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ABSTRACT



1. INTRODUCTION

This paper combines computational and analytical techniques to study a model of product differentation and
spatial competition. We analyze the pure-strategy, subgame perfect equilibria of a two-stage game in which
producers first choose location then price, and consumers’ characteristics are heterogeneous with respect
to both tastes and incomes. In contrast to many specifications with a one-dimensional space of consumer
characteristics, one cannot obtain explicit solutions for equilibrium prices in the second-stage subgames.
Consequently, one cannot explicitly represent firms’ profit functions in the induced single-stage location
game, in which the second-stage subgames are replaced by equilibrium payoff vectors. Computational
methods are required, therefore, in order to solve the game. Having computed a numerical solution, and in
the process obtained numerical values for the derivatives required for comparative statics analysis, we then

apply standard analytical tools to study the nature of interfirm competition in our setting.

In a location-then-price model such as ours, a core issue for comparative statics analysis is the inherent
tension between location- and price-competition. Holding prices constant, location competition between
two firms will be more intense, the greater is the rate at which consumers will shift from one product to the
other in response to shifts in location. As a general rule, however, the more responsive is the consumer sector
to location shifts, the more responsive will it be to price shifts. Consequently, as a general rule, parameter
changes which intensify the degree of location competition, holding prices constant, will also intensify the
degree of price competition. But as price-competition intensifies, equilibrium prices will decline, reducing
the incentives for location competition! This, then, is the tension: any comparative statics effect that we
study necessarily involves a balance between these two countervailing components (and others as well). One
of our primary goals in this paper is to explore the nature of this tension, and the factors which determine

how it is resolved.

The starting point for our work is the seminal paper by Caplin and Nalebuff (1991). This paper identified
conditions on consumer preferences and the distribution of consumer characteristics across the population
which guaranteed existence and, under certain conditions uniqueness, of a pure-strategy equilibrium of the
Bertrand game in which suppliers of differentiated products compete by price. Armed with this technical
tool, a number of papers have obtained explicit representations for the pure-strategy equilibria of various
location-then-price games in which the distribution of consumer characteristics is non-uniform.* To our
knowledge, all of these contributions maintain the assumptions that: (a) consumers are distinguished by a

one-dimensional taste parameter; implicitly, they all have the same income level; in fact, typically, income

1 The papers most closely related to ours are Tabuchi and Thisse (1995) and ?
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is not explicitly modeled; (b) each consumer is required to purchase one unit from one of two competing
producers; Our paper relaxes both of these assumptions: income heterogeneity is included in the space of
consumer characteristics and consumers have the option of purchasing neither good, either because they
prefer not to or because they cannot afford to. The benefit of these extensions is that they considerably
enrich the context in which our two firms compete; the cost is that in this enriched context, an explicit

representation of the solution to our problem cannot be obtained.

To illustrate how spatial competition models can be enriched by relaxing assumption (a), consider the stan-
dard Hotelling (1929) duopoly model on the unit interval, with consumers distributed nonatomically over
the interval and quadratic transportation costs (d’Aspremont, Gabszewicz and Thisse, 1979). Suppose that
consumer i prefers good #1 to #2, but that #1’s price is higher. The consumer will purchase good #1 if
the price differential does not exceed the differential between good #1’s and #2’s Euclidian distance from
the consumers’ location/ideal point (check the lit).> The distance differential reflects the degree to which
consumer i prefers good #1 to #2; all consumers are different in this regard. The price differential is a proxy
for the incremental utility which consumer i would obtain from spending this differential on the some third,
numeraire good; the model we are discussing treats all consumers as the same in this regard. Expressed
rather imprecisely, setups of this kind model consumers as having different preferences with respect to the
differentiated commodity but identical preferences with respect to the numeraire commodity. Clearly this is
only half the story, since under diminishing marginal utility, agents with identical preferences but different
incomes will view a given price differential differently: the higher the income the less utility will be de-
rived from the additional purchasing power represented by this differential. When heterogeneous incomes
are added to spatial competition models, this second half of the story can be incorporated, increasing the
explanatory power of the models. To illustrate, it would be difficult within an homogeneous income model
to explain the ubiquituous fact that in markets for a commaodities with a wide quality spectrum—cars, wine,
restaurants, etc.—the markup over costs is much higher at the top end of the spectrum than at the bottom.
Using a heterogeneous income model exhibiting diminishing marginal utility for the numeraire good, the
property just described follows immediately from the preceding discussion: the lower is the incremental
utility derived by the “marginal consumer” from a given price differential, the less intense will be the level

of price competition.®

2 n symbols, the cost to a consumer with ideal point X, of purchasing good j is pj + (x; — % )2. Good #1 is purchased if p; — pz < (e —%)2—
(X1 —X%i )2).
In this paper, we confine ourselves to consumer sector specifications satisfying the conditions set out in Caplin and Nalebuff (1991). One of
these (assumption A1’) is that the marginal utility of income is independent of the level of income. Thus, we must postpone our investigation
of the implications of the above remarks until the followup to this paper (See extensions section)
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We now discuss the implications of relaxing assumption (b) above. One of these is related to the preceding
discussion. When consumers are obliged to purchase one of the two differentiated products, the only tradeoff
which matters is the one between these two products. Once we introduce the option of purchasing neither,
the consumer has a second tradeoff to consider, between purchasing one of the differentiated products versus
buying more of the numeraire good. In the presence of this additional option, the level of both price and
location competition intensifies. A producer can now gain market share at the expense of two competitors
by either lowering price or increasing location: the supplier of the other differentiated product and the
supplier of the numeraire good. That is, by relaxing assumption (b) we are, in effect, adding a third firm into
the marketplace. This addition significantly complicates the nature of spatial competition. In particular, the
familiar monotone relationship between the distance between firm locations and equilibrium prices no longer
obtains: in the solution to our model firm #2 is located to the left of #1; in a neighborhood of this solution,
when #2 moves closer to #1, the equilibrium price of good #1 declines, as one would expect, but #2’s price
actually increases. The reason is that while the shift intensifies the degree of #2’s price competition with

firm #1, it diminishes the degree of competition with the numeraire good, and the latter effect dominates.

A second effect of relaxing assumption (b) relates to the possibility that consumers in our model may be
income-constrained. Some may prefer the more expensive product but be unable to afford it, and so purchase
the cheaper one. Others may be unable to afford even the cheaper one, and so purchase neither. (Note that
this possibility only becomes interesting to model once assumption (a) has been relaxed: under assumption
(a), if a product is unaffordable to one consumer it is unaffordable to all of them!) The fraction of consumers
who are income-constrained is an important factor in determining the relationship between location- and
price-competition, discussed above (page 1). Other things equal, the larger is this fraction, the less intense
will be the level of location-competition: location shifts that increase the desirability of a product will have
less impact on market shares, the smaller is the fraction of consumers whose product choices are made on the
basis of desirability. The effect of income constraints on the intensity of price-competition is more subtle.
For cross-price competition, the previous observation also applies: a reduction in lower quality good’s price
will have no impact on those consumers who would be induced to shift from the higher-quality good if they
could afford it in the first place, but who, because they are income-constrained, are already buying the lower-
quality good. On the other hand, depending on circumstances, a firm’s incentive to reduce its own price may
be increased or decreased by the presence of income-constrained consumers, since a price reduction will
induce some consumers to shift allegience because they prefer to, and others because they can now afford
to. Because of the issues just discussed, the comparative statics properties of our model, in particular, the
tension between price- and quality-competition, will be quite sensitive to the fraction of consumers who are

income-constrained (see in particular §6.2 below).
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The paper is organized as follows. Section 3 is a brief discussion of computational methods and issues. In
particular, we explain why and how we solve a “smoothed” version of our original problem. In section 4
we plot firms’ profits and reaction curves, as a numerical check of our computational solution. The reaction
curve graphs provide strong evidence that the equilibria we compute are unique up to firm labels. Section 5
is a detailed analysis of the first order conditions in both the price subgames and the location game. In
section 6, we study the comparative statics effects of varying the five key variables which parameterize the

base case for our numerical simulations. We conclude and discuss extensions in section 7.



2. THE MODEL

There are two identical firms, indexed by i, each producing an homogeneous good. The location of good i
is represented by a point x; € R, x; > 1.* A location vector is a pair x = (x1,x2). We will restrict attention
to equilibria in which good #1 is located to the right of good #2, with the interpretation that good #1 is the
higher quality product. Since our firms are identical, any equilibrium that we identify with x; > X, must

have a mirror-image counterpart in which x, > x;.

In order to produce x;, firm i incurs a fixed cost of C(x;) = cx;¥, with ¢ > 0 and y > 1. Marginal costs
are assumed to be zero.> Once a location vector x has been determined, firms engage in Bertrand price
competition, choosing a price vector p(x) = (p1(x), p2(x)) € R2. For a location vector x* to be a pure-
strategy subgame perfect equilibrium (PSSPE), the following requirements must be satisfied: (a) for every
location vector x, the vector p(x) must be a Bertrand-Nash equilibrium; (b) given that firms choose Bertrand
Nash prices in every subgame, the vector x* must be a Nash equilibrium for the single-stage location game

induced by replacing second-stage subgames with the payoffs generated by Bertrand equilibrium prices.

