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1. INTRODUCTION
In contractual relationships involving multiple inputs, some of the inputs may be controlled by the principal,
though they could just as easily be chosen by the agent. For example, construction contracts may specify
building materials. Military procurement contracts may specify component materials. Agricultural contracts
between farmers and processors may specify allowable fertilizers, seedstock, and other production inputs.
While there are a number of reasons why a principal may seek to control inputs, this paper focuses on an

information-driven motivation: the reduction of information rents arising from adverse selection.

We examine the case in which output is a function of the agent’s type, as well as the levels of capital and
effort that he utilizes. The agent’s type, which is his private information, affects the productivity of a non-
labor input, which is observable, and his effort, which is not. Our conceptualization of input specification by
the principal can be viewed as encompassing two cases: the principal either simply provides the nonlabor

input to the agent, or else specifies the required level of this input in the contract, and then verifies it.

In a principal-agent relationship involving multiple inputs, other potential information problems may arise.
For example, the principal may be less informed than the agent regarding the precise nature of the production
function. When information is asymmetric in this sense, it may be costly for the principal to determine the
input mix: she may select a combination that the agent could improve upon. Alternatively, the agent’s choice
of inputs may provide information regarding his type. In this paper, we assume that the principal and agent
are both fully informed about the production function for any given agent type, so that the only information

asymmetry regarding the production function is that the principal does not know the agent’s type.

We show that by controlling the non-labor input, the principal can reduce information rents. Further, the
principal’s optimal contract menu will always result in higher profits when she controls this input (the re-
strictive contract), relative to when she does not (the basic contract), even though she always chooses an
input mix which is sub-optimal from a pure production standpoint. Moreover, output will be less distorted
relative to the first-best under the restrictive contract than under the basic contract. The consequences for
society as a whole are less clear. In order to evaluate these consequences, we develop a construction which
continuously varies the degree of asymmetric information in the principal’s maximization problem. We
establish that if the elasticity of substitution between effort and the other input is sufficiently small, the re-
strictive contract will result in higher social surplus than the basic contract. If the elasticity of substitution is

large, the welfare comparison depends on the relative importance of the output and the input-mix distortions.
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Our findings provide a strong motivation for the principal to integrate; that is, one must look outside our
framework to justify a decision by the principal to allow the agent to make input allocation decisions,
rather than to control these decisions herself. Conversely, our framework suggest why agents may resist
integration attempts by principals. For example, a possible explanation of the widespread opposition by
farmers to increased integration between agricultural production and food processing is that high-ability
farmers do not want the information rents they can command to be reduced by greater processor control
over the production process. Conversely, our model may explain why processors are choosing to source an
increasing share of their purchases through integrated production, and contracts specifying non-labor inputs:

by doing so, processors can reduce the information rents that they need to pay.

Under strong pressure from farmers, Congress and some state legislatures are considering laws that would
limit integration and the use of contracts in the production of products such as beef. Clearly, the reduced
information rents that farmers would receive under these new laws provide them with an incentive to lobby.
Our framework allows us to assess the social desirability of such changes. Because feeder cattle are ex-
tremely complementary with farmer effort in the production of beef, these proposals are almost certainly not
socially desirable in the context of our model. To justify them on economic grounds, it would be necessary
to identify some other kind of market failure, whose impact would be significantly mitigated by contracted

and integrated production.

Other research addresses the principal’s choice between monitoring output and monitoring agent effort when
both are feasible but costly (Maskin and Riley 1985, Khalil and Lawarree 1995). This work has implicitly as-
sumed that there is no substitutability between effort and other inputs that may be exploited by the principal.
In our case, in contrast, we incorporate a non-labor input, substitutable for effort in production, which the
principal may observe in addition to observing output. Similarly, other analyses, such as Laffont and Tirole
(1986), assume that fixed costs (capital levels, in our framework), and required effort levels are completely

independent of each other.

Another approach models agent effort as a substitute for purchased inputs, including capital and labor (Baron
and Besanko 1987, Lewis and Sappington 1991). Unlike our approach, these articles incorporate costly mon-
itoring. Dewatripont and Maskin (1995) address the principal’s optimal monitoring choice when monitoring
is costless and agent effort is a substitute for purchased inputs. They compare a number of monitoring pos-
sibilities: monitoring only capital, labor, or total cost savings, monitoring both inputs, or monitoring cost

savings and capital. They find that monitoring total cost savings after production has occurred dominates
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monitoring either purchased input for the principal, and dominates monitoring both total cost savings and
capital. This second result is the opposite of ours. Their findings are driven by two assumptions that dif-
fer from ours: the principal’s observation of non-labor inputs chosen by the agent and the timing of their
model, especially the possibility of renegotiation after the agent chooses capital but before production oc-
curs. We assume that capital and effort are chosen simultaneously, and that production is realized without

an opportunity for renegotiation.

Our analysis is related to two broader research areas: delegation and control, and property rights. The dele-
gation and authority literature focuses on control issues, as do we. This literature has two common assump-
tions. First, the agent has superior information regarding a choice, whether pre-specified (Dessein 2002)
or due to endogenous agent action (Aghion and Tirole 1997). Second, there is a divergence in preferences
between the principal and the agent regarding the choice itself. For example, in Dessein (2002), the agent
prefers projects that are larger than the one that is optimal for the principal. In the presence of these two
assumptions, there is a tradeoff for the principal between delegating the decisionmaking authority to the
agent—who then uses his superior information to choose the project—and communicating with the agent to
elicit his information prior to choosing the project. In our model, by contrast, it is never privately optimal

for the principal to “delegate” control over capital use decisions to the agent.

We address a question that is critical within the property rights literature: when should a firm integrate, and
hire labor to work with its own capital, rather than contract with another firm with independent control over
labor and capital (Coase 1937, Williamson 1985)? We find that input control by the principal is socially
optimal, provided that effort and capital are sufficiently complementary. This result is consistent with Hart
and Moore (1990), who find—for a quite different reason—that when assets are highly complementary with
an agent’s effort, the asset should be controlled by that agent (or one of his essential trading partners) in
order to promote efficiency. More broadly, it is consistent with one of the themes of the property rights

literature: the allocation of decision rights affects the ex post efficiency of production (Tirole 1999).

The paper is organized as follows. Section Two introduces the modeling framework, establishes the prop-
erties of the second best basic and restrictive contracts, and proves that the principal’s profits are higher
under the restrictive than the basic contract. Section Three introduces our technique of continuously varying
the degree of information asymmetry, then uses this technique to compare quantity provision under the two

contracts. Section Four compares social surplus under the two optimal contracts. Section Five concludes.



2. THE MODEL
We begin with a standard principal-agent model. The agent may be one of two types; each type has access to
a distinct production function, and one type’s function is more productive than the other. Both principal and
agent are perfectly informed about the specification of these functions and the probability distribution over
types. The agent’s realized type, however, is unknown to the principal. The principal’s goal is to maximize
her profits from production, which depend on the agent’s production possibilities. To induce the agent to
reveal his true type, she must offer him a menu of contracts that provides him with adequate incentives to do
so. We assume, as is the convention in models of this type, that the principal cannot observe the level of effort
supplied by the agent. We compare two cases: one in which capital is non-observable and non-verifiable,
and one in which it is observable and verifiable. For expository convenience, we refer to non-observable
capital as capital supplied by the agent, and observable capital as capital supplied by the principal. We
assume that capital is homogeneous, so that only the level of capital and the production set available to the
agent who uses it are relevant to production. In this section, we formally develop the components of our

analysis, and examine the principal’s problem when she can and cannot specify capital.

