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ABSTRACT. This paper examines a dynamic model of mutual insurance when households
can also engage in self-insurance by storage. This mutual insurance is informal as it is as-
sumed that there is no enforcement mechanism, so any mutual insurance arrangements must
be self-enforcing. It is shown how consumption allocations satisfy a modified Euler condition
and that an enhanced storage technology can either raise or diminish welfare. Furthermore
it is shown that the ex ante transfers introduced into dynamic informal insurance models
recently by Gauthier, Poitevin, and Gonzélez (1997) are only used here in the first period,

with the role of ex ante transfers being replaced by differential individual storage.

1. INTRODUCTION

This paper considers a dynamic model of informal insurance in which households face fluc-
tuating endowment streams but can offer mutual insurance or income smoothing by trans-
ferring income between themselves. It is assumed that there are no enforceable contracts,
and hence any implicit insurance arrangement is appropriately modelled as a noncoopera-
tive equilibrium. It is the possibility of benefitting from future insurance which acts as an
incentive for the current providers of insurance, typically those with a current abundance, to
keep to the informal arrangement. The focus of the paper is on efficient (subgame perfect)
equilibria of such games.

Informal insurance in this context has been studied by Thomas and Worrall (1988), Kletzer
and Wright (1996), Kocherlakota (1996), Ligon, Thomas, and Worrall (1997), and Gauthier,
Poitevin, and Gonzdlez (1997) amongst others. Some of the potential empirical implications
of these models have been drawn by Hayashi (1996), Foster and Rosenzweig (1995), Platteau
(1996), Ligon, Thomas, and Worrall (1997) and Kocherlakota (1996). Despite the dynamic
nature of the equilibria studied in these papers, the underlying models are static in the
sense that endowment cannot be transferred between periods (although there may be some

dependency between periods if endowments follow a Markov process). A major question left
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unanswered is whether the results are robust to the introduction of intertemporal substitution
possibilities, such as would be provided by intertemporal production, storage, or access to
an external credit market. As a first step towards answering this question, we introduce a
linear intertemporal production/storage technology. Formally the model becomes a dynamic
game, in which the state variable is the capital stock or savings of the households.

Intertemporal substitution technologies, assumed available to each household, imply that
households are less reliant on others for insurance purposes, since self-insurance is now pos-
sible (i.e., save in good years and dissave in bad ones). On the other hand, the group of
households as a whole can now self-insure, and thus smooth aggregate shocks over time. One
of the questions which we look at below, after outlining the model in Section 2, is whether the
introduction of a storage technology is necessarily welfare improving. In Section 3, we find
that in fact the welfare effects of storage are ambiguous. It is possible that the higher utility
from self-insurance implies that mutual insurance is more difficult to sustain; a household
which could transfer income to another facing a bad shock may prefer instead to remain
in autarky, and this reduction of mutual insurance due to the introduction of storage can
outweigh the beneficial effects.

A second question concerns the dynamics of consumption. We show that the usual Euler
equation characterising consumption growth is modified by a term reflecting the effect that
a household’s saving has on its temptation to deviate from the equilibrium in the following
period, assuming that it consumes this extra unit. The sign of this term depends in each state
on whether the equilibrium consumption level exceeds or is less than autarky consumption.
A third issue that we investigate relates to the question of whether ex ante transfers, that
is to say transfers made at the beginning of a period before the current shock is known,
are beneficial in improving risk sharing. Without storage, Gauthier, Poitevin, and Gonzélez
(1997) show that such transfers are beneficial. In our framework, it turns out that storage
can accomplish the same effect as ex ante transfers, and consequently the possibility of ex
ante transfers does not enhance the set of equilibria.

A second major task of this paper is to develop a computational approach to solve dynamic
limited commitment models of the type considered here. This we do in Section 4 of the
paper. In addition, Section 5 discusses a number of computed examples meant to illustrate
the properties of the model. An interesting feature of the examples is that they show that,
if there is to be storage, the household which receives most surplus from mutual insurance

will store the most. This makes good sense, as storage increases the autarky utility, and a
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household which anticipated small returns from the relationship would be more inclined to
renege. The examples also illustrate the welfare properties of our model and address the

issue of ex ante transfers.