Caplin and Nalebuff (1991) identify a pair of sufficient conditions for existence of a pure-strategy equilib-
rium in every price subgame. Our consumer sector is specified so that these conditions are satisfied. Because
consumers’ incomes in our model are heterogeneous, the basic versions of Caplin-Nalebuff’s conditions—
Al and A2—need to be strengthened to A1’ and A2’. There is a continuum of consumers, with mass
normalized to unity. A consumer in our model has three options: she can purchase one unit of either good,
or purchase neither good. As Caplin and Nalebuff (1991, page 45) observe, the latter option can be inter-
preted as the purchase of a third differentiated product, located at the origin, at at a price of zero. (Given
the availability of this option, our differentiated product market is not strictly a duopoly but a three firm
oligopoly, in which the third firm has only one admissible strategy.) Each consumer is characterized by a
taste parameter a € [a,, 0y] C Ry and an income level y € [y, yn] C R;.. Given a price vector p, a consumer
with characteristics (a,y) derives utility V(0,p;a,y) =y if she purchases neither good and V (xi,p;a,y)

from the purchase of good i, where:

V(xi,p;a,y) = (a+y— pi)x 1

4 Under the utility specification (1) below, if x; were less than unity, there would be an open set of consumers who would strictly prefer not to
purchase good i, even if its price were zero. By requiring x; > 1, we ensure that good i is at least weakly desirable to all consumers.

5 In this respect, our model differs from models of vertical differentiation such as ? and Cremer and Thisse (1991), which follow Mussa and
Rosen (1986): in these papers, fixed costs are zero while marginal costs are constant with respect to output, and increasing with respect to
quality. As will become apparent, the distinction has very little significance.



The term (y — pi) is interpreted as the quantity of an undifferentiated numeraire commodity that a consumer

with income y can purchase after spending p; on good i. With a little manipulation, we obtain:

Observation O1. V satisfies Assumption A1’ in Caplin and Nalebuff (1991, pages 29 and 44). &

To economize on notation, it will be convenient for the next definition to define xo = 0, and to say that a
consumer “purchases good 0” (at a price of zero) if she purchases neither of the two differentiated goods.
Given a location vector x and prices p, a consumer with characteristics (a,y) will purchase good i if for each
of the other two alternatives, either the alternative is unaffordable or it yields less utility than i. In symbols,

the set of consumers who purchase good i is 1;(x,p), defined by

Ii(X7 p) = mJ;él {(G,y) :V(Xjap;aay) >V(Xiap;aay) ImpIIeS Pj > y} '7 (3)

The budgetary requirement that (a,y) € l;(x,p) impliesy > p;, while logically necessary, has not been em-
phasized in the spatial competition literature to date. Presumably the reason is that this literature has focused
on the case in which all consumers have the same income level and in this context the constraint binds either
all consumers or none. As we shall see, however, when incomes are heterogeneous it plays a significant role

in the model, affecting in particular the interaction between price- and location-competition.®:°

The distribution of consumer characteristics is a truncation of the bivariate normal distribution with mean

o 0
o

(E[a],E[y]) € [og,04] X [Ye,Yn] and variance-covariance matrix , Wwhere 0 > 0. Let g(a,y) denote the

6 To establish this, we need to reformulate our utility function in the form of Caplin and Nalebuff (1991)’s display (3.1), modified to satisfy Al1’:
n
By = S B&X) + (Y=pitaX) @)
K=1

where X is an n-vector of product attributes, B is an n-vector of consumer characteristics while and t satisfies the conditions set out in Caplin
and Nalebuff (1991, page 29). In order to do this, we need to reformulate our one-dimensional product space as a two-dimensional space.
Accordingly, we will set n=2 and for i = 1,2, let X' = (%,%). Also, let X3 = (0,1) denote the “third,” zero-priced good, mentioned above.
Also let B = (a,0). Finally, lett : R2 — [0,1]3 be defined by t(x') = [X'1 0 X'z] . Now note that for i = 1,2, U(x', p; B,Y) = 0% + (Y— pi)X
while U(x3,p;B,Y) = 0+ (y—pi)1 = (y— pi). Clearly, U is equivalent to V, establishing that Observation O1 is valid.

When any of these weak inequalities hold with equality, the consumer’s optimal decision is not uniquely defined. We can, however, ignore this
problem because the set of consumer characteristics for which it arises has measure zero.

One might argue that the budget restriction is unimportant in practical applications, on the grounds that most people’s income exceed the
price of any single product that they might wish to purchase. When interpreted less literally, however, budgetary constraints arise in a wide
variety of contexts. In particular, when purchasing major products such as houses and cars, many consumers face a binding credit constraint.
More generally, the idea that consumers create “mental accounts™ or “budget categories” has gained widespread acceptance in the behavioral
economics and marketing literatures. See, for example, Thaler (1985), Thaler (1999). Under the mental accounting hypothesis, consumers
allocate their income among a number of categories of goods and services, and “balance the budget” within each of these categories. To the
extent that this hypothesis is valid, we would expect that the budget constraint modeled in this paper would be a significant determinant of
consumer behavior.

Caplin and Nalebuff do not explicitly include a budget constraint in their model of the consumer sector. Nor can it be inferred from their
specification of consumer preferences (display 3.1 on page 29). This is a potential source of concern: their existence argument is an extremely
delicate balancing act and the addition of a further restriction could, in principle, destroy the balance. Fortunately for us, our budget requirement
enters their model unannounced, as part of their specification of the “reservation price property” (R; on page 35).
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p.d.f. obtained by truncating this distribution to the rectangle [os, ay] X [ye,yn]. From Caplin and Nalebuff

(1991, pages 30, 44) and their comment about truncations on page 31, we have:

Observation O2. g is %—concave, with convex, compact support and positive volume and hence satisfies
Caplin and Nalebuff (1991)’s Assumption A2’.

The demand for firm i’s product at locations x and prices p, is now obtained by integrating its customer base
with respect to the p.d.f. g. Letting D;(x,p) = fli(x,p) g(a,y)d(a,y) denote this demand, the profit function

for firm i can now be written as:

TG (X, p) = piDi(x,p) — oxY 4)

A Nash equilibrium for the Bertrand price game defined by x is a pair p* = (p7, p5) such that for each i, py
maximizes Tg(X, (-, p%;)). Caplin and Nalebuff (1991, Proposition 10), combined with observations O1 and
02, yield:

Observation O3. For every location pair x, there is a pure-strategy Nash equilibrium for the Bertrand price

game defined by x.

Because our model is not, technically, a duopoly model (see page 5), the uniqueness results in Caplin and
Nalebuff (1991, Section 6) are not applicable. Nonetheless, our simulations provide a great deal of evidence
that the price equilibria in our model are indeed unique, provided that each firm has a positive market share.
We shall henceforth assume uniqueness and write p*(-) to denote the mapping from location vectors to
equilibrium prices. A PSSPE for the two-stage location-price game is a pair x* = (xj,X3) such that for
each i, x* maximizes 1g((-,x%;),p*(-,x%;)). While uniqueness of equilibria in the price games does imply
existence of a mixed-strategy subgame perfect equilibrium, we are not aware of any analytical results that

guarantee existence of a PSSPE in the present context.

In the basecase for our numerical simulations, the parameters of the model are set to the following values:



Parameter name

Parameter symbol

Parameter value

Cost coefficient
Cost exponent

Lower bound on taste distribution
Upper bound on taste distribution
Mean of taste distribution

Lower bound on income distribution
Upper bound on income distribution
Mean of income distribution

Variance of joint distribution

c
Y
ay
Oy

E[af]
Ye
Yh

Ely]

o

0.05
1.00

0.00
1.00
0.50

0.00
9.00
4.50

15.00




3. COMPUTATION AND SMOOTHING

Our computational algorithm for solving our two-stage game makes nested calls to matlab’s fmincon routine.
The fmincon program is designed for solving optimization problems subject to constraints. We ignore the
optimization component of the program and “minimize” a constant function subject to the constraints that
the first order conditions for our firms are satisfied with equality. (Our algorithm cannot identify corner
solutions.) In the outer loop of the algorithm, the first order conditions identify a Nash equilibrium in prices
holding locations constant. In the inner loop, we solve for a Nash equilibrium in locations, assuming Nash
equilibrium prices for each location pair. Since the neither the price nor the location game has a closed-
form solution, the algorithm computes numerical gradients of the first order conditions. To evaluate these
gradients in the inner, location loop, we need information on how equilibrium prices change with locations.
To obtain this, we compute, via the implicit function theorem, the first- and second-order derivatives of the
function mapping locations to equilibrium prices. We then use a second-order Taylor expansion to obtain

the required estimates of price changes.

Because our objective function can only be computed by means of numerical integration methods, techni-
cal difficulties arise in the computation of derivatives of these functions. To compute integrals, we use the
Gauss-Legendre method described in ?. This involves taking a weighted average of function values, eval-
uated on a finite grid of points. While the method can be used to compute integral levels to a high degree
of accuracy, it is, without further modification, highly unreliable as a technique for numerically computing
first and, especially, second derivatives of an integral, particularly when, as in our case, the limits of inte-
gration are only piecewise differentiable. To illustrate the problem, let x(t) = min(0,1 —t) and consider the
problem of twice numerically differentiating with respect to t the numerical estimate of fg((t) f(x)dx', ina

neighborhood of t = 1.

The key points to make about the algorithm are:

e we are using matlab’s fmincon routine, but this is an optimization package. But we need to optimize
two things simultaneously, i.e., each party’s payoff given the other’s action. Since fmincon is only
set up to optimize a single objective function, we put in a dummy function to minimize (f = 1), and
solve the following minimization problem: minimize f subject to the constraints that both players’
first order conditions are zero.

o the way the solution algorithm works for this class of problem is, very roughly, as follows. Our

task is so choose x* € R? such that v/(x) = 0, where v/ = (v1,V2), and v; is the derivative of player
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i’s payoff function w.r.t. i’s choice variable, zj. We choose a starting value of x, i.e., Xo. Now,
given a value x;, the algorithm numerically computes Jv/(x;) and V/(x;), where the i’th row of JV/
is the derivative of v; w.r.t. x;, and chooses X1 S0 that dx = X¢11 — X; solves JV/(x;)dx = —V/(x;).
Thus, if all but the first term in the Taylor expansion of v/ about x; were zero, then v/(x;;1) would
be zero, and the algorithm would haved converged to the solution in one iteration. Of course,
these higher order terms will not be zero in general, and further iterations will be required. The
algorithm continues until the norm of the adjustment term dx is is sufficiently small that it is inferior
to some pre-specified tolerance level. It will be clear from this description that the performance
of the algorithm will depend critically on the accuracy with which the numerical derivatives are
computed. In particular, it will be readily apparent that unless these derivatives are computed to
a high degree of accuracy, the algorithm will be unable to satisfy anything but an extremely slack
convergence criterion.

because we are modelling a two-stage game, we need to use a nested, two-stage solution algorithm.
Specifically, in our problem, i’s payoff function u; is a function of locations x and prices p. The
requirement of subgame perfection is that for each location pair x and each i, %;i’p) = 0. Thus,
in the process of obtaining a numerical solution for the location game, in which players choose
locations with the understanding that prices will adjust to equilibrium levels given these locations,
the solution algorithm must, at every iteration, identify a solution to the price subgame given these
locations. In short, a solution algorithm for the subprice game must be embedded in the solution
algorithm for the location game.

a major technical difficulty arises in the construction of this algorithm. It relates to the numerical
computation of the first derivatives (the u;’s) and the matrix of second derivatives u’. The problem
is that solution prices vary with x, but not in a closed-form way, so that in the process of computing
derivatives of the u;’s with respect to x’s, it is, in principle, necessary to compute solutions to multiple
price subgames. Indeed, in our algorithm, in order to compute a full set of derivatives of u;, given
"X, it is necessary to evaluate y at eleven different nearby values of x. In a “brute-force” version
of our algorithm, therefore, we would need to identify equilibrium prices for twenty-two different
subgames, every time we computed a derivative of u’! This approach would be prohibitively slow.
Our alternative approach is to obtain approximate solutions to nearby price subgames, using the
implicit function theorem, and feed these solutions into our derivative computation routine. It turns
out, however, that linear approximations are insufficiently accurate for our purposes. In order to
obtain satisfactory standards of accuracy, we needed to compute second-order Taylor expansions

about our initial price equilibria.
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e second order conditions and corner solutions: our algorithm is not very general. It is not equipped

to handle corner solutions. Nor is it equipped to steer away from extreme points at which second
order conditions are violated. While it is relatively easy to choose parameter values to ensure that
all solutions must be interior, the latter problem is harder to control for. In order to impose the
additional constraints on our problem that for each i, u;; < 0, we would have needed to compute
a full set of third-order derivatives. Since this would have slowed the algorithm considerably and
would have been prohibitively tedious to code, we contented ourselves with a trap in the code to

alert us to solutions which fail the second order conditions.
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4, COMPUTATION CHECK

In order to confirm that we have indeed computed a valid solution to our two-stage game, we performed
two numerical checks. The results of these checks are graphed in Fig. ?? and Fig. ??. The left panel of
Fig. ?? plots each firm’s payoff as a function of its own price, holding constant both firms’ locations and
the other firm’s price at their numerical solution levels for the two stage game. The right panel plots each
firm’s payoff as a function of its own location, holding constant the other firms’ location at its numerical
solution level for the two stage game, and solving for equilibrium prices at each location vector. Note that
in each stage of the game, each player’s payoff is indeed maximized at the value identified by our numer-
ical simulation. Together these graphs provide numerical confirmation that the solution to our simulation

constitutes an equilibrium for the two-stage game. In addition to confirming the existence of an equilib-
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FIGURE 1. Payoff functions in the equilibrium-path price subgame and the location game

rium, the graphs in Fig. ?? provide useful additional information. Because the distribution of consumers is
p-concave, Caplin and Nalebuff (1991, Theorem 1) guarantees that the functions graphed in the left panel
will be quasi-concave. In fact, they are concave. As far as we are aware, there are no analytical results
pertaining to the functions graphed in the right panel. In fact, however, these turn out to be concave also.
Indeed, these graphs suggest the surprising possibility that analytical conditions might be identified which
would guarantee concavity of payoffs with respect to own locations in the two-stage game. These conditions

would, in turn, imply existence of pure-strategy equilibria in the two-stage game.
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The two panels of Fig. ?? plot players’ reaction curves in price and location space. In the left panel, locations
are fixed at their solution values in our basecase simulation. In the right panel, locations vary and we solve

for equilibrium prices for each location pair. Note that the curves in the right panel are contained in the
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FIGURE 2. Reaction curves in the equilibrium-path price subgame and the location game

region where firm #1’s location exceeds #2’s. Because firms’ payoffs are identical in the basecase of our
simulation, there is, necessarily, a mirror image of these curves (with firms’ identities reversed) in the region
where #2’s location exceeds #1’s. The numerical technique we used to compute these curves was different
from the fixed-point algorithm we used to obtain our original solution. The “x’s” in the left and right panels
denote, respectively, our computed fixed-point in price space, given the solution locations, and the fixed-
point in location space itself. The fact that the “x’s” coincide with the intersection of the reaction curves
in each panel is a further confirmation that our fixed point algorithm indeed delivered a subgame-perfect
equilibrium. Once again, the figure conveys useful additional information. In each panel, the two curves
have a unique intersection within the range plotted. Indeed, in each case, the shapes of the two curves
within this range provides strong numerical evidence that the equilibrium we have identified is the unique

pure-strategy sub-game perfect equilibrium in which #1s location exceeds #2’s.°

10 e have, of course, displayed the price reaction curves for the on-the-equilibrium-path subgame. Comparable graphs for the other subgames
exhibit the same characteristics and are available on request.
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5. EQUILIBRIUM

Somehow up front in this write-up we need to explain our philosophy. We can’t get a closed-form solution.
We can’t expect to be able to sign all the terms in the comparative statics. But we can sign the important
terms and decompose the game into its component parts. More important, the numerical results provide us
with a guide about what to focus on, i.e., what turns out to be important and what isn’t. For example, we
find below that when we analyze the Jacobian of what we will call the Nash location function, the effects
that are decisive in determining our comparative statics results are the partials of this function with respect
to locations, holding prices constant. When prices adjust to changes in locations, nothing much changes in
a qualitative sense. In short, the numerics direct us to what’s important analytically. So in what follows, we
will sign what we can sign, point out what the ambiguities are and focus on the terms that turn out to really
matter in our context. We also need to say something about the fact that all of the analytics we provide below
apply to the unsmoothed model but the numbers we use are from the smoothed model

5.1. Market Regions. Fig. ?? illustrates the allocation of customers to the two firms. (Note that #’1 market
region is much larger than depicted in the figures, since the maximum level of income, y, =9.) The left
panel of the figure depicts the allocation for the equilibrium of our computational model. It reflects the
fact that consumer boundaries are smoothed for computational purposes. The right panel represents the
corresponding regions for our analytical (i.e., unsmoothed) model, in which the boundaries of firms’ market
regions are piecewise linear, and illustrates the various terms terms defined below. Let Di(x, p) denote the

measure of the set of consumers which purchase i’s product (henceforth we shall refer to Di(x, p) as i’s

5 . . .

[ 1's market region [ #1's market region
[ 2's market region [ #2's market region

participation boundayy

Qf-------
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FIGURE 3. Market Regions In Equilibrium
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market region). Player i’s revenue at the location-price quadruple (x, p) is the product of his price p; and
Di(x, p), defined below. Observe from Fig. ?? that consumers with higher income levels purchase firm #1’s
good, middle income levels purchase #2’s, and the poorest consumers purchase neither good. Note also
that the income levels at which consumers switch from one firm to another decline as their taste parameters
increase. For each iand a, let Y, (a;x, p) and V;(a;x, p) denote respectively the lowest and highest income
level at which a consumer with taste parameter o weakly prefers to purchase good i rather than either of his
two alternatives, i.e., purchasing good —i or nothing at all. (The symbol —i denotes “the player who is not
i”,i.e.,, m1=2and -2 = 1) In Fig. ??, ¥,(:|x, p) separates the two shaded areas while )_/2(-|x, p) separates
the lower shaded area from the unshaded area. We shall henceforth refer to the line y,(-|x, p) as the interfirm
boundary, i.e., the boundary between the two firms’ market regions, and to )12(-|x, p) as the participation
boundary, i.e., the boundary separating firm #2’s clientele from the consumers who do not participate in the

market at all. To reduce notation, we will henceforth suppress the dependence of Y, and y; on (x, p)

The functions y,(-) and y,(-) are defined as follows:

Yh ifi=1

Vl(a) = (5)
max(pl,%urpz—a) ifi=2
¥,(00) ifi=1

yi(@) = ®)
max (pz, 1’121_/‘3‘(2) ifi=2

where AX = X1 —Xp and Ap = p1 — p». Note that by assumption Ax is positive, and, by implication, Ap will be
positive also. Firm i’s market region can now be written as Dj(x, p)= O‘é“ fyf'i(g“))g(y,a)dyda, where g is the
bivariate normal distribution with parameters specified above, truncated to the rectangle [0, ay] X [y¢ Yn)-
In the analysis that follows, it will be significant that the interfirm boundary, y,(-), lies every below the

average level of income.