The Production Function: Production depends on capital (k), effort (€) and the agent’s type (6). There are

two types, “low” and *“high”, denoted by ¢ and h. The agent’s true type is 6 e{e/f,eh}. Lete = g—ﬁ < 1. For
i = ¢,h, let ¢ denote the probability that an agent’s type is i. (Obviously, ¢f +¢" = 1.)

We impose the following additional assumptions on the production function, f(ek;0).

Al: There exists a twice continuously differentiable function, g: ¢ — R, such that for 6 € {6‘,6"},
f(--,0) = 6g;
A2: The function g is homogeneous of degree o. < 1 in eand k;
A3: The marginal products of effort and capital, g and g, are positive and g is strictly concave in (e k),
(i-e., Gee, Ok < 0 and Gee, Gk > (Gek)?).
Fori = {¢,h}, we shall usually write f' rather than f(-,-,8'). For convenience, we will normalize by setting

8’ =1, so that ¢ = g. Assumption Al implies that 8 is “technologically neutral,” in the sense that for each

flek) _ fh(ek)
' fek)  fl(ek)

convenience that these assumptions provide amply compensates for the loss of generality.

eand k

. Assumption Al and A2 are much stronger than we need, but the computational

Agent’s Utility Function: The agent will receive a lump-sum transfer payment from the principal and in

return will deliver a specified level of output, contributing effort and, in one of our two cases, capital. The
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agent’s outside alternative is to provide his effort at the given wage-rate w > 0 per unit effort supplied. The
wage rate exactly compensates for the agent’s constant marginal disutility of effort, so that his reservation
utility when he does not supply effort is zero. The price of capital is constant at r > 0 per unit. In order to
induce the agent to supply effort level e and capital level k, the principal’s transfer payment must at least

cover the agent’s cost, we+ rk.

Input levels: If an agent of type 6 chooses input levels to produce a given g—i.e., if the principal cannot ob-
serve and verify capital levels—he will solve the (neo-classical) cost minimization problem
rgikn we+rkst. f(ek6)=q. Let (&q, e),R(q,e)) denote the solution to this problem. We will refer
to this input vector as the neoclassical input mix for g. The solution to the agent’s problem exhibits the

following, well-known properties:

Remark 1. The neoclassical input mix is uniquely defined by the first order condition:

0 = wf(&a,0),k(q,8),6) —  rfe(&a,0),k(q,0),6) (1)

=
—
@
D
=

Moreover, there exists a constant B such that for all q, = [3 Finally, for all q,

(é(q> ef)v R((:17 ef)) =ol/® (é(q> eh)’ r((qv eh))

/('_D\l
£
=

|

Uniqueness follows from the strict concavity of g (A3). Linearity of agent £’s expansion path follows from
homogeneity (A2) and the fact that r and w are constants. The proportionality relationship between different

types’ input vectors follows from Al and A2.

Let CP(q,0) denote the type 6 agent’s production cost of delivering the output level g with the neoclassical

input mix:

C"(@0) = w&aqe) +  rk9) )

An immediate consequence of Remark 1 is that when the agent chooses inputs, there is an equivalent, single-
input characterization of technology, f(& 6) = & f(1,,6), and of production costs, C"(q,0) = Vé&(q,0),
where each unit of the composite input € is composed of one unit of eandB units of k, and vV = (V+Br) de-
notes the unit cost of & Provided that the input mix is always neo-classical, this alternative characterization

is equivalent to the original one in the following sense:
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Remark 2! For eachqand 6, f(&(q,0),0) = f(&a,0),k(q,6),0) and CP(q,0) =CP(q,0).

The significance of Remark 2 is that when the agent chooses inputs, the principal’s problem in our two-input
model is formally equivalent to the corresponding, and routine, textbook problem, in which technology is

given by the single-input production function f with constant unit cost V.2

Now suppose that the principal chooses the level of capital and let e denote the level of effort required to
produce q given kand 6, and Ietc_:P(q, k,0) denote the type 6 agent’s production cost of delivering the output

level g with capital level k:

CP(a.k0) = weqk®) + rk 3)
An obvious implication of (Al) and (A2) forCP is that

CP(q,k,0°) > CP(q,k,6M),for all gand all k. @)

For future reference, note that by definition ofk(q,8)

dCP(q,k(q,9),0)
9k

= 0, forall gandall 6. 5)

Contracts: A basic contract assigns to each announced type 6, i € {¢,h}, an output level and transfer,
(6(6"),E(6)). We will sometimes write the contract { (6(6'),E(6')) },_,, as (&,1) = ((qf,f«),(qh,fﬁ)). A
restrictive contract assigns to each 8 an output level, capital level and transfer. We will similarly sometimes
write {(q(ei),R(ei),t‘(ei))}i:&h as (q.k,t) = ((df,kf,t_f),(dh,kh,fh)). Invoking the Revelation Principle
(Myerson 1979), we restrict our analysis to truth-telling contracts, in which each agent chooses to announce

his true type.

Timing and Information: Regardless of contract type, the timing of the game is as follows: The principal

offers a contract menu to the agent on a take-it-or-leave-it basis. At the time the contract is offered, the
agent’s type is his private information. The probability of each type occurring is common knowledge. We

assume that if the agent is indifferent between accepting and not accepting a contract that he will accept

1 Because f is homogeneous of degree o (A2), f(&(q,0),0) = &0,0)*f(1,B,0) = &q,0)" [6(q,0)~*f (&q,0).k(0,0))] = f(&(q,0).k(a,0)).

2 Foran analysis of this problem see Caillaud and Hermalin (2000). A closely related problem is analyzed in chapter 2 of Salanie (1997).
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the contract. Similarly, we assume if he is indifferent between the two contracts he will choose the contract

intended for his true type. Production and transfers are then implemented as per contract specifications.

Symmetric Information Benchmark: We assume throughout that output is sold on a perfectly competitive

market at a price of p. For 6 € {ef,eh}, let g*(0) denote the level of output satisfying %q(e)e) =p
Also, let (e*(8),k*(8)) = (&(q(8),0),k(c(8),0)) denote the neoclassical input mix for of (8). If informa-
tion were symmetric, i.e., if the principal were able to observe the agent’s type, the (first best) solution to
the principal’s problem would be to specify the output pair ¢ (-), whether or not she chose capital levels.
Regardless of who chose the level of capital, the agent of type 6 would then produce d(0) with inputs
(e*(0),k*(0)). We shall refer to (g~,e*,k*) as the symmetric information benchmark solution. Note that

under assumptions A1-A3, the benchmark solution has both types producing a positive quantity.

The principal’s problem: basic contracts: Given a basic contract (q,f), the principal’s profit from an agent

who declares a type of 6 is pg(6) — £(6). Thus, the principal’s problem is to choose the contract @)

that maximizes Yicy/ny {q)i (pd(e‘) —f(ei))} subject to incentive and participation constraints. As a con-
sequence of Remark 2, we can characterize the optimal basic contract by drawing on standard results from
the mechanism design literature in which production is a function of the agent’s effort. The essence of these
results is that the constraints that are binding on the principal are type h’s incentive compatibility constraint
and type ¢’s individual rationality constraint. Consequently, h and ¢ produce, respectively, at and below
the symmetric information benchmark solution levels for their types. Moreover, the difference between the
transfer offered to £ and £°s production cost of delivering the designated output level will just equal ¢’s reser-
vation utility, which in our model is zero. On the other hand, the transfer offered to h includes a premium,
referred to as his information rent, which in the optimal contract will be just sufficient to offset the increment

in utility that h would derive by adopting £’s contract rather than the one intended for him. In symbols:

Proposition 1. The optimal basic contract has the following properties:

(1) agent ¢ produces & < g+(6") and receives a transfer of
= C@.e) (&)
(2) agent h produces &' = g*(8") and receives a transfer of

" = cP@.en  +  (CP.e) — CP(d.eM) (6-t"



8

Proof of Proposition 1: Standard, given Remark 23 O

In what follows, we shall sometimes use the terminology production costs and information costs to distin-
guish between costs incurred through production and costs (usually called rents) paid out to ensure truthful
revelation. The terms “marginal production” and “marginal information” costs will then have the obvious

interpretation.