2. THE MODEL

Suppose that there is a finite set of households H where H = {1,... ,H} and H > 2.
Each period ¢t = 1,2, ..., household i receives an income y' > 0 of a single good, where s is
the state of nature drawn from a finite set S = {1,...,S} with S > 2. It is assumed that
the state of nature follows a Markov process with the probability of transition from state s

to state r given by 7, and we assume that 7, > 0 for all r and s.! We assume that there
0

is some initial distribution over period 1 states r given by 7). This formalisation includes
as a special case an identical and independent distribution over the possible states of nature
(7, is independent of s).

Each household 7 has access to a linear storage technology which allows it have one unit of
the good available at the beginning of ¢ + 1 if p units are stored at the end of ¢, where p > 0.
The level of stocks available to household i at the beginning of period ¢ is denoted k*(t)
where k%(1) > 0 is given. We shall impose the condition that k*(t) > 0 for all t = 1,2,.... If
p = 0o, then no storage is possible. If p > 1, then the good stored is subject to depreciation.
If p < 1, this technology may also be interpreted as access to a simple credit market with
a positive interest rate, where borrowing is excluded (a translation of origin would allow
borrowing subject to a credit constraint to be studied).?

Household i has a twice continuously differentiable Bernoulli utility of consumption func-
tion u;(c'), where ¢* is consumption. It is assumed that ¢! > 0. Households are risk averse,
with u}(c’) > 0, u/(¢") < 0 for all ¢ > 0. Households are infinitely lived, discount the
future with common discount factor ¢, and are expected utility maximisers. We assume
that if p < § then each w;(-) is bounded above in order to ensure boundedness of discounted
utilities.

We briefly describe the autarky problem facing household i excluded from mutual insur-

ance. In each period ¢, having observed the current state s, she has 2% (t) = k*(t) +y'(¢) total

resources available. She then chooses consumption ¢(t), and stores the remainder. We let

'Nothing important depends on this assumption that all transition probabilities are positive.

2If the return on each unit stored can be made state-contingent, contrary to our assumption, then an
argument given by Bulow and Rogoff (1989) shows that at some point at least one household will prefer
autarky and therefore only autarky is sustainable.
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Z(ZL(t)) denote the autarky utility of household 7 in state s if its resources available at the
beginning of the period is 2%(t). It represents the utility available from self-insurance only

and can be recursively formulated as

Ei(t+1)>0

(1) Zy(2(t)) = max {(ui(%(t)—Pki(Hl))+5Z7rsr(2i(ki(t+1)+yf«(t+1))}-

r=1
It is well known that the autarky value function in (1) inherits the properties of the Bernoulli
utility function. It is increasing, differentiable and strictly concave and denoting autarky

consumption by ¢ (z!(t)), it satisfies the envelope condition
) P @,
Moreover, it is straightforward to show that it is decreasing in p.

In general, however, each household can make and receive transfers from other households
after the current state is known, and before consumption is realised allowing a potential
Pareto improvement. The precise timing and strategic possibilities are as follows. At date
t, each household is aware of the previous history of shocks and all past moves of other
households, and also the state of the world, s, occurring at date . The total resources of
household i at this point are z%(¢). Household i then chooses a transfer 7 > 0 to be made

to each other household j # ¢. Simultaneously, household i specifies a consumption level

¢! > 0. At the same time, each household k£ must specify the “acceptable” transfers, (T(i,i))#k,

and consumption levels, c%k), of each other household i # k. The interpretation of these is
that they are the levels agreed according to some implicit arrangement. Next, a “transfer
mechanism” allocates transfers and consumptions as specified by the household concerned,
given that each household acts according to the “acceptable” specifications given by the

other households, that is, provided both

(3) ¢ = ¢ VikeH with i#k

(4) = Tg',{) Vi,j ke H with i+#j,k

and provided that the transfer allocation is feasible. This requires that no household ’s
net transfer to others exceeds her resources 2%(t), and that end of period storage, z(t) +
> 2(T7 = 1) — ¢ is non-negative. If these conditions are satisfied, then transfers are

made, and consumption is realised. If either (3), (4) or feasibility fails, then no transfers

are made and each household is given a subsequent move at which she chooses consumption
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unilaterally. Pure strategies can now be defined in the obvious way for this repeated extensive
form game with “almost perfect information”. In this part of the paper we restrict attention
to equilibria in pure strategies only. In the computation section, to avoid nonconvexities, a
randomization device will be introduced to the framework.