While the local properties analyzed in this and later subsections appear to be quite robust numerically,
they depend in principle on certain global characteristics of the solution to our model. In particular, we
will proceed below on the assumption that in equilibrium, the market regions for the two firms exhibit the
characteristics illustrated in Fig. ??. One of these characteristics has important distibutional implications:
at every level of tastes, the income of the consumer who is indifferent between goods one and two is below
the average income. There is no reason to expect that all of the qualitative characteristics of Fig. ?? hold
for all parameter configurations. Our treatment below can readily be modified to take acount of marginal

modifications to this picture. For example, if the boundary of either firm’s market region has no flat spots,
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the expressions below simplify in obvious ways. Conceivably, however, the left intercepts for either of the
lower boundary lines might not belong to the interior of the support of the income distribution. In this case,

our analysis would need to be modified significantly.

It is useful to rewrite the expression for Dj(x, p) as Dj(x, p) — D;(x, p), where Dj(x, p) = (f;“ yy[i(“) g(y,a)dyda.

and D;(x,p) = (f;“ fé(q)g(y,cx)dydcx. Let a(x,p) = %’ — Ap denote the largest value of a for which
¥o(a) =y, (a) depends on values other than p; and let a(x, p) = )‘2—; denote the largest value of a for which
Xz(cx) depends on values other than p, (see Fig. ??). Consumers with taste parameters greater than @ and
incomes in a neighborhood of ¥, (o) would strictly prefer to purchase good #1 than #2 but have insufficient
funds to do so; similarly, consumers with taste parameters greater than a and incomes in a neighborhood of
Xz(cx) would strictly prefer to purchase good #2 than nothing, but cannot for the same reason. Note that at
the given prices, firms are competing with each other only for consumers with taste parameters to the left of

0, so that interfirm competition will be more intense, the further to the right is the location of @.

Observe for future reference that

~ ifj=l&a<qa % ifj=1&a<qa
OYZ(G) ip - _ aﬁ(xa p) ip - —
ap; = w2 ifj=2&0a<d “op = =2 ifj=2&0<0@
0 otherwise 0 otherwise
dy, () iy fi=2&a<a da(x, p) ¢ ifj=2&a<a
op; 0 otherwise op; 0  otherwise
while
F ifi=l&a<d op ifi=l&a<d
072(0() g - _ aﬁ(X, p) ip - —
g % ifj=2&a <@ T &%@ ifj=2&a <@
0 otherwise 0 otherwise
dy,(@) % ifj=2&a<a  gax,p  J5¢ ifi=2&a<qa
0%, 0 otherwise 0%, 0 otherwise
All of the signs in (6) and (7) are obvious (since Ax and Ap are positive) except for a%—x(;) which is negative

for a < a. To see this recall that a = )‘2—; and x, is restricted to be greater than unity.

(6)

(6)

7

@)
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We now further decompose D (x, p) and D;(x, p) as follows:

o) = [ [ovwnda + [ /y gka)dyda = Di(p) @
L {4 {4

Dy(x,p) = / /y o(y,a)dyda  + / y ™ oy, a)dyda ®
l { (A

Let & (0) lap) denote the function that takes the value 6 on the interval [a b] and unity elsewhere. Applying

Leibnitz’s rule, we have

Dix,p) _ JO ifi=1 o
opi _ o
g —2 [, 9(V2(0), a)da ifi=2
oDixp) _ )t @i, ada ifi=1 .
opi . . 9
| 0?1E(x;il)[wg]g(zz(a),d)dd ifi=2
Similarly
Di(xp) _ JO ifi=1 -
i (a2 Ja, 952 (0),a)da ifi=2
oDi(x,p)  _ _XZApfa[ (V2(a), ) da ifi=1 )
OX; . 10
| — o a9y, (a), a)daif i =2
Using (9), the derivative of firm i’s market region with respect to his own price is:
9D1(x,p) /Gu X1 ~
I Ix d 0 11-1-1
oo (5, S0 < 1D
aDZ(Xap) X2 /a _ /(Xu ( Xy )
Q. - Ay a),a)da a),a)da < 0 11-2-2
o2 i Jo, O0@-ede & R () 90 (@)0) (11-2-2)

As p1 increases, firm #1 loses market share as the interfirm boundary shifts north (see Fig. ??): consumers
with a’s to the left of @ switch to good #2 by preference, and those with a’s to the right of @ switch to
good #2 because they become income constrained. As p, increases, firm #2 loses market share in two direc-
tions,as the interfirm boundary shifts south while the participation boundary shifts north: #2’s upper-end

customers shift to good #1, while the lower-end customers shift to purchasing nothing.
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Similarly, using (10), the derivative of firm i’s market region with respect to his location is:

oDi(x,p) _  Xelp (T

%, - (AX)Z o g(yZ(a)aa)da > 0 (12 1)
oD2(x,p)  x19D1(x,p) 2/0

o = oxa ot temD7 [ (r-wgw@.ada > 0 (12-2)

To see that (12-2) is positive observe that a < o implies a < f(’—j < p2 since x; is restricted to be greater than
unity. Note that expression (12-2) involves two effects while (12-2) involves only one. In both instances, the
first term relates to interfirm competition, i.e., the location of the interfirm boundary. The additional term

for firm #2 captures the effect of location shifts on the participation boundary.

We are also going to need the derivative of i’s market share with respect to —i’s price. Differentiating (8)

and using (12-1) it is straightforward to check that

aDl(X, p) _ Ax 6D1(X, p)

30 = & o > 0 (13-1-2)
0D>(x,p)  x1AxdDy(x,p) /“u _

an, = %hp  ox + 2 g(V,(a),a)da > 0 (13-2-1)

Positivity of both terms is to be expected: holding both firm’s location constant, an increase in firm —i’s

price transfers market share to firm i. Since i’s price is held constant, i’s profit must increase.

5.2. The second stage (price) subgames. The expression % = Di(x,p) + pi% is the change in

firm i’s profits resulting from a change in i’s price in the subgame defined by the location vector x. Hence-

forth we shall refer to fP(x, p) = (%&,p) %ﬁ) as the Nash Price function, and denote its Jacobian by

621'[1()(,]3) 621'[1(x,p)

JfP(x,p) = opi OP20P1 | ) et P(x) denote the set of Nash equilibrium price vectors given the
a2-'-[2()(7p) 021'[2(X,p)
0p10p2 op3

location vector x, i.e., the set of p’s such that f P(x, p) = 0. Given assumptions Al and A2, Caplin and Nale-
buff (1991, Theorem 1) guarantees that P(x) is non-empty, for every x. Our simulation results provide strong
evidence that P(-) is in fact singleton-valued, i.e., that each subgame has a unique pure-strategy equilibrium.
We will henceforth assume this to be the case and let p(-) denote the function mapping location vectors to

equilibrium price vectors.

Because fP(-,p(-)) is identically zero across price subgames, we can apply the implicit function theorem to

approximate the change in equilibrium prices resulting from a change in x, as follows:

o) doyto) Fraixpt))  Fraixpti)
X1 X2 - _ p -1 P10X1 P10x%2
dpa(d)  dpo(x) OFFCPONT | dorixpig)  roepto) (14

dx1 dxo 0p20x1 0p20x2
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Our task in this subsection is to derive explicit expressions for the derivatives on the right-hand side of (14).

The elements of JfP(x, p(x)) are:

Pm(,p()) _ ,0D1(pK)
op? B ap1
_ Xp [%u X dg(y2(a), )
| () s+ 5 [T e ] < o
2
07m(x, p() glp(lxbz(;)) - X / 0%, (@), a)da +
e [aos@ )+ [[SEERSa] > o
762225)(5‘;()()) - —(70D1(;F’)p(x)) + pz(Zf() [g(yz(a),a) + i—l * 4972(@), ) é(y) )daD
2 0p1 1 2
’mu(x,p(x)) _ ,0Da(X,p(x)) X2 ) 2 _ O‘dgy ,Q)
e = a4 P2 (5) [g(yz )+ / éyz 0‘]

The signs of (15-1-1) and (15-1-2) follow from the facts that aDl%Xr’)f(x)) < 0and dg(yZp( )) s everywhere pos-

itive (since y,(-) < Ey). While (15-2-2) cannot be signed from first principles, negativity is guaranteed by

Caplin and Nalebuff (1991, Theorem 1). Expression (15-2-1) would be unambiguously positive were it
not for the term within square brackets.'! In our simulations, however, the sum of these terms is very small

relative to ‘7"%%"( ) ‘ so that (15-2-1) turns out to be positive. Note also that since ‘7‘3 "15);"( )
1

9°1u (x,p(X))

inates ‘W

clearly dom-

and the square bracketed term in (15-2-1) dominates the corresponding term in (15-2-2),

the following condition is sufficient, but by no means necessary, for det (Jf P(x, p(x))) to be positive:

aDl(Xa p(X)) aDZ(X7 p(X))
Rt LAWY ] el a2 (16)
op1 ap2
- - . - * ol * *
(At the solution, x*, to the basecase of our numerical simulations, ‘%plp(x)) < ‘%ﬁs(x))‘, so that
(16) is easily satisfied.)
11 These terms reflect the facts, respectively, that as Py increases the region of interfirm competition shifts to the right and consumers

p2 decreases left

become MO dense in a neighborhood of the line dividing the firms’ market regions. Both facts Increase

less diminish the intensity of interfirm

increases

decreases while the marginal impact of p; on #2’s

competition, so that as El increases, the marginal impact of p; on #1°s market share
2

decreases

market share .
increases

P2 W X dg(y,(a),a)
X2_1<g(zz(g),g)/xz + xz/wE<X2_1>[w] &, da] < 0

(15-1-1)

(15-1-2)

(15-2-1)

(15-2-2)
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We now specify the elements of the second matrix on the right hand side of (14).