The principal’s problem: restrictive contracts: Given a restrictive contract (d,f(,f), the principal’s profit

from an agent who declares a type of 6 is pg(6) —t(6). Thus, the principal’s problem is to choose the
contract (q,k,b that maximizes Yc (s {q)‘ (pd(ei) —f(@‘))} subject to incentive and participation con-

straints.

Under a restrictive contract, the input mix is no longer exogenous to the principal’s decision. Consequently,
the textbook single-input model is no longer of much help to us in characterizing the optimal restrictive
contract. Nonetheless, it turns out that this contract, @,E,E), does share many of the properties of the
single-input problem. Once again, the constraints that are binding on the principal are type h’s incentive
compatibility constraint and type £’s individual rationality constraint. Once again, h and ¢ produce, respec-
tively, at and below the benchmark levels for for their types. Once again, agent ¢ receives no information
rents while h receives rent equal to the increment in utility that h would derive by adopting ¢’s contract rather

than his own. Formally,

Proposition 2. The optimal restrictive contract has the following properties:

(1) agent ¢ produces < q*(6") with capital level k! and receives a transfer of

= (K6 (7)

(2) agent h produces ' = q*(6") using the neo-classical input vector (e*(6"),k*(6")), and receives a
transfer of

= @+ (CEKe) - @)

(3) agent ¢'s capital-effort ratio exceeds the neo-classical ratiofi.

The proof is relegated to the appendix, as are all subsequent proofs.

3 See the references cited in footnote 2.



9

The proof of Proposition 2 makes use of the following lemma, which greatly simplifies the analysis of
restrictive contracts. Because we make extensive use of the lemma in the analysis that follows, we state
it here in the text. It states that without loss of generality, we can replace the standard formulation of the
principal’s problem—in which she chooses (q,k,t)—with the sparser formulation in which she chooses
only (q,k), and the transfers that agent types receive are pre-specified functions of (qg,k). Equipped with
this lemma, we can henceforth ignore incentive compatibility and individual rationality constraints, because

they have been incorporated in the principal’s objective function.

Lemma 1. The problem of choosing the optimal restrictive contract is equivalent to the following problem:

i 5 ei _‘ei 8
max i%h}{“’ (paie) () | ®)
whee 1 = CO@KON  +  (CP@KLO) - COK.0Y)
i _ c_P(qf,Rf,ef)

That is, any solution to (8) is a solution to the principal’s restrictive problem and vice versa.

Let C'(g,k) = CP(q,k,6¢) — CP(q,k,8") denote the information cost of contracting with type ¢ to produce

g with capital level k under a restrictive contract. It follows from Lemma 1 that the task of choosing the

optimal restrictive contract can be reformulated as the following (unconstrained) maximization problem:
max Y ¢'(pa(e) —C7(a(8).k(@).6)) + ¢"C'(q(6"),k(6") (9-R)
@k) icieny

Similarly, from Proposition 1, the task of choosing the optimal basic contract can be reformulated as:

max 3, ¢ (pa(e) ~C7(a(©).0)) + o'C(a(e") (9-B)
ic{th}

where C' (q) = CP(q,0") —CP(q,06") denotes the information cost of contracting with type ¢ to produce q

under a basic contract.

Note that since information costs are independent of type h’s contractual variables, the presence of in-
formation asymmetry has no impact on the choice of these variables. For this reason, in the solution to
(9-R), the values of (g(6"),k(6")) coincide with the corresponding symmetric information benchmark val-
ues, (gr(8"),k~(8")). Similarly, §(6") coincides with g+(8"). For the remainder of the paper, we shall
entirely ignore this uninteresting aspect of the principal’s problem and focus our attention on the contract

targeted for type ¢. That is, we shall study and compare the following partial problems. To streamline
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FIGURE 1. Information Cost of Producing o under basic vs restrictive contract

notation,* we divide by ¢ and write ¢" /¢’ as o.

Basic: max (pq—ép(qjef)) — oC(d) (9-B)
q

Restrictive:  max (pq—ép(q,k,e/*)) — oC'(g) (9-R)
(k)

All of the results that follow are consequences of the following inequality
for all positive g, C'(q) >C'(q). (10)

Fig. 1 motivates (10) and, in turn, the essential difference between basic and restrictive contracts. Consider
an arbitrary output level of. The higher (lower) isoquant in the figure indicates the set of input combinations
with which type ¢ (type h) can produce . The parallel lines represent isocost curves. The brace to the left
indicates the cost differential if both kinds of agents were to produce ¢ using their respective cost-minimal
(i.e., neoclassical) input combinations. The brace to the right indicates the reduced cost differential when
agent h is penalized by being forced to use the capital level that is optimal for agent ¢, i.e., k(d,0°). This
penalty will be positive whenever effort and capital are not perfectly substitutable. The left and right braces
also represent information rents that the principal would have to pay agent h, under, respectively, a basic
and restrictive contract that specified an output level of & and, in the restrictive contract, imposed on agent
h the neoclassical input ratio for agent ¢. We thus demonstrate that the principal can construct a restrictive
contract which exactly mimics any basic contract, except for the added restriction on the input mix that h

must use if she picks the contract designed for ¢. Comparing the two contracts, the principal’s revenues

4 For reasons that will become clear, type his in the numerator of o but the denominator of e :g; (p. 4).
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are the same under both, since outputs are the same. Production costs are also the same, since the input
mixes are identical. But information rents are lower under the constructed contract, and so profits associated
with o are higher. Since ¢ was chosen arbitrarily, this argument applies in particular to §(€), the output
assigned to ¢ in the optimal basic contract. It follows that profits under this contract must be strictly less

than profits under the optimal restrictive contract.

The main implication of the preceding remarks is summarized in Proposition 3.

Proposition 3. The principal’s profits under the optimal restrictive contract strictly exceed her profits under
the optimal basic contract.

To prove Proposition 3, it is sufficient to construct a feasible restrictive contract that delivers the same output

levels as the optimal basic contract but at a strictly lower cost to the principal.

3. MARGINAL ANALYSIS OF THE BASIC AND RESTRICTIVE CONTRACTS
In this section we use marginal analysis to study the relationship between the two kinds of contracts. In order
to use calculus techniques, we vary continuously the degree of information asymmetry, starting with sym-
metric information and ending with the incomplete information model described in section 2. Specifically,
for each y € [0, 1], we solve the principal’s two problems (9-B) and (9-R’), replacing  in each of them with
v=xo. We can then compare, under the two types of contracts, the effect on the principal’s choice variables
of a small increase in information asymmetry. Since our symmetric information benchmark solution (p. 7)
is independent of v, the rates at which output, the principal’s profits, etc. decline as y increases are pure
measures of the marginal impacts of information asymmetry. We can then integrate these marginal impacts
over the interval [0,®] to recover and compare the total impacts of information asymmetry on the solutions

to the principal’s original problems (9-B') and (9-R).

83.1 below presents our marginal analysis of the difficult case, which is the restrictive contract. The analysis
in 83.2 of the basic contract is completely routine, but is required so that we can compare expressions. In
each case we first derive the principal’s marginal cost function for fixed vy, then determine output by equating

this function to the price level.