An interpretation of the transfer mechanism is that households gather at the trans-
fer /consumption stage. There is an implicit understanding of what transfers and consump-
tion levels should be (given by the common “acceptable” levels). If any household deviates
from the specified transfers or consumption level, the entire agreement fails and households
are left in autarky for that period. An important feature of this mechanism is that a house-
hold cannot take a positive transfer from other households and then deviate from the implicitly
agreed consumption (and hence saving) level. The idea is that if a household engages in the
transfers, she is under social pressure to conform at the consumption level, for example be-
cause she is in the same location as the other households.® The household always has the
option of staying out of the mechanism altogether (captured, for example, by choosing all
transfers to other households at zero and consumption at the desired autarkic level).? An
alternative approach would be to suppose that storage is communally held. This may be
appropriate in some village economy contexts, where an authority, such as the local priest,
controls the store. This would primarily change the payoff a household could achieve from
deviation since access to the store could be denied, ruling out any self insurance.

In order to identify pure-strategy subgame perfect equilibria, the following observations can
be made. First, an optimal punishment is the minmax punishment of a mutual reversion
to autarky (implemented by specifying zero transfers each period). This is clearly subgame
perfect. In other words, failure to abide by the implicit insurance arrangement leads to
exclusion from all future communal insurance. Secondly, it is only necessary to consider the
net aggregate transfer—as opposed to all the bilateral transfers—to or from each household

in determining whether a strategy combination is in equilibrium, since this is all that matters

3Conceptually it may be preferable to allow a household to take a (possibly positive) transfer and then
renege at the consumption/storage stage. Indeed, this would eliminate the need for the above described
mechanism involving the specification of “acceptable” transfers and consumption levels. It would, however,
considerably complicate the characterisation (and computation) of efficient equilibria which is developed
below, as it would add a second decision point within each period at which deviation incentives have to be
checked.

4A single household can nullify the entire mechanism. Because we are looking at Nash equilibria, this
assumption is unimportant. Were we to consider coalitional deviations, it would be appropriate to refine the
mechanism to allow coalitions to carry out transfers independently of non-coalition members. An analysis
of coalitional deviations in an informal insurance context is considered by Fafchamps (1995).
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to an individual household when considering a deviation (the above mechanism, in particular,
does not allow a household to take in transfers from other households and renege on her own
transfers to others).

Before turning to efficient outcome paths we start with a characterization of any pure-
strategy equilibrium outcome path. Note that any outcome path can be described by a map-
ping from histories of exogenous shocks to actions (transfers/consumption levels). Specifi-
cally, let s; be the state of the world occurring at date t. An outcome path will specify for
every date t and for each history of states up to and including date ¢, hy = (s1, S2, ... , 8;), and
each household 7, a net transfer 7*(h;) := 3, (7% (hs) — 77'(h)) to be made by household i
to all other households (a negative transfer signifying a transfer in the opposite direction),
where 7% (h;) denotes the realised transfer from i to j at ¢ after h; (zero whenever (3), (4) or
feasibility fail). Likewise it will specify a consumption level ¢!(h;) (as determined by either
the transfer mechanism or a subsequent consumption decision). Notice that by construction
>, 7 (he) = 0. Let us define U/ (k) to be the expected discounted utility of household ¢ from
the outcome path from period ¢ onwards, discounted to period ¢, if history h; = (hy 1, 5;)
5

occurs up to period t (i.e., when the current state s; is known):

[e.9]

(5) U (he) = u'(c'(h)) + B | D 6" ulc'(hn)) | he |

n=t+1
where E denotes expectation. Then household ¢ will have no incentive to deviate from the
equilibrium path if the following sustainability constraint holds at each date t after every

history hy,
(6) Ui(he) > Z, (K (heer) + u3,),

where Z! (k'(hs—1)+.,) is the continuation autarky utility for household 4, from ¢ onwards,
discounted to period ¢, on the assumption she had followed the equilibrium up to t — 1 (and
hence has resources k'(hy_1) +y., at t where k(h,—y) is the beginning of period ¢ storage on
the equilibrium path). If (6) holds for all ¢ and all h;, then the outcome path corresponds
to an equilibrