×n diagonal matrix ( )jxΔ  such that jx  as the jth main diagonal element 
for each 1, , .j n= "  Second, the Hadamard/Schur product of two n×m matrices A and B 
is the matrix whose elements are element-by-element products of the elements of A and 
B, , .ij ij ijc a b i j= ⇔ = ∀A B Ci  There are three ways to write the Hadamard/Schur prod-
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uct of two vectors, ( ) ( ) .= =x y x y y xΔ Δi   
Revenue at t + 1 is the random price times production  

 1 , 1 , , , 1 1 , 1
1

( (1 )) ( ) ( ) ( )
Y

i

n

t Y t i t i t i t t Y t t t
i

R p y a ε+ + + + +
=

= + ≡ +∑ p a yι ε Δ ΔT . (25) 

Wealth is allocated at the beginning of period t to assets, production costs, and consump-
tion, satisfying 

 ( , , , ) .t t t t t t t t t t tW b f A K c K m= + + + + +w a y  (26) 

Although some costs occur at or near harvest (near t + 1), we include all costs in (26) at 
time t because they are incurred before revenues are received.  

Consumer utility maximization yields the quasi-convex indirect utility function con-
ditioned on consumer good prices and expenditures, 

 { }, ,( , ) max ( ) :
QnQ t t Q t t

R
m u mυ

+∈
≡ =

q
p q p qT . (27) 

Realized end of period wealth is 

 1 , 1 , 1 , 1 , 1(1 ) (1 ) (1 ) ( ) ( ) ( ) .t t t F t t L t L t t t Y t t tW r b f pρ ρ+ + + + += + + + + + + +a ι ε Δ p Δ a yι T T  (28) 

Thus, the decision maker’s wealth is increased by the net returns on assets and farm reve-
nue. The owner/operator decision maker’s intertemporal utility function is assumed to be 

 1
0

( ,..., ) (1 ) ( )
T

t
T T t

t

U uρ −

=

= +∑q q q . (29) 

The producer is assumed to maximize Von Neumann-Morgenstern expected utility of the 
discounted present value of the periodic utility flows from goods consumption.  

By Euler’s theorem, constant returns to scale implies linear homogeneity of the vari-
able cost function in capital, land, and output. For the variable cost function derived and 
estimated in this paper, this implies 

 ( , , , ) ( , , ( , )) ,t t t t t t t t t t t t tc A K c k k Aθ≡w Y w y s� i  (30) 

where t t tk K A=  is capital per acre and the vector of expected crop outputs satisfies 

 ( ) ,t t t t t t t t t tA A A= = =Y y a y a y si i i  (31) 

with ,j ty  the expected yield per acre for the jth crop, and , ,j t j t ts a A=  the share of farm-
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land allocated to the jth crop.6 Both tc�  and tθ  can depend on time due to technological 
change and other nonstationary forces, and the t subscripts indicate this possibility. 

To distinguish quasi-fixed and variable inputs, and account for possible hysteresis in 
agricultural investments, we assume quadratic adjustment costs for farmland (the exten-
sive margin), shares of farmland allocated to crops (the intensive margin), and capital: 

 

2
1 1 1 1

2
1 1 1

( , , , , , ) ½ ( )

½ ( ) ( ) ( ) ,

Adj t t t t t t A t t

t t t t K t t t

C A A k k A A

k k A

γ

γ

− − − −

− − −

= −

⎡ ⎤+ − − + −⎣ ⎦ss

s s

s s s sΓT
 (32) 

where 0,Aγ ≥  0,Kγ ≥  and ssΓ  is an Y Yn n×  symmetric, positive semi-definite matrix. 
This problem is solved by stochastic dynamic programming working backwards re-

cursively from the last period in the planning horizon to the first. In the last period, the 
optimal decision is to invest or produce nothing and consume all remaining wealth, i.e., 

T Tm W= . Hence, we denote the last period’s optimal value function by ( )T Tv W . Then 

,( ) ( , )T T Q T Tv W Wυ= p  is the optimal utility for the terminal period. For all other time pe-
riods, stochastic dynamic programming using (26)-(29) to optimize agricultural produc-
tion, asset ownership and net investment decisions in each period yields the (Bellman) 
backward recursion problem for arbitrary t < T, in this stochastic dynamic programming 
decision problem is 

 

{
}

{

}

1
, 1 , 1

, 1 , 1 1 , 1

,

1 1 1

( , ) (1 ) (1 ) (1 )

[ (1 ) ( ) ( )] , , ,

[ ( , , ( , ))]

( , , , , , ) ,

Q t t t t t F t t

L t K t t t Y t t t t t t t

t t t t t L t t t t t t t t t t

Adj t t t t t t

m r E V r b f

p k A A k

W m b f p k c k k A

C A A k k

υ ρ

ρ

λ θ

−
+ +

+ + + +

− − −

⎡= + + + + +⎣

⎤+ + + + + ⎦

+ − − − − + +

−

p

p y s s

w y s

s s

ι ε i i

� i

T

_

 (33) 

where ( )tE ⋅  is the conditional expectation at the beginning of period t, given information 
available at that point in time, and , 1K tρ +  is the percentage change in the value of capital 
from the beginning of period t to the beginning of period t+1. The Kuhn-Tucker condi-
tions are (omitting the arguments of all functions for notational simplicity): 

                                                           
6 We do not have, and therefore do not impose, an adding up condition of the form 1=sι T  because land in 
farms includes land used for livestock, pasture, wasteland, woodland, conservation reserve and other set 
asides, summer fallow, and idle cropland, in addition to land in crops. 
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 0, 0, 0;t t tm m
m m m

υ λ∂ ∂ ∂
= − ≤ ≥ =

∂ ∂ ∂
_ _  (34) 

 1 0, , 0;t
t t t t

VE b b
b W b

λ+∂ ∂ ∂⎛ ⎞= − ≤ ≥ =⎜ ⎟∂ ∂ ∂⎝ ⎠
_ _  (35) 

 1 1
, 1(1 ) (1 ) 0, 0, 0.t

t F t t t t
Vr E f f

f W f
ρ λ− +

+
∂ ∂ ∂⎡ ⎤= + + − ≤ ≥ =⎢ ⎥∂ ∂ ∂⎣ ⎦
_ _  (36) 

 

1 1 1
, 1

1

(1 ) (1 )

1 ( ) 0, , 0;

t t
t K t t

t t t
t K t t t t t

V Vr E A
k W k

c c k k A k k
k k k

ρ

θλ γ
θ

− + +
+

−

∂ ∂ ∂⎛ ⎞= + + +⎜ ⎟∂ ∂ ∂⎝ ⎠

∂ ∂ ∂ ∂⎡ ⎤⎛ ⎞− + + + − ≤ ≥ =⎜ ⎟⎢ ⎥∂ ∂ ∂ ∂⎝ ⎠⎣ ⎦

� �

_

_
 (37) 

 

( ) 1 1 1
1 , 1

1

1 ( ) ( )

( ) 0, , 0;
( )

t t
t t Y t t t

t t
t t t t t t t

t t

V Vr E A
W

c Aθλ
θ

− + +
+ +

−

∂ ∂ ∂⎡ ⎤= + + +⎢ ⎥∂ ∂ ∂⎣ ⎦

⎡ ⎤⎛ ⎞∂ ∂ ∂
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p y
s s

y s s s s
y s s

0
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Γ

i

�
i

i

T
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_
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( )

{ }

1 1 1
, 1 , 1 1 , 1

2
, 1 1 1 1

1 (1 ) ( ) ( )

( ) ½ ( ) ( ) ( ) 0,

0, 0;

t t
t L t K t t t Y t t t

t L t t t At t t t t t t K t t

t t

V Vr E p k
A W A

p k c A A k k

A A
A

ρ

λ γ γ

− + +
+ + + +
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∂ ∂ ∂⎧ ⎫⎡ ⎤= + + + + + +⎨ ⎬⎣ ⎦∂ ∂ ∂⎩ ⎭
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∂
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∂
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p y s
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ι ε

Γ

i i

�

T

T
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 (39) 

 

1 1
1 , 1(1 ) ( ) ( ) ,

( )

, 0.

t t t
t t Y t t t t t t

t t

t t

V cr E A A
W

θλ
θ

− +
+ +
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∂
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∂

p s s
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y y
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0

ι ε
�

i i
i

T
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 (40) 

We also have the following implications of the envelope theorem: 
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1
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1
1

1
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λ γ
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Γ

 (41) 

where the variables { , , , }t t t tA kλ s  are all evaluated at their optimal choices. 
Combining the Kuhn-Tucker conditions with the results of the envelope theorem, and 

assuming an interior solution, we obtain the standard Euler equations for smoothing the 
marginal utility of consumption and wealth, 

 1 ,t t
t t

V VE
m W W
υ λ+∂ ∂ ∂⎛ ⎞= = =⎜ ⎟∂ ∂ ∂⎝ ⎠

 (42) 

the standard arbitrage condition for excess returns to risky financial assets, 

 1
, 1( ) 0,t

t F t
VE r
W

ρ +
+

∂⎡ ⎤− =⎢ ⎥∂⎣ ⎦
 (43) 

and the following arbitrage conditions for investment in agriculture: 
Capital  

 

, 1

1 1 1
1 1

(1 )

(1 ) 0;

t t t
t K t

t t t t
k t t t

t t

c cE r r
k k

A A A Vr k k k
A A W

θρ
θ

γ

+

+ + +
+ −

⎧⎡ ⎛ ⎞∂ ∂ ∂⎪ − − + +⎨⎢ ⎜ ⎟∂ ∂ ∂⎝ ⎠⎪⎣⎩

⎫⎤⎛ ⎞⎛ ⎞ ⎛ ⎞+ ∂ ⎪− + − + =⎥⎜ ⎟ ⎬⎜ ⎟ ⎜ ⎟ ∂⎥⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎪⎦ ⎭

� �

 (44) 

Cropland Shares  
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Total Farmland  

 1
, 1 , 1 1 1( ) ( ) ( ) 0.t

t L t Lt K t t t At t t
VE r p r k A A
W

ρ ρ π γ +
+ + + −

∂⎧ ⎫− + − + − − =⎡ ⎤⎨ ⎬⎣ ⎦ ∂⎩ ⎭
 (46) 

where , 1 , 1 , ,( )L t L t L t L tp p pρ + += −  is the percentage change in the value of farmland , and  

 2
1 1 , 1 1 1 1( ) ( ) ½ ( ) ( ) ( )t t Y t t t t t t t t K t tc k kπ γ+ + + − − −⎡ ⎤= + − − − − + −⎣ ⎦ssp y s s s s sι ε Γ�i iT T  (47) 

is the net return to crop production over variable costs and the adjustment costs for crop 
acreage shares and capital per care.  

Assume the indirect utility function for consumption goods is a member of the 
certainty equivalent class, 

 
2

( , ) ½
( ) ( )

t t
Qt t

C Qt C Qt

m mmυ β
π π

⎛ ⎞
= − ⎜ ⎟⎜ ⎟

⎝ ⎠
p

p p
, (48) 

where 0 ( )C Qt tm tβ π≤ < ∀p  and ( )C Qtπ p  is the consumer price index (CPI) for all 
items. Then the marginal utility of money in each period is 

 
1 ( )

( )
t C Qt

t
C Qt

mβ π
λ

π

⎡ ⎤− ⎣ ⎦=
p

p
. (49) 

This allows us to identify the effects of risk aversion separately from those of adjustment 
costs (hysteresis) in agricultural investment decisions. Our current research effort focuses 
on choices for the aggregator, ( , )t t t tkθ y si  to implement this model and estimate equa-
tions (44)–(46) with the state-level data, thereby allowing us to identify the economic re-
sponses of agricultural producers to input and output prices, risk, agricultural policies, 
and adjustment costs. 
 
7. Conclusions 

Common reasons for the choice of functional form for empirical demand analysis include 
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parsimony, ease of estimation and interpretation, generality, flexibility, aggregation, and 
consistency with economic theory. This paper presents and applies a new, highly flexible 
structural model of micro-level production behavior that is exactly aggregable across cost 
differences between producers. We applied this model to a panel of state-level data on 
variable input choices in U.S. agriculture wit h a 3-dimensional semi-parametric version 
of the generalized method of moments. We also develop a framework to incorporate the 
results of the model for variable input demands within a general life cycle model of in-
vestment and agricultural asset management under uncertainty. 
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