3.1. Restrictive Contract. We begin by determining the minimum cost—i.e., production plus information

cost—to the principal of having type ¢ produce at least g under a restrictive contract, for given y. We call the
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resulting mapping the restrictive cost function,é(q,y). We decompose C_:(q, y) into C_Zp(q, Y) +C! (g,y), where
CP(a,y) = (v&(q,y) +rk(a,y)) is the production cost andC' (g, y) = W(&(q,7) — €'(q,7)) is the information
cost of producing q under the restrictive contract. We then select the profit maximal level of g, given vy, by

setting the restrictive marginal cost function, MC(q,y) = oc( ‘”) , equal to p.

It is convenient to set up our cost minimization problem subject not to the usual equality constraints but
to inequality constraints®> Specifically, we minimize the cost to the principal of having type ¢ produce at
least g, while requiring that if type h imitates, he produces at most q® From (9-R’), the cost minimization
problem under the restrictive contract is to pick the nonnegative vector (e k), e = (&,€"), which minimizes

{CP(.,-,6") +1C'(-,-) } subject to these constraints. Specifically, the problem is:
Enlkr; {v<(1+y)e£—yeh) +rk} st. fie k) >q, 'k <qgand (ek)>0 (11)
€,

A consequence of a restriction we shall later impose (see (17) below) is that in the solution to (11), (e k) will
necessarily be positive. Because of this, we will omit the nonnegativity constraints from our specification of

the Lagrangian:
Lekhgy = v(@+ye—1d)+rk + V@) + "("El-a) 12

where A = (M 5»“) is the vector of Lagrangian multipliers for the restricted problem. The first order condition

for L has five equations in five unknowns:

Le (L+y)v—A 1
Len — W+ ANED
VL o= | L | = |r=Mf+aeh | = 0 (13)
Ls. q— f/(e,k)
[ Lin | RACASECI

At the solution (é(q,y),l?(q,y),i(q,y)) to (13), the constraints are identically zero so that the restrictive
cost function C_:(q,y)—defined as the minimum attainable value of total cost under the restrictive contract

for each (q,y) pair—is identically equal to the minimized value ofL, henceforth denoted by I__(- 10,Y)-

5 This setup ensures that our Lagrangians are non-negative. With equality constraints, the Lagrangians cannot be signed.

6 The point here is that if the principal were able to, she could reduce information rents by requiring that an imitating agent produce more than g.
Obviously she cannot impose this requirement, hence the constraint. While this setup is nonstandard, it clearly produces the right result, which
is that the principal chooses to have both the low-ability and the imitating high-ability agent produce q.
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Note that because Ly, Ls and Ly are all zero, we have

7\‘5 — ( 1 —:K'Y) v > }\‘h
e

(14)
To see that the strict inequality holds, note that the numerator of A is larger than the numerator of Ah. On

the other hand, since h is more efficient than ¢, and both h and ¢ are using the same level of capital while the

fi’s are evaluated at the same level of output, the denominator ofA! is smaller than the denominator of A",
An immediate implication of (14) is:

Proposition 4. In arestrictive contract for a given (q,y) > 0, the prescribed capital-effort ratio for the low
ability agent is greater than the neoclassical ratiof.

(For a vector x € R", we write x > 0 if x > 0, for i = 1,...n.) Note that Proposition 4 is more general
than, and hence implies property 3 of Proposition 2.

Moreover Proposition 4 holds under much more
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general conditions that A1-A3. Fig. 2 provides some intuition for the result and suggests a weaker sufficient
condition. Its top panel reproduces Fig. 1 above. Consider the effect on the principal’s problem of increasing
v from zero, for the moment holding the output level constant at an arbitrary output level §. By the envelope
theorem, a small increase in capital intensity above the neoclassical level has only a second-order impact on
the production costs of agent ¢ (see the bottom panel of Fig. 2). On the other hand, since the initial capital
level is already super-optimal for agent h, the given increase would result in a first-order increase in agent
h’s production cost if he accepted the contract designed for ¢. Thus, a small increase in capital intensity
beyond the neoclassical level for ¢ results in a first order reduction in information costs, and a second-order
increase in production costs. It follows that whenever y > 0, the prescribed level of capital for agent ¢ will
exceed the neoclassical level for her prescribed level of output. Fig. 2 makes clear that neither A1 or A2
are required for this result to hold. A sufficient, but still far from necessary condition is that the difference
between types be technologically neutral, in the sense that for any g, the isoquants associated with that q for

the two types be parallel to each other.

Profit maximization under the restrictive contract: The restrictive marginal cost function, denoted by MC,

is identically equal to d':(aiaq”) which, by the envelope theorem, equals a':('aiaq”). This partial derivative in
turn equals the difference between the two Lagrangians, A’ and AN, so that MC(q,y) = i‘(q,y) — Xh(q,y).
Moreover, at the principal’s optimum, MC(q(y),y) = p, where q(y) is the profit maximizing level of output

produced by the agent of type £ at price p under the restrictive contract.

Our research strategy for studying the properties of the restrictive contract will be to apply the implicit
function theorem to the first order conditions (13), along the path {(q(y),y) : v € [0,®]}. This requires, of
course, that the determinant of the Hessian of L(- ; G(Y), ), denoted AFL(y), is non-zero along this path. It is
easy to verify that AW(O) is positive. By continuity, the previous requirement is then equivalent to requiring
that Am(-) is positive on [0,o]. To appreciate the implications of this requirement, consider the case in

which g is CES. in addition to satisfying A1-A3. In this case, the expression for the determinant reduces to

_ _Tx{fh(y efl(e k) 1+y ehfg‘(eh,k)} (15)

AT = & k) ki (e.K) (k) kifi(e"k)

where & > 0 depends only on parameters of the model. Clearly, expression (15) will be positive in a neigh-
borhood of y= 0. For large vy, however, positivity is difficult to guarantee when inputs are close substitutes
and h is much more efficient than ¢. Fig. 3 illustrates the problem. When isoquants have minimal curvature,

the difference between f{(€’,k) and ff'(€",k) depends on the efficiency gap, but only minimally on the input



15

efl(e k) i k)
KfL(€K) kfP(e k)

construct an example in which €' is arbitrarily close to zero (as in Fig. 3), ensuring that (15) will be positive

ratio, while the ratios and are very similar. Given all other parameters, therefore, we can
except when vyis very small. Lemma 2 below establishes that this problem does not arise when the elasticity

of substitution between effort and labor is bounded above by unity’

Lemma 2. If gis CESin effort and capital, with constant elasticity of substitution parameter oye < 1, then
AP (1) will be positive on [0, ]

Proof of Lemma2: The lemma follows immediately from an inspection of (15). Since h is more efficient

than ¢ and €' < €, we have f2(e" k) > f(&f,k) so that -~ > T - (15) will therefore be positive if

fé(e k)
e 0 k) e fi(e,k) k fi(€,k) k (e k)
—evY 5 Z eV or more conveniently, —K—'~2 > - ko 16
Kk (k) k (e Yo gTiE K diner 1O
Now €" < €; moreover since 6y < 1, a given change Wei induces a weakly smaller change ‘ fk/‘;e>
(see fn. 7), i.e., we have E;Zi > % > 1. Hence (16) is satisfied. 0

Since the sufficient condition in Lemma 2 is far from necessary for the property

we need, we will hold the condition in reserve for the moment and, in Props. 5
and 7 below, simply assume that Am(-) > 0. A convenient implication of this

assumption—which we invoked when we specified the Lagragian (12)—is:

For all y> 0, if Am(y) is positive then
FIGURE 3.
€'(q(y),y) and hence € (q(y),y) and q(y) are also positive. ()

To see this, note that if €'(q(y),y) = 0, then the first term in (15) would be positive and the second term zero.