"z’f;rflxi’;jlx” - 2O [ a0 +
p(lAX;)Ap [g(yz(a),a) i 2
pgiz sz)p (7,(@),0) + /q”dgyéyz da” < 0
B R =y LUK
s - ooz
) B (0 -
XZA—AXp[ng(a),a) + jidg( o) e
(S + [ + 2, SO0 o)

The issues involved in signing (17) are related to those involved in signing (15). Expressions (17-1-1) and

(17-1-2) are, respectively, unambiguously positive and negative: an increase in )):1 has the dual effect of
2

inCreasing - firm 415 initial market share, and 9€T€38IN0 the intensity of competition thus  NCTeasing
decreasing increasing decreasing

the benefits to #1 of raising price, while ?ﬁgrrs:;'r?g the cost. On the other hand, expressions (17-2-1)

and (17-2-2) cannot be signed unambiguously: an increase in X2 has the dual effect of 1NCr€asiNg gy

X1 decreasing

#2's initial market share, while NCre8SING e intensity of competition thus, once again, NCreasing e
decreasing decreasing

benefits to #2 of raising price, but in this case MCT®3SING e cost. In expression (17-2-2), an additional
decreasing

factor—the positive term in the curly brackets—contributes to sign ambiguity. This term has nothing to do
with inter-firm competition. Rather it relates to consumers at the lower end of the income scale who are
deciding between purchasing the inferior good #2 and purchasing no good at all. As the quality of good #2

increases, there is a decline in the rate at which consumers switch from the former option to the latter in

(17-1-1)

(17-1-2)

(17-2-1)

(17-2-2)
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response to a unit increase in p», i.e., there is a reduction in one element of the cost to firm #2 of raising its

price. We shall refer to this factor below as the participation boundary effect.

In the numerical solution to our base case, it turns out that (17-2-1) is negative and (17-2-2) is positive. The
magnitude of M is very small, and its sign can change with small perturbations. Its sign, however,
is not important; what matters is that %, the sum of two positive effects is larger than %, the
sum of a positive and a negative effect. This will have important ramifications when we come to sign the

effects of changing locations on prices. Indeed, returning to (14), we have

dpi(x)  dpi(x) Pre(xp(x)  _ 0*m(x,p(x)) Pm(xp(x)  *mu(x,p(x))
dxy dxo _ ( A‘]fp)il op3 op10p2 9p10xX1 0p10X2

dp2(x)  dpa(x) _%Te(xp(x)  9PTu(x,p(X)) PR(xp(x)  *TR(X,p(X))
dxg dxz 0p10p2 op? 0p20x1 0p20x2

which, in the solution to our basecase simulation,

2.5832 0.4424 0.0542 —0.2104 0.1410 —-0.4521
0.7452 2.1046 0.0020  0.2070 0.0446  0.2788

In (14-N), note first the off-diagonal terms: in the expression for dpl( ) the negative term dominates the pos-
dpa(x)

itive term, while the reverse is true for o . Hence we obtain
dp1(x) dp2(x)
— 0 . 18
dx, < < dxq (18)

X1 diminishes the degree

As we have just explained, the source of this asymmetry is that an increase in
X2 intensifies

of inter-firm competition. This factor also explains why dpl( ) is positive. On the other hand, the sign of
de( )is a surprise. The inter-firm competition argument we have been stressing would imply that this term
should be negative, since increased competition should lower p, as well as p;. The reason that it does
not can be attributed to the participation boundary effect. To demonstrate this, we have computed how
expression (14-N) would change if the participation boundary were independent of both p, and x,, that is,
if all terms involving either xz(-) or a in expressions (11-2-2), (15-2-2) and (17-2-2) were set to zero. In this

case, the numbers recorded in (14-N) would change to the following ones:

2.5474 0.6228| | 0.0625 —0.2407 0.1606 —0.6187
= (14-N')

0.9294 2.7012 0.0023 —0.0089 0.0642 —0.2477

(14')

(14-N)
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That is, in the absence of the ~participation boundary effect, an increase in )):1 would result in an ég‘é:iiii
2

in both prices, a result which would be consistent with our intuition about firm locations and inter-firm
competition.
5.3. The first stage (location) game. A necessary condition for a location vector x* > 0 to be a subgame
perfect equilibrium in the two stage game is that for each i

dm (x*, p(x*)) o (x*, p(x*)) | Om(x*, p(x*)) dpi(x*) O (x*, p(x*)) dp-i(x*)

dx; 0Xi + api dx; + ap_.i dx; ( )

Because p(-) is a mapping from locations to equilibrium price vectors, am(éb?(')) is identically zero. Conse-

quently, the equilibrium condition (19) reduces to

_ aT[I (X*, p(X*)) aTl] (X*, p(x*)) d D (X*)
T B " ap-i dx; (20)
— <p (x* )%—DI' — MC(X; )) + (pi (x*) 0D; ();;;_F‘)I(X*)) d paix(ix*))

where MC(x;) denotes the marginal cost of increasing x;. Expression (20) has an immediate implication
for the relationship between equilibrium prices and equilibrium locations: if a parameter change were to
increase equilibrium prices at the equilibrium location vector, x*, to p’ > p(x*) then if all terms in (20)
other than prices remained constant, the d”( 2°s would be positive when evaluated at p’. Now as the right
panel of Fig. ?? illustrates, the 5 (-, p(+))’s are concave in own locations. Provided that cross-location effects
are dominated by own-location effects, it follows that equilibrium locations and equilibrium prices at the
original equilibrium locations will, all else being equal, move in the same direction. In the analysis below,
we will refer to this relationship as the price level effect. Intuitively, it makes good sense: price increases

enhance the benefits of increasing location, without affecting the costs.

We now return to the decomposition (20) of (19). Following Tirole (1993, p. 281), we will henceforth refer

to W as the demand effect and to %%‘ as the strategic effect. Clearly, the demand effect

cannot be signed. On the other hand, since the i) 5 gre hoth positive (expression (13)), the signs of

op-i
dp—*l(

the strategic effect are determined by the signs of the SEY Indeed, in any subgame perfect equilibrium

such that (18) is satisfied, the strategic effects for the two players will have opposite signs:

. Jmn d dp: oy d dp2 .
#2’s strategic effect 0 #1’s strategic effect 21
J apy dx, < apz dxg J (21)
This asymmetry can be traced to the usual source: as X! increases, competition dIMINISNES  raq1ting in
X2 intensifies

an increase in p; “which has a positi_ve impact on #1’s

. > profits. Expression (21), together with the first
a decrease in p; negative #2’s
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order condition (20), imply that
0Dy (x*, p(x*))

p1(x") — ox, < MC(xy) (22-1)
e N (22-2)

Assuming Dj is concave in x; (as it is in our case), firm #1 is induced to keep increasing his location beyond
the point at which, holding prices constant his marginal increase in market share from a further increase in

location just offsets the marginal cost of the increase.

When costs are linear in location, as they are in the base case of our model, (22) implies that

pl(x*)%)’(lp(x*)) < pz(x*)%;@p(x*)). This property is especially striking because the price of the higher

quality good ps(x*) significantly exceeds p,(x*). Hence "Dl(é*x’f X)) « 6D2(>§)22p(x*)). (Indeed, in our base

case, the ratio aDl(’g);f(X*)) / aDZ(’g);f(x*)) is approximately 1/6.) This asymmetry can be traced back to the

same source as the one that explained (18): the demand effect motivates both firms to increase location; the

strategic effect, however, motivates firm #1 to increase, while motivating #2 to decrease location.

To analyze the comparative statics properties of our model, we need first to analyze the Jacobian, Jf*(x),
dZT[l(X’ p(x)) dzT[l(X’ p(x))

; ; _ ( dm(xp(x)) dr[z(x,p(x))> i X(y) — dx,? dxg dxo
of the Nash location function f(x) ( T T , that is, Jf*(x) Pro(xp()  dPm(xp(x)
dxp dx dx22
when evaluated at the solution x* to the basecase of our numerical simulations. As we shall see below

_|_

in display (29-N), Jf*(x*, p(x*)) has the sign pattern . This symmetric pattern is at first sight

surprising, since as we have observed, rightward shifts by the two firms have opposite effects on the intensity
of competition between them. Indeed, one would expect that J f*(x*, p(x*)) to exhibit the symmetric pattern
- +

. One of our objectives in this subsection is to explain why it doesn’t.
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To analyze Jf*(x*, p(x*)), we decompose it into five component parts: Fori, j = 1,2,

P, p(x) d [om N d / om dp-
dx; de B de OXi de ap_.i dx;
dp; 0D; 92D; dMC(x*
= (d—p_'—_'eri —— - (')>
. dp-i [dpi oD %Dy d?p.i O
dx; de apji p'apﬁi an dx; de 6pji
which, by (20)
_dpiMC(x) - 0°D; N dpi 0%D; d?p.; Om __dMC(x)
N de Pi P aXi an P dXi ap_.i an dXi de apﬁi P dXi
—— N——— ~ ~ ~ ~ ~ - ~———
price location crossprice crossprice marginal
level competition competition sensitivity cost
effect effect effect effect effect

The five terms on the right-hand side of (23) together determine the effect of an increase in x; on the net
gain to i from increasing x;. (i) The price level effect is the impact of a shift in x; on i’s first order condition
(20), holding constant all terms in (20) except the level of p;. This effect was discussed on page 21, immedi-

increases i X;, then dTri(a,p(-)) will increase
decreases % decrease
competition effect measures the impact of an increase in x; on the rate at which, holding prices constant,

ately following display (20): if p; also. (ii) The location
I gains revenue as X; is increased. Using the terminology of page 21, the effect measures the impact of x;
on i’s demand incentive to compete-by-location at constant prices. In terms of Fig. ??, the effect reflects
the impact of x; on the rate at which the interfirm boundary shifts with xi.*? Similarly, (iii) the crossprice
competition effect is the impact of x; on the rate at which i’s revenue changes as the equilibrium value of p-;
shifts in response to an increase in x;, holding constant the sensitivity of p_;(-) to ;. This is the first of two
impacts of x; on i’s strategic incentive to compete-by-location. Once again, in terms of Fig. ??, the effect
reflects the impact of x; on the rate at which the interfirm boundary shifts with p_;. (iv) The crossprice
sensitivity effect measures the impact of x; on the sensitivity of pj(-) to x;; This is the second impact of x;

on i’s strategic incentive to compete-by-location. (v) The marginal cost effect is self-explanatory.