The next result is critical and by no means obvious, although its analog for the basic contract is self-evident.

Proposition 5. If AFL(.) is positive on [0, @], then for all y> 0, therestrictive marginal cost function MC(-,7)
isincreasing in g. Moreover, q(-) isa continuously differentiable function of y, with

V(e —@
(a—1)(AF =AM

q'(-) 0 (18)

3.2. Basic Contract. The objective of this subsection is to obtain an expression analogous to (18) for the

basic contract, i.e., for & ( ] . By Remark 2, it is sufficient to analyze the equivalent single-input formulation

7 The elasticity of substitution of f at (e k) is denoted by (see Silberberg (1990)):

_ an(k/e) Cd(f/fe) /d(k/e)
%@ = St/ Te) - fk/fe/ k/e

a fefi(feet fik)
K[(T)%Feo — 2ol fax + (fo)2fad

f (e k)=constant f (e k)=constant
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of the principal’s problem under the basic contract (ee Remark 2). Since this analysis is entirely routine,
we will be very brief. Let § denote the single-input production function corresponding to f. Let &(q)
denote the level of composite input required for type i to produce g8 From Remark 1, &'(-) = o¥/*&(.)
(recall from page 5 that e = g—f,), so that the information cost of producing g under a basic contract is

C'(q) =V (1—e¥*) &(q). Thus, the basic cost function is

Cayn = @) + @ =  v{1+y(1-e)}é@ 19

dé¢(q)

Since =5, = (g"(é’g(q)))fl, the basic marginal cost function is

Mc@y = v{iey(1-0")} (g€ @) (20)

Proceeding as on page 14, ﬁé(q(y),y) = pat the principal’s optimum, where §(y) is the profit maximizing
level of output produced by the agent ¢ at price p under the basic contract. Once again, we apply the implicit

function theorem to obtain:

dd(y) ~ IMC(E(),v) / IMC(d(y), )

dy Y Jq

= u(1-e') /g//v{1+v((§g}/)—2®1/“)}%’:

Since ¢’ is homogeneous of degree o — 1, Euler’s theorem implies that §’ = (oo — 1)§’/€'(q). By profit

maximization, {1+7(1—eY%)} = p§’/v. Using these two equalities, the expression becomes

diy  _ W(@@-e¥)  (v(g)+rk(w) (10"
dy (a—1)p (a—1)p

< 0 (@

3.3. Comparing Restrictive and Basic Contracts. In this subsection, we establish two factors that con-
tribute to the dominance, from the principal’s perspective, of the restrictive over the basic contract. We have
already observed (inequality (10)) that information costs are lower under the the optimal restrictive contract
than under the optimal basic contract, while (from Proposition 4) production costs are higher. Proposition 6

notes that the former inequality dominates.

8 Since the principal has only one choice variable under a basic contract, there is no need to set up a Lagrangian corresponding to (12) to determine
the cost function.
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Proposition 6. For any given (q,y) > 0, the principal’s total cost of optimally obtaining q under arestrictive
contract is less than the corresponding costs under a basic contract. That is,

forallgandally>0, C(qy) < C(a.y) (22)

The proof of Proposition 6 is immediate: the neoclassical input mix is feasible under the restrictive contract,
but, by Proposition 4, violates the first order condition (28). The proposition reflects the fact, illustrated in
Fig. 2, that the first order reduction in information costs obtained by moving away from the neoclassical

input mix necessarily offsets the resulting, second order increase in production costs.

Our next result is far less immediate. It establishes that output is distorted by less under the restrictive

contract than under the basic contract.

Proposition 7. If Am(-) is positive on [0, o], then output produced by agent ¢ is higher under the second
best restrictive contract than under the second best basic contract.

An interpretation of Proposition 7 is that the marginal cost curve (including both production and information
rent costs), is strictly lower under the restrictive contract than under the basic contract. Intuitively, this is
because with the restrictive contract the principal can limit the extent to which agent h could substitute

between effort and capital if she were to accept the contract designed for ¢.

4. THE SOCIAL COST OF INFORMATION ASYMMETRY
As we have seen, the principal’s profits are higher under the optimal restrictive contract than under the opti-
mal basic contract. This does not imply, however, that restrictive contracts are preferable to basic contracts
from a social perspective. While the principal’s objective is to minimize the sum of production and informa-
tion costs, only production costs matter for social surplus. Information costs are simply a transfer from the

principal to agent h. Our task in this section is to compare social surplus under the two types of contracts.

In the present model with perfectly elastic demand, social surplus is the sum of the principal’s profit and the
information rent received by type h. Since the information rent is a pure transfer, social surplus is equal to
the principal’s total revenue minus production costs. Although information rents are lower under the optimal
restrictive contract, average production costs are higher, because the input mix is sub-optimal from a pure
production standpoint. We refer to this distortion as the input mix effect. The second factor which affects

social surplus is the level of production. Proposition 7 establishes that production is always higher under
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the optimal restrictive contract. We refer to this difference as the output effect. The difference between
social surplus under the optimal restrictive and basic contracts is the sum of the two effects. Whether the
positive output effect or the negative input mix effect dominates depends on a number of considerations,
including the elasticity of substition, the relative importance of the two inputs in the production process and

the productive efficiency gap between the two types.

The main result of this paper is that if the elasticity of substitution (see footnote 7) is sufficiently small, then
social surplus is higher under the restrictive contract than under the basic contract. To obtain this result, we
need certain parameters to be bounded away from their natural boundaries. Specifically, we require that the
ratio of types’ efficiency factors (o), the probability of type ¢ (¢f), and the homogeneity factor (o) all belong
to compact subsets of (0,1), and that the neoclassical input ratio B) and the level of output associated with
input vector (1,[~3) both belong to compact subsets of (0, ). Since any compact sets will do, we define them

all in terms of an arbitrarily small scalar, » € (0,0.5). Let

G = {g satisfying A1-A3: 0,0, 0. € [o,1— o], & B,g(L,B) € [&, 1/03}} (23)

Given a production function g, let (e k|g) denote the elasticity of substitution (see fn. 7) of capital for
effort for the function g at (k,€) and leto(g) = sup{c(e,k|g) : (e,k) € R2 }. Obviously, for the special case
in which g is CES, o(qg) is just the familiar constant measure. Significantly, the fact that g belongs to G does

not impose any restriction on 6(g).

Proposition 8. There exists n € N such that for all g € Gwitha(g) < 1/n, social surplus with technology g
is higher under the restrictive contract than under the basic contract.

The intuition for this result is straightforward. As the elasticity of substitution declines, the principal can
obtain a larger and larger “bang for the buck” in terms of information rents. That is, a small distortion in
the capital-effort ratio away from the optimal ratio results in a larger and larger decrease in information
rents (see Fig. 4). As a consequence, as the elasticity of substitution approaches zero, the quantity produced
under the optimal restrictive contract approaches the first-best quantity, while the distortion in the capital-
effort ratio goes to zero. It follows that for n sufficiently large, the optimal restrictive contract will socially

dominate the optimal basic contract.
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FIGURE 4. Input Mix Distortions and Information Rents

While the proof of Proposition 8 is conceptually very simple, it requires a massive amount of detail. The
details arise because we need to find a bound on the elasticity of substitution that implies our result for
all production functions in the set G. This task would be much easier if the set G were compact. We
cannot, however, impose this restriction because we need to include in G functions with arbitrarily small,
but positive, elasticities of substitution. The proof is organized into five steps. Step 1 establishes lower and
upper bounds on the level of inputs used in any optimal contract, and on the rates at which certain variables
change with vy. Steps 2 and 3 are convergence results as the upper bound on the elasticity of substitution goes
to zero: step 2 proves that the divergence from the neoclassical input mix of the mix that is optimal for type
£ in the restrictive contract goes to zero also; step 3 proves that while type h’s capital usage in the restrictive
contract is bounded away from h’s use in the basic contract, the difference between the levels of labor that h

uses in the two contracts goes to zero. Step 4 extends Proposition 7 by establishing a lower bound on the gap
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between optimal outputs under the two kinds of contract that holds uniformly for all technologies in G with
sufficiently small elasticities of substitution. Step 5 now completes the proof, by identifying a lower bound
on the (positive) output effect, and showing that the (negative) input mix effect can be made arbitrarily small

by shrinking the upper bound on the elasticity of substitution.

Matters are less straightforward when the two inputs are close substitutes. First, an interior solution for the
restrictive contract may not exist. Specifically, if 6" were slightly higher than the value represented in Fig. 3
above, then type h would be able to imitate £ without utilizing any effort at all. Second (as in Fig. 3), an
interior solution may exist but the determinant AW-(.) may be negative for sufficiently large vy (see (15)).
In this case none of the machinery on which Proposition 8 is based can be applied. Third, suppose, for a
sequence (g") satisfying A1-A3 with 6(g") increasing without bound, that an interior solution does exist
and APL(.) is positive on [0, ®]. In this case, both the input-mix and output effects will converge to zero and
we cannot guarantee that the latter effect will dominate the former. Hence it is possible that when the two
inputs are close subsitutes, the optimal basic contract yields a higher level of social surplus than the optimal

restrictive contract.

5. CONCLUSION
We have shown that the principal’s profits are higher when she controls capital than when she does not.
Further, output is greater in this case, since the principal can allocate capital to mitigate her information
costs. In the process, however, she distorts the capital-effort ratio away from its neoclassical level and this
distortion is socially costly. Provided that effort and capital are sufficiently complementary, the restrictive
contract will result in higher social surplus than the basic contract. When effort and capital are highly
substitutable, the relative social desirability of the two contracts depends on the relative severities of the

output and the input-mix distortions.
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APPENDIX: PROOFS

The proof of Proposition 2 utilizes the proofs of Lemma 1, Proposition 4, and Proposition 5, so it is presented
after these proofs.

Proof of Lemma 1. The optimal restrictive contract is the solution to the following program

max ie%h}{cb' (pa(e) —t(6)) } (24)

subjectto £(0°) > CP(g(8%),k(6"),6") (IRY)

te" > CP(g(e"),k(e"),e" (IRn)

fe) - CP(ae’).ke",8) > 6" - CP(ae").ke").e") (IC)
te" - CP(qee".keM.em > (e CP(q(6"),k(e"),0") (ICh)

Now, given (g, k, t) define the information rent vectordt by for 6 € {6¢,6"}, dt(6) = t(8) — CP((6),k(8),8).
The principal’s problem can now be rewritten in terms of (q,k, dt) as:

i _ei __ei 25

max ie%h}{tb (IOQ( ) =1 ))} (25)

subjectto  dt(6%) > 0 (IR})
da@®”) > 0 (IRR)

ae’) = dieh) - (CP(ae").k(e",6) ~C7(G(e".keM.eM)  (IC)

den) = dte) + (CP(ae").k(e"),6")—C (a6 ke).0h)  (Ch)

Clearly, given _ any solution @.k.,t) of  (24), if oTt(ef) = 0 and
)

dt(e") = (CP(q(e"),k(6"),8") —CP(q(6%),k(6"),8")), then (q,k) must be a solution to (8), since the set
of instruments available to the principal in the latter problem is a strict subset of the set of instruments avail-
able to her in the former. To prove the lemma, therefore, we need only show that if @, k,t) is a solution to
(24), then

dt(6) =0 and di(e") = (C(q(6"),k(6"),6') —C"(G(6"), k(6"),0")) (26)
so that (q, IE) is also a solution to (8).

First note that if dt(6¢) = 0, then (1C},) must hold with equality, so that (26) holds. Otherwise dt(6") could
be reduced without violating either (1G,) or (IR},), resulting in a higher payoff to the principal. In order to
complete the proof, therefore, it is sufficient to prove thatdt(6‘) = 0. Suppose that dt(e’) =¢>0. Then by
(ICp), dt(8") > ¢, since (CP(q(6"), k(8"),8") —CP(q(6"), k(8%),8")) is positive (see expression (4) above).
In this case, we can subtract & from both dt(6") and dt(6"), all four inequalities will remain satisfied, and
the principal’s payoff will be higher. O

Proof of Proposition 3. Let (§,t) = ((q ), (", fh)) denote the optimal basic contract. Construct the

d,
restrictive contract (g, k, ) ( (&, KT, (g, K th)>, where g = § and for 6 € {6°,6"}, k(6) = k(d,9).
That is, under this constructed restrictive contract, the outputs that were produced under the original basic



22

contract are once again produced using the (neoclassical) input mix that was endogenously selected under
the original basic contract. Thus for each 6, the production cost of §(6) is identical under both contracts. On
the other hand, the information cost associated with (,k,t) is lower than the information cost associated

with (§,1). To see this, note that since 6 < 6", k = k(¢,6!) is distinct from the unique solution k(¢’,6")

to the first order condition (1) for type h. Hence, we haveCP (&, k!, 8") > CP (&, k(g,0"), 0" = CP(g, oM).

Therefore,

c@)) = CiE.e) - e
> éP(qE’ef) - ép(qf"k[’eh)
= ép(d£7kgae£) - C_:P(ql7“k£’eh) = C_I(dgakg) (27)

The restrictive contract we constructed thus delivers the same output at a strictly lower cost to the principal,
and hence achieves strictly higher profits for the principal than the optimal basic contract. Since this con-
structed contract is feasible, the optimal restrictive contract must achieve strictly higher profits as well. [

Proof of Proposition 4: Observe first that substituting the expressions for the A’s obtained in (14) into the
expression for Ly obtained in (13) yields:

vl ! fh

— __|> - w _|> - _i; (28)
r fé r fé fe

Since h is more efficient than ¢ and both are using the same level of capital to produce the same level of

output, h’s effort level under the restrictive contract must be less than ¢’s. That is,g > g which in turn

h £l 4
implies % < % Hence the right hand side of (28) is positive. Hence% <& O

Proof of Proposition 5: The Hessian of I__(- ;q(y),y) (expression (13)) is:

R — ¢

0 ANEL AhfD 0o fl
HLy) = | Mg AMg (Afa—A'fg) —fe W

—f& 0 —f¢ 0

0 fo 0 0

By assumption, Am(y) is positive for all y. Hence we can obtain the derivatives of the Ai’s w.r.t. gand v,
by applying the implicit function theorem to the first order condition (13). Because the inverse of HL(y) is
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o€ /oy  9€/aq dlg/dy  OLg/oq
0e"/ 3y 0€"/ aq L oLa /oy dLa/0q 20N
ok/ oy ok/aq = —HL(y)'| oL/oy dLi/9q = X (29)
al/ay ol ag oLy /Y oLy /aq A™E(Y)
oAM/ay  9A/9q dLsn/dy  dLsn/oq
[ (f8)2(f0)? £ fi fie fe (fO)%p'n(e) _ feg" fé fen(h)
N T ® o W Y 0
£ fi fi fe (fe)2 (1) FEfLH(E) (f&2Buch) _ f0E
mh AN ® = AL D -v 0
— (1) f¢ 8 —(18)2 0t (15)p() (18)%u(h) 0 0
K ?ﬁ[f}ﬁh() ° " AL(£)2y(£,0) " 0 1
(f)2p'nee) _ fegh  _ ffue { gh e) (0
fé%? (h) a _ié_ f/ Zy\ﬁh h fh 4 @ f99€ - }Lh u(g)p(h%h fz; 25»1; O —1
| - ek i O fRE' — it
Where fori =h,¢:
i) = fef—fafe
Bo= ke
g = fe(f?+ fa(f)? —2fkfife = ni)(@Ef+kf/k (30)
wifi) = fufe—(fa)?
ATy = AR - A% (31)
We can now compute the partial derivatives of the marginal cost function at q,y:
Ve N 2 h
IME(q,Y) = (a7 Ir(G) which, after much tedious manipulation
dy av dy
— kAHL ( ! — ih(fg)zp(h)> which, since p(i) = e,f!‘fkf, (expr 30)
‘/ h ‘ Ahesey2zh
= AHL <§f/}f+ é/ — ;L‘f(e*‘f(ir)k%) which, since f is homogenous of degree o
v(@ _ _
= — =) (a2t~ Ah(shH2eh which, from (31
aq(Y)AHL(Y)( (192 (17" (31)
_ vE-@)
od(y)
Similarly, we have:
Ve N 2 h
M = oA (9,7) — A(q,Y) which, after similar manipulation
aq aq aq
A —A(1-a =
= S (R~ AR u)
Al Aahy(1
_ A —=AMN(1-a) S 0
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proving the first sentence of the p_rop_osition. Now for all v, at the profit maximizing level of g, we have
MC(q,y) = p. Moroever, since %‘W is nonzero for all y € [0,1], the implicit function theorem now
implies the existence of neighborhoods UY of vy, U9 of q(y) and a continuously differentiable function

q:UY — U9 such that MC(q(y),y) = p on U". It follows that q(-) is continuously differentiable on [0, 1],
with

ey  _ _ IMC@AW).v) / IMC(q(v).) V(e — &

dy oy oq T (a—D( A (8

Expr. (18) is negative because & > &, AMsAh&a <, proving the second sentence of the proposition. [

Proof of Proposition 2: (74%) and (7-t") follow immediately from Lemma 1. § < q (8°) is an immediate

implication of Proposition 5 (specifically, =5 dQ( Y < 0 for all yand ¢ = g*(e* +f1 dary) d\/ ) Part 3 is a special
case of Proposition 4, for y=1. O

Proof of Proposition 7: We begin by comparing (18) for the optimal restrictive contract to the correspond-
ing expression, (21), for the optimal basic contract:

daty _ day  _ 1 <<v@”+rkf><1—ﬂl/a) v(éf_ém)

dy dy l1-a

32
D YT (32)
As we observed on page 14, W —5»“) = p at the optimal restrictive contract. for all Hence for all v > 0,
(38) reduces to

day w1 @gmy - Camy) (32)

We use this result to show that G(e) > &(@). First note that becauseC'(-,y) increases with g, and q(-) is a
continuous function of y (Proposition 5), inequality (22) implies existence of a continuous, positive function
g(-) of ysuch that

TR0 - 0it a(y) < a(n) -+ (33)

vy =0,

Now suppose that there exists y € [0,] such that q(y) < §(y) and let y be the infimum of such y’s. Since
q(-) — 6(-) is continuous with respect to vy, q(y") = G(y*). We will now establish a contradiction.

Since §(0) = d(O) property (33) plus continuity implies the existence of y > 0 such that for all y € (0,y],

G(y) = OY WY gy < [ 4] dy d(y). Therefore, ¥ >y > 0. Now by assumption g(-) > (-) on [0,y") and
q(-) —6() |s continuous Wlth respect to v, there existsy < y* such that q(-) — €(-) < §(-) < q(-) on [,v")
Therefore, from (33),

_ - Y /dg G
ar)-dary = @@-am + [(F2 - e > o

contradicting the existence of y € [0,®] such that q(Y) = §(y*). O
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Proof of Proposition 8: As usual, all symbols with bars (tildes) over them are part of the solution to the
restrictive (basic) contract. The proof involves five steps:

Step 1. Preliminaries: bounding key variables.

Pick g € G, let B denote the neoclassical input mix (see Remark 1) for f* = g, let ¢ denote the composite
input function corresponding to g and let &(q) denote the level of composite input required to produce ¢
with §. Rewriting (20) (p. 16), the basic marginal cost function for § is

Me@n = v{iry(i-e¥)} (g@@) (20)

Proceeding as on page 14, W(q(y) v) = p at the principal’s optimum, where §(y) is the profit maximizing
level of output produced by the agent £ at price p under the basic contract. In this proof, we shall abbreviate
& (6(y)) to &(y). Similarly, let &(y) = €(q(y)) and k(y) k(q(y)) Manipulating (20), we obtain:

g'(€(y) = |Xo {1 +y(1 - el/“) } Since ¢’ is homog of degree o — 1, we have
&ty (1) = F_\; {1+y(1 — @1/0‘) } Since §is h.d. o, §’(1) = ag(1) and hence
&y Lag(1) = |Xo {1 +v (1 — el/“) } so that
dy) = [pa;’(l) {1 +Y<1 _ @1/a> }} 1/(0-1) -

,]_/“
Since g € G, the right hand side of (34) is bounded below by & = (";’“) ? and above by

&= min[1, (p/vi)"/®]. To verify the lower bound, note that y < 1=6 and (1-eY/%) < 1. Hence
{1+7(1-0Y*)} <1+1=2=1/5. Moreover, since a,§(1) > &, and ¥ < v+r /&, we have an lower bound

. —1/® Y. .
of (V‘;gr) . To verify the upper bound, note that since y is negative, the coefﬂuent(pag( )) IS maxi-

. y
mized when is m|n|m|zed and y is maximized in absolute value. Moreover, we have (paé(l)) >

poc
( ) (F . On the other hand {1+y(1—el/°‘)}l/(a71) < 1. Hence, we have an upper
e
bound of ( ) °. Moreover, dd()
de(y) _ ( v
dy pogi(1)

is bounded above by de = & (p/Vw)l/(b. To verify this, note that

) (1+vx)Y where, x= (1—e%%) and y=1/(o.— 1) < —1. The argument we used to con-

N\ -1/é
struct &shows that the upper bound on the coefficient is (‘%’) ® Next note that ‘d(l%yyx)y‘ = [yx(1+x)Y 1| <

o\ -1/ -
yX| < |yl € 1/w. Hence we have <= (8 w. Finally, from (21), 490 | is bounded below by
1/, H have [%00| < 1 (vo S

dq = &(V+ro)o/p. To verify this bound, note from (21) that

‘M‘ _ V& (g) (1-e/%) &(v+ar) (1—(1-a)Y)
dy (a—1)p (—1)p

€o(V+or)
p

>

Step 2: Givene € (0,1], g€ R,and g € G, let (&, W) denote the cost-minimal vector for producing g with
technology g. There exists n,N € N such that if 6(g) < 1/n and agent ¢ uses the input vector (&,k’) in the
solution to the restrictive FOC (13) for some y € (0, @], then (a) (& — &) < e and (b) k < N.
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Proof of Step 2. Fix € € (0,1], € R, and g € G. For i = ¢,h, let mrs'(e k) denote the marginal rate

of substitution f'E % Observe first that substituting the expressions for the A’s obtained in (14) into the

expression for Ly obtained in (13) yields:
\F/mrsz(é[,W)
YTvmrsh(é[,W)

1

or, rearranging

YTv(mrsf(éz,W) - mrsh(é[,kf))
(1—1—7) mrs! (& k')

1+ (35)