Of these five terms, the crossprice sensitivity effect is by far the most complex to analyze, since it involves
differentiating the already complex expression (14). In none of our comparative statics experiments is this

effect decisive, and we will not attempt to derive an explicit expression for it. We will, however, derive

12 \Wheni = j =2, the participation boundary is involved as well.

(23)

(23)
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explicit expressions for the location competition effect and the crossprice competition effect. (The remaining
two terms require no further derivations.)
5.3.2. The location competition effect. To analyze this effect we compute the partial derivatives of the dD' 'S

w.r.t. the x;’s. Differentiating (12-1), we obtain

702[)&(;’ P (e [0 D g (24-1-1)
+ 2%;1"0) + X%((Ai?gzg(yz(ﬁ),ﬁ)> < 0
azazi((;();zp) N (X Ap/a - yé)@ i o)
bt D), el @) > o
2 2
SN

X1

All three of these signs can be explained in terms of our usual intuition: as .
2

increases, competition

diminishes o reducing
intensifies increasing
xi. Finally, we differentiate (12-2) with respect to x, to obtain

the rate at which the interfirm boundary shifts in response to an increase in

0*Da(x,p) _ X1 9°Di(x,p) X1 0Dy (X, p) p2(p2 — )
0x32 T oxp e X2 o  Xo(Xo— 1)Zg(y2() a) (24-2:2)

1 a | (pp—a)? | dg(y,(a),a)
_ (X2_1)3 /‘.{ { )(22_1 [ éxz + 29(3_/2(0(),0()] }da

The term in curly brackets is the “ participation boundary effect” introduced during the discussion of

(17-2-2) on page 20. Recall from (7) that (p2 — ) is positive on [0,a], as is %y()) It follows that if

22
the positive first term (see (24-1-2)) were excluded, expression (24-2-2) would be unambiguously negative.
Indeed, in the numerical results for our basecase, the first term is dominated by the others so that W
2

is indeed negative. That is, when X, moves closer to x;, the positive “increased competition” effect—i.e.,

the increase in the marginal benefit to #2 from increasing xo,—is dominated by the negative participation

aDum
boundary effect. Summarizing, the sign pattern for the % OX; S is
3°Di(x,p)  92D1(x,p) +
0 _
sign T X O%p _ ) (25)
?Da(x%p)  9°Da(x,p)
Oxp 0%1 0x5 - )
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where the parentheses denote a qualitative property of our numerical solution, (x, p) that cannot be estab-

lished analytically.

5.3.3. The crossprice competition effect. Taking partial derivatives of (13) w.r.t. X, we obtain

2 - o
oD _ ([ + R g + [0 gq])
FDi(xp) __ ¥10°Di(xp)

ap2 0x2 Xo 0p2 0Xq

2 - o
%(;;f) = ﬁ(/ﬁlg(%(am)da + %[g(yz(a),aﬂ-% 3 %VZ)’G)MD
’Dy(x,p)  x10°Da(x,p)

9p1 0%, Xo 0p1 0X1

Using the fact that y,(-,-) lies everywhere below the average level of income, the expressions in (26) can be

signed unambiguously as follows:

62D1(X, p) ale(Xa p)
; op2 0x1 op2 0%z _
sign = . 27
g 62D2(Xa p) aZDZ(Xa p) ( )
opy 0%y opy 0%z

This asymmtric sign pattern is consistent with our intuitive argument about competition, i.e., an increase in
X1 diminishes competition and so weakens
X intensifies strenghtens

=i’s price on firm i’s profits. Note, however, that the second part of the expression measuring the impact of

dp-; 92D;
dx; 0p-i 0Xj

the (unambiguously positive) impact of an increase in firm

dp_.i )
dx;

each other out, yielding a symmetric sign pattern for the second part of the strategic effect:

. Since the

dx; on the strategic effect is p; s are also asymmetric, the two asymmetries cancel

02D1(x,p) dpy 3%Dy1(x,p) dpy

Slg n pl 0 P2 6X1 Xm pl 0 P2 6X2 Xm — - + . (28)
9°Da(x,p) dpy 9°Da(x,p) dpy + -
P2 Op1 0x1 Xz P2 op1 0%y Xz

Intuitively, an increase in X; diir?girggssr:“;s the intensity of the strategic effect. But since the strategic effect
2

positi_ve for fi_rm #1 , (see (21) and the following discussion) a diminution in intensity has a neggt_ive
negative for firm #2 positive

#1'S orofits, while an increase in intensity hasa  POSIVE impact on firm #1'S

impact on firm )
#2’s negative #2’s

profits.

We now combine (25), (27) and (28) and consider the sign of the Jacobian matrix of the Nash location func-

tion, evaluated at our numerical solution, x*. Except for the crossprice sensitivity effect in the decomposition

(26-1-1)

(26-1-2)

(26-2-1)

(26-2-2)
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(23), about which we have no analytical information (hence the question marks), we can sign unambigu-

ously all but one of the terms:

d?r (x,p(x))  d*m(x*,p(x"))

sign dx? & b S L e T
dzT[Z(X*: p(X*)) dzT[Z(X*: p(X*)) + + _ + — N 9
dxz dxy dx;? ? 7
N——
price location crossprice crossprice
level competition competition sensitivity
effect effect effect effect

The fact that the location competition effect and the price level effect matrices have opposite signs reflects
a tension that is a fundamental theme of this paper. Any shift in either a location or an exogenous variable
which diminishes the degree of competition between firms has two countervailing effects. On the one hand,
it decreases each firm’s marginal benefit from an increase in its location, holding prices constant. This effect
contributes negatively to the left-hand side of (29). On the other hand, it also decreases each firm’s marginal
benefit from competing by price, and when both firms compete-by-price less aggressively, the resulting ef-
fect on the left-hand side of (29) is positive. To illustrate this tension, consider an increase in x1: as the
location gap between firms increases, there is a decline in the rate at which consumers shift from good #i
to #-i in response to a unit increase in X;; but at the same time there is a decline in the rate at which con-
sumers shift from #—i to #i in response to a unit increase in p;! In short, the intensity of both location- and

price-competition diminishes, with countervailing effects on the Nash location function.

A consequence of the tension just described is that none of the elements of the Jacobian can be signed unam-
biguously, or at least not by inspection of the signs of its component parts. Notwithstanding this analytical
ambiguity, our numerical simulation results indicate that the sign pattern of Jf*(-) is surprisingly robust. In

the basecase solution to our simulations, the numerical values for Jf*(x*, p(x*)) are as follows:

—.0294 .0903 B .0020 —.0064 4 —.0270 .0791 4 —.0020 .0078 N —.0023 .0098
.0057 —.2215 .0018 .0110 —.0283 —.1550 .0076 —.0296 .0246 —.0480
) - - - o

price location crossprice crossprice
level competition competition sensitivity
effect effect effect effect

Note that Jf*(x*, p(x*)) is negative definite. Note also that while the diagonal elements of the price level

effect contributes positively to the diagonal elements of the Jacobian, these price level terms are dominated

(29)

(29-N)
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by a factor of more than ten by the negative diagonal elements of the location competition effect. These ob-
servations are consistent with the indications from the right panel of Fig. ?? that firms’ payoffs are concavity

in their own locations in the two-stage game.

Since firm i’s first order condition, (20), must hold not just at the equilibrium but at all points along i’s

location reaction curve, the sign properties of Jf*(-) determine the slope of this curve. Specifically, along

i’s location reaction curve, X(x-), we have d’gféji) = - dz{,;‘i;i’ff” / dz”é’;f(x)). Hence if the sign pattern
(29) held globally—and evidence from our base case simulation is consistent with this supposition—each
firm’s location reaction curve would be globally upward sloping. Furthermore, plugging the numbers from
(29-N) into the expressions for the x(-), we observe that at x*, the slope of player #1’s reaction curve is
significantly greater than unity, while the slope of player #2’s is much smaller than unity (cf. the slopes

depicted in Fig. ?? above).
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6. COMPARATIVE STATICS

Our model has five parameter vectors, which can be classified into three groups: (i) cost parameters, i.e., the
coefficients and exponent on the cost function; (ii) the parameters determining first moments of the consumer
distribution: the means of the distribution of income and tastes; (iii) the single parameter determining the
second moments of the consumer distribution. Let © denote a list of these parameters with generic element

Bk. In our comparative statics analysis, we shall consider the effects of changing each of these parameters.