Since the left hand side of (35) is bounded below by unity, and 1+y<1l+o < (1+0)/o, the expression
mrs’ (&, k’) is bounded below by VG- Moroever, mrs’ ((&,k") = T. Pick n,N sufficiently large that & <

& (where & was defined on p. 25) while £ (1— )*

£

e

< N. For aII (e,k) such that g(e,k) = g, we have

_ d(Ke  mrs'(ek) <1 _ d(ke) _1_Ke
d(mrs'(ek)) K Joons - SO that (s () R L and hence
k! R/ 1 st K k’/e( '
A _= _- K
1 K/¥ Lol /
—HW<WS (&K —mrs (€' k )
v K/ i) - 1k/e .
T onro/(1+a)v 1+o)  n
v i
If— > <1— i) — so that
No
o 1Y
ke > (1—-= K& (36)
No
Since k' > k¢, (36) implies that
T~ 1 . » 1 o0
kKed > [(1-= k¥ so that g > (1—-= )¢ and hence
No No
g - & < & < Lte < ¢
No Now
Inequality (36), together with the facts that & < &, k’ < £, and ;X < & imply that
> -, & 1\ " é 1\ &/, e\l
K < K (1-= < Z(1-= < Z(1-= < N 7
- & no ) no ) ( é) - (37)
|
Step 3:  Fix €,8,n > 0. There exists n € N such that if g € G with 6(g) < £ and mrs‘(e?,K%) = n, if

k! <kO+§andif g(e' k) > g(€”,k0), then et > & —e.
Intuition for the proof of Step 3 is provided by Fig. 5.

(1) From the starting point (e k), move northwest along the budget line to (e— 0.5¢,k+0.5¢/n), la-
belled as A in the figure
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K+

e-e € effort

FIGURE 5. Intuition for Step 3

(2) Because A lies on the same iso-cost line as (e k) and g € G we know that the level set thru (e k)
intersects the ray thru the origin and A at a point to the north east of A. Call this point B.

(3) Figure out what o has to be to ensure that the gradient vector thru B is proportional to [28,€], so that
as drawn, the tangent plane thru B has slope %5

(4) Now by the now familiar argument, if we go out along the tangent plane to B, it has to intersect the
horizontal line starting at k+  at a point to the right of e— ¢. Call this intersection point C.

(5) By strict quasi-concavity, the the level set thru (e k) has to intersect the horizontal line starting at
k- & to the right of C. Call this point D. Hence D is a point k+ §,e— ®, where ® < &, proving the
step.

Proof of Step 3. Givene, 8,1 > 0, fix (€,k%) > 0. Let |0 = and uh = ko“’z” . Now pick n € N such that
erTTLﬂTO) < £ and a production function g € G with6(g) < £ and mrs (eo, ko) = 1. By construction, the

vector (K® + &/2n,€® — e/2)—which we used to define f'—belongs to the line perpendicular to the gradient
of g through (&,k9), S0 that, since g is strictly guasi-concave,
9(e® — &/2,k% + ¢/2n) < g(°,K°). Define (€', k") by: § =y and g(e', k") = g(€,k?), so that (€' k') >
(€° — /2,K0 + ¢/2n). Let v = mrs’ (&’ —e/2,k® +¢/28). Since g is homothetic, v = mrs{(e', kT). Now, for

—d(k/ mrs! (e k d(mrs’(ek) mrs’(ek
all e k, we have d(mr;(e‘j)()) k/(:: ) < 1 50 that W < —nﬁkf_}* and hence
g const g const
oy ¢ K
v — n = /0 (”"‘L—(e’)) d(K/€)
W ( / ) g const
pf 4 /
< -n / mrs’ (€K d(K/¢€)
o k’/e’
g const
R N . K /
DR, mln{mrs (¢,K): ge (W0, 1), g€, k):q} v )
< p =) =-n - so that
max {(k'/€): & € WO,u,0(¢,K) =q} H
+
v < KN which is, by assumption < €

%.
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Now pick dk > 0 such that [dk, —&/2] [gk(e', k"), ge(€l, k)] = 0 so that dk = £/(2v) > &. Since g is
strictly quasi-concave, g(€ —¢/2,k" +dk) < g(e',k"). But since €' > €” —¢/2 and k' > K, it follows that
(€ —e, K0+ 8) < (e —e/2,k" +dk) and hence g(é® — e,k + ) < g(e',k"). Conclude that for (€', k%) with
k! <k0 43, g(et, k) > g(€”,k?) implies that €' > €® —&. .

Step 4: There exists € N and n € N such that for all g € G withc(g) < 1/n, the level of output under the
restrictive contract, using this technology, exceeds by at least & the level of output under the basic contract.

Proof of Step 4. Let 6 = @mln [c:;* , “g] where where &, dvq and ds were constructed on p. 25. Invoking

Step 2 and Step 3, pick nsufficiently large that for i = ¢,hand all g € Gwithc(g) < 1/n, (8 —€) < ra?&/4v.
where & was constructed on p. 25. Note from Proposition 7 that (G(-) — §(-)) is negative and continuous on
(0,@]. Hence there exists a continuous function v : [0,®] — [0,®], with v(y) < yon (0,®], such that for all
Y, G(v(y)) = q(7y). Subtracting (21) from (18), we now obtain:

dq(y) dd(y) _ 1 5 ” a . 5
& T & - pice ((vef(y)ﬂkf(y))(l—el/) - v(eg(v)—e“(v)))

_ p(11_0() <(1 1/oc) [rkg( Y o+ V&) —éé(U(Y)))}

Term 1

- V[Ew-Fem) + <é“<v>—éh<v<v>>>]> (39

Term 2 Term 3

Since [3 is bounded below by o, rR‘(y) is bounded below by re€. There are now two possibilities to consider:

(1) Suppose that y—v(y) > re&/(4vde) for some y* € [0,]. In this case, since v(-) is continuous and

(dg(;f) d‘gj(y)) is positive whenever y—v(y) < rog/(4vde), it follows that y—v(y) > roé/ (4vde) for

all y € [y*,»]. Butsince ]dqd—y\ > dq, we have

ro8 L - ® da(y) ., . resdy
— > = —_ = —_ = — d > ~
o-ve) = g = -0 - u(e) G - - [ By > B

(2) Suppose that y—v(y) < ra&/(4vde) on [0,®]. Since ‘ ‘ < de, the absolute value of Term 1 is

bounded above by ro€/4v whenever y—v(y) < roé€/ (4\de) Moreover, we have chosen n sufficiently
large that Terms 2 and 3 are both bounded above by (r#&/4v). 1t now follows from (38) that
whenever y—v(y) < ro€/(4vde),

day)  ddw) r ey [ v e
_ > _ _ _
d'Y d’Y > p(l — OL) (1 ) ) [me we/4] ® [me/4 -+ me/4]
butsince e <1—sand o < 1, (1—eY/*) > g, so that
~ ~ -2 -2
dy) _ davy) réo . e (39)
dy dy 4p(l—o) 4p
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Since @ > o, it now follows from (39) that

_ . [ k), r&i’

qa — (¢ dy dy

We have established, therefore, that for all g € G witho(g) < 1/n,

v iow2
a-4 > & = riemin[d_‘i,%]

Step 5: Proof of the proposition.

From Step 4, we can pick N € N and 8 > 0, such that for all g € G witho(g) < 1/N. (q—§) > 8. From
Step 2, we can pick n > N such that for all g € G witho(g) < 1/n, & — & < pda/v. We now have

ASS = (pa—C"(q)) - (pG—CP(d))
= (pa-C°@) - (pg-C7(@) - (C(@-C7(a)
—————
output effect input mix effect

pE-a(1-a) — (V&) +r(k'-Kk))
pdo — vE—-&) > 0

v
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