Let x*(8)) denote the solution to our model when the parameter set is 8. To avoid confusion between par-
tial derivatives, total derivatives and derivatives that are somewhere in between, it is convenient to rewrite

the first order conditions for the location game as (0”1(3‘*(9);9) "”2(’(*(9);9)) = 0, where IM;(x*(6);0) =

X1 6X2
T4 (X*(8), p(x*(8);0)) = pi(x*(6);0)Di(x*(8), p(x*(8);0)) — cx*(6)Y.  We shall continue to refer to
(anl(x*(e);e) aMa(x*(8);6)

0X1 0X2 0X

volves a change in x; together with an induced change in the vector p, while g—;“ involves a change only in x;.

) as the Nash location function. The important distinction here is that G

In switching from 7Ts to IT’s, we are, in effect, switching from analyzing the subgame-perfect equilibrium
of our original two-stage game—in which firms first choose locations, then prices—to analyzing the Nash
equilibrium of the induced single-stage game in locations, defined by assigning to each location pair x the
payoffs that arise when in the original two-stage game, players choose equilibrium prices in the subgame
associated with x. The condition for a Nash equilibrium of the induced single-stage game can now be written

in terms of the IN’s as

oni(x(8);6) _  dm(x*(8),p(x*(6));6) _ - /
5 - N = 0, fori=1,2 (20

From the implicit function theorem, a change in an element 8y of 8 induces a change in equilibrium locations

according to:

dx*(6) 8%M1(x*(8);8)  9°M1(x*(0);0) ! 8%M4(x*(8);0)

dox _ _ %12 0x1 0% T Ox1 00k (30)
dx* (6) 92Mo(x*(0):0)  92Mo(x*(8):6) 92M,(x*(6):6)

dby 0X2 0% 0% 0% 00y

92M1(x*(0);0
36.9228 15.0511 alx(liiff)k))

92M»(x*(0);0
0.9442  4.8986 azx(ziiff)k))

which, inserting the numbers in (29-N)
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Once (30) has been computed, we can compute the change in equilibrium prices induced by a change in Oy

by:
dpa1(x*(0);0) op1(x*(0);0)  ap1(x*(6);0) dx(8) ap1(x*(6);0)
dek — 6X1 6X2 dek 6ek
dp2(x*(0);0) op2(x*(0);0)  ap2(x*(6);0) dx:(8) ap2(x*(6);0)
dey 0xy 0Xo dbk 00
(31)
where, mimicking (14)
ap1(x*(0);0) aD1(x*(8);8) + 8°D1(x*(0);0)
00k - _ (pr(x*(e)e))—l 00k P1 0p1 06k
apa(x*(8);8) ’ dD(x*(8);8) 92D,(x*(6);0)
aek aek + p2 ap2 aek
(32)
Except when necessary, we will henceforth suppress the arguments of the N’s and related terms.
To analyze the comparative statics properties of our game, we need to decompose the expression for %
into its component parts. This decomposition parallels our decomposition (23') of the &g sufficiently

dx; dx;
closely that we can use the same labels for its components:
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d2n; _ d /o, d oTg dp-i
i de. ~ de (W) i a6 <apﬁi ix; ) (33)
_ (9moDi o 9Di < O°Di Opj  dMC
00k 0x; ax, 006k £, 0X; 0p;j 06k d6k
dp-i [0pi 9D - 0°D; 0%p-i Om
dx |98 0ps  PopL 06| T % 98 ap
which, using the fact (implied by expression (20)) that 'V'TIC = %—E;i + g&i dd‘;_‘
. %M_C _ aZDi n 2 aZDi apj n dp_,i aZDi
aek Pi aXi aek z aX| apj aek dXi ap_d aek
#p-i o dMmC
aXi aek apﬂi dek

which, letting W; : R? — R denote the linear function with coefficient vector ([% =+ pia‘?j—?iﬁ] Pi ai g)r'n)

op1 0 0°D; dp-i 0°D; 0%p-i O dMC
— (SR 2R i R Ly OB O GV (33)
00y " 00, 0Xj 00k dx; 6pji 00y 0X; 00 6pﬁi doey
N S N g VN - L ~—
price location crossprice crossprice marginal
level competition competition sensitivity cost
effect effect effect effect effect

Note that the coefficient matrix of W is common to all of our comparative statics experiments, i.e., is inde-
pendent of all cross derivatives involving the By’s. The W function combines the impacts, from all sources,
of changes in equilibrium price levels, holding locations constant, on the first order conditions for the loca-
tion game. These impacts have three components. The first, 'V'Tﬁ:i is exactly analogous to the first component
(the price level effect) in our decomposition(23’) of the dfg‘x‘ ’s (see the discussion on page 21, immedi-
ately following equation (20)). The other two components are the impacts of p; and p; on "D' . With one

exception, the relationship is that "D' increases with the gap, Ap, between the two prices: increases in pi

increase the "D' ’

s,while increases in p, decrease them. The exception is that an increase in p, results in an
increase in 6x2 because it increases the rate at which the participation boundary moves south in response

to an increase in x,. In the basecase of our numerical simulation, the net effect of these three impacts is that

o o 0.0531 -0.0397] |3 _ : .
g (6—&, a—gi) = k1. Is the less than half reference still applicable? In all five
0.0594  0.1460| |22

6k
of our comparative statics experiments, both prices move in the same direction in response to a change in By

and |ap1| is no less than half of |682| Given these conditions, the W;’s contribute positively or negatively to
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the X ge ) ’s, depending on whether prices increase or decrease with 8. What about discussing the other

effects?

6.1. Impact on equilibrium values of changes in cost parameters. In this subsection we compare the
effects of changing the two parameters, ¢ and y, of the common cost function cx}’. The effects of these
changes are particularly easy to analyze since prices in each subgame are independent of costs. Indeed,

when 6y is either c or y, all of the terms in (33') are zero for except the term — ddngc

6.1.1. Effect of changing the cost parameter c. Since M; = piD; — cx we have "”' = —xy and g:'g'c =
—yxi . In the base case for our simulations, we assume constant returns to scale, i.e., y =1, so that
02M;
oo = —1. Hence from (30)

% _ 36.9228 15.0511| -1 _ —51.9739 (34)

| $2 | 0.9442  4.8986 | |1 —5.8428

ap 0.1410 —0.4521| |—51.9739 0 —4.6850
and, from (31) = + =

ap 0.0446  0.2788| | —5.8428 0 —3.9473

That is, the effect of increasing marginal cost is to shift equilibrium locations to the left. Since firm #1’s
location is more sensitive to cost changes than #°2’s, the distance between the firms shrinks, increasing
the intensity of competition, and lowering prices. Hence as marginal costs rise, consumer welfare declines
because lower quality goods are provided, but this decline is mitigated by the lower prices that result from

intensified competition.

6.1.2. Effect of changing the cost exponenty. In this case, "a—'_\'/' = —cx}’log(xi) and 5’55')% =
—cx!(ylog(xi) 4+ 1) /xi. Since in the basecase of our simulations, y = 1, this expression reduces to (;’5—5'); =

—c(log(xj) +1). At our solution value x* = [7.6809 1.9792] and the common marginal cost paramter

¢ = 0.0500, we have [ 2714 2T12] = [-0.1519 —0.0841]. Hence from (30)

o 36.9228 15.0511| |—0.1519 —6.8762
v — — (35)
dd—xyz | 0.9442  4.8986 | | —0.0841 —0.5556
dpy 0.1410 —0.4521| |—6.8762 0 ~0.7181
and, from (31) dy = + _
dd—pyz 0.0446  0.2788| | —0.5556 0 —0.4616

To facilitate comparison between subsubsections 6.1.1 and 6.1.2, we consider the impacts of changes dc =
0.0191 and dy = 0.1450. These perturbations are chosen so that the resulting changes in locations will each
have unit length. The changes resulting from dc are dx = [—-0.9937 —0.1117] and dp = [—0.0896 —
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0.0755]; the corresponding changes resulting from dy are dx = [—0.9968 —0.0805] anddp =[—0.1041 —
0.0669]. That is, relative to a unit increase in ¢, a comparable increase in y has a greater effect on the firm
producing the higher quality good, and results in a greater reduction the the price gap between the two
products. Note also that relative to the change in c, the comparable change in y also reduces the quality gap
between the two products, and so induces a reduction in prices that is greater in norm.

6.2. Effect of changing the first moments of the income-taste distribution. Recall that each consumer
is characterized by a two-component vector (a,y), representing, respectively, her preference for quality

and her income. The distribution of consumer characteristics is a truncated bivariate normal, with mean
[E[cx] E[y]] . and variance g2 [3 (1)] . In this subsection, we compare the effects of increases in the means

of the taste versus the income parameters. The issues that arise in this comparison are much more subtle
than the ones considered above. Intuitively, since the two changes we are considering increase either the
willingness or the capacity of the average consumer to purchase higher quality goods, we might expect that
in both instances, the level of quality provision would increase. In fact, however, we find that the results of
the two experiments have opposite signs: when the mean of the taste parameter increases, the location of

both goods shifts to the left and prices decline, while the opposite results occur when mean income increases.

The difference between the two results can be traced to a difference between the balance between the con-
flicting price level effect and the location competition effect. To aid us in explaining this difference, we have,
in Fig. 4 below, replicated the right panel of Fig. ??, with the addition of a neighborhood around the interfirm
boundary. The neighborhood represents schematically the set of consumers who are on the verge of shifting
from one good to the other. As the legend indicates, the neighborhood is divided into a “sloped” and a “flat”
portion; as discussed on page 16 (immediately below equation (11)), a shift in either the location vector or
firm #2’s price will affect only those consumers with characteristics in the sloped portion; consumers in the
flat portion are constrained only by the relationship between their incomes and the price of good #1. On the

other hand, a shift in firm #1’s price will affect consumers in the entire neighborhood.

Now compare the effects of increasing either E[y] or E[a]. Most consumers in the sloped neighborhood lie
in the region below E[y] and to the left of E[a]. Therefore, an increase in either mean will reduce the total
probability mass of consumers in this portion, thus reducing the rate at which consumers can be acquired by
increasing location without affecting the marginal cost of this increase. In terms of our decomposition (33'),
the location competition effectwill be negative: in either case, firms’ incentives to compete-by-location,
holding prices constant, will decline. By contrast, consumers in the flat neighborhood lie in the region
below E[y] but to the right of E[a]. Therefore, an increase in E[y] will reduce the total probability mass

of consumers in this portion, while an increase in E[a] will raise it. Consequently, an increase in E[y] will
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E[y]

¥, (@)

= Interfirm boundary

] #1’s market region

[l Sloped nbd of interfirm boundary
[ Flat nbd of interfirm boundary
[ #2’s market region

Q=== ——

1
1
1
1
1
1
1

o

Ela]
FIGURE 4. A neighborhood of the interfirm boundary

reduce the rate at which consumers are released from their income constraints in response to an decrease
in p1, while an increase in E[a] will raise this rate. It follows that the impact of an increase in E[y] on the
flat neighborhood will have a dampening effect on firm #1’s incentive to compete by price, while an impact
of an increase in E[a] on this portion will have an intensifying effect. This difference will be reflected in
the rates at which equilibrium prices change, holding locations constant, in the two instances, and further

reflected in the price level effectfor the two cases.

To make these points concrete, we will insert into expressions (32) and (33) the numerical values of the
relevant derivatives from the basecase of our simulation, and compare the cases in which 8y is either E[a]

or E[y]. Starting with expression (32), we have



—0.01(pr)—1[

aD;
OE[a]

—0.01(pr)—1[

OE[y]

0.0686

0.0188
——

6.4546

—2.9875
——

+ 0.0398 p;
+ 0.1537 p;

~——
02Di
op; 9E[a]

+ 0.7115 p;

+ 3.1066 p;
N——r

02Di
op; 0E[y]

] = 0.01
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0.6350
0.6037

23.5877
] = 0.01
8.6487

(36-dp)

(37-0p)

In both instances, equilibrium prices rise, holding locations constant at x*. The dominant impact in both

cases is that mass of consumers in the sloped neighborhood declines, reducing incentives to compete-by-

price. In the case of E[y], this impact is reinforced by the impact on the flat neighborhood; the the case of

E[a] it is dampened. Consequently the combined impact on prices is much larger in the former case. This

difference is reflected in the difference between the price level effects in the two cases, when we plug the

numbers into expression (33): in (36-d2), the price level effect is dominated by the location competition

effect while in (37-d2M) the former dominates the latter:

—0.0305
0.01

—0.0359

————
d2n; (x Efa))
dx; dE[a]

0.7671
0.01
0.8732
N—_——

d2n; (xE[y)
dx; dE[y]

price

level

effect
—N—

0.0077
= 0.01
0.1086

0.9038 01732
0.01 +
2.7281 —1.6320
S——r ~

7
Q)

(7]
m‘ﬁ
3'4

Q)

(7]
m‘ﬁ
3’\)
N—

location
competition
effect
Y e N
—0.0379 —0.0045
—0.1823 0.0183
P ~ o

J

~

0.0042

0.0187

——
92 p=ji Oy
0x; OE[a] op—; *

) (36-d2M)

—0.0205 0.0574
+ + ) (37-d2M)
0.4168 —0.6527

4

e

92D
Pi 3 9E D]

v

dp_; DzDi

v

9p_; om

Pi~dx ap_; oELy

0xj OE[y] ap~j
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As a result of this difference, equilibrium locations and prices both decline in response to an increase in E[al]:

dx Pi(xela])  2ma(xefa))] [ ona(xEfa))
dE[a] _ 0%12 0x1 0%2 9% OE[0]
dxp ?Mx(xE[a]) 82Ny (xE[a]) 02MN,(x,E[a))
dE[q] 0x2 0X1 %5 9%z OE[0]
36.9228 15.0511| | —0.0305 —2.0207
= 0.01 = 0.01 (36-dx)
| 0.9442  4.8986 | | —0.0359 —0.6504
dpy (om0 ap(x) o ap(x)
dE[q] — 0x1 0X2 dE|[q] OE[q]
dpp Op2(x)  9pa(X) dxp 9p2(X)
dE[a] | 0% % dE[a] 0E[a]
_ 0.01 0.1410 —0.4521| [-—2.0207 0.6350 B 1 0.6443
. | 0.0446  0.2788| | —0.6504 0.6037 0.3322
(36-dp)
while both increase in response to an increase in E[y]:
ddExl 36.9228 15.0511| |0.7671 50.6733
M = 001 = 001 (37-dx)
_%‘[Zy]_ | 0.9442  4.8986 | | 0.8732 16.1697
ddEi 0.1410 —0.4521| [50.6733 23.5877 23.4204
K = 001 = 0.01
_(fE—p[zﬂ_ | 0.0446  0.2788| |16.1697 8.6487 15.4170

(37-dp)

6.3. Effect of changing the second moment of the income-taste distribution. Our final comparative

statics experiment involves increasing the standard

deviation, o, of the joint distribution of incomes and

tastes. The results of this experiment are that as the distribution of consumers becomes more dispersed,

competition becomes less intense and equilibrium locations and prices both increase. While these results

are intuitive, a number of interesting issues arise in the process of moving from one equilibrium to another.

We begin by considering the effect of increasing o on equilibrium prices, holding locations constant at x*.

Inserting the numbers into (32), we obtain:

9p1(x0) —0.1064
oo = —0.01JfP)!
9po(x0) —0.1241
aD;j(x.0)

00

+ 01875 m 1.3666
= 0.01 (38-0p)
+ —0.0271 p 0.0813
N——
32Dj(x:8)
dpj 0o

Observe first that while both prices rise, holding locations constant, the increase in p; is due to the cross-

price effect, i.e., had p; remained constant, p, would

have declined. The reason will be apparent from Fig. 5:
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as the distribution of consumers is dispersed, the probability mass assigned to the indicated neighborhood of
the interfirm boundary declines, while the mass assigned to a comparable neighborhood of the participation
boundary increases. Thus, holding constant the location vector x* and prices p(x*), there is a reduction in
firms’ incentives to compete-by-price with each other, but, on balance, an increase in firm #2’s incentive to
reduce p», in order to gain clientele at the now more densely populated lower end of the income distribution.
Reflecting these observations, the sign of M in (38-0p) above is positive, while the sign of %Dzi%‘f)

negative. However, as p; increases S|gn|f|cantly, the cost to p; of raising its own price declines, and the net

is

result of all of these effects is positive.

We now turn to the location game. Replacing the 8y’s with a’s, expression (33') becomes:

d’Mi(x,0) _ , (9P1 9p2 . 0°D; dp-i 0%D; 0%p_i 0TS (39)
dx; do 90’ 9o ' 9% o dx; dp_idc = 0x; 00 0p-i
N—— - ~ >y - ~ o~
price location crossprice crossprice
level competition competition sensitivity
effect effect effect effect
6p.(x6)

Because both ’s are positive, the price level effect is positive also: intuitively, spreading out the den-

sity of consumers reduces competition, increasing prices and hence the net benefit to increasing locations.

On the other hand, the location competition effect is negative for both firms, since spreading out the mass of

D »
op-j 00

are negative also. But since dgz >0> dpl the crossprice competition effect is negative for firm #1 and

consumers reduces the measure of consumers near the interfirm boundary. For the same reason, the S

= Interfirm boundary

[ #1's market region

[ Sloped nbd of interfirm boundary
[ Flat nbd of interfirm boundary
[ #2's market region

— marginal pdf for income: basecase
marginal pdf for income: increased variance
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1
1
1
1
1
1
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o

FIGURE 5. Increasing the variance of the consumer distribution
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positive for #2. Finally, while the crossprice sensitivity effect is insignificant for firm #1, it is large and

negative, though not decisive, for firm #2. As expression (38-d21) below indicates, the positive impact of

the price increases, especially p1, dominate for both firms, i.e., both d

0.0139 0.0704 —0.0521
0.01 = 0.01
0.0191 0.0911 —0.0596
Proceeding as on page 34, we obtain:

g 36.9228 15.0511| [0.0139
° = 0.01

oo 0.9442  4.8986 | |0.0191
% 0.1410 —0.4521 10.9383
o = 0.01

_%%2_ | 0.0446 0.2788] [0.3140

|

2Mi(x0)
dx; do

’S are positive:
—0.0062 0.0018 )
0.1086 —0.1210
_dp_ 02D, 2p_ omy
pi “dx; dp_j 0o 0x; 00 0p_,; *
(38-d21M)
0.9383
= 0.01 (38-dx)
0.3140
1.3666 1.3568
= 0.01
0.0813_ 0.2107

(38-dp)



7. CONCLUSION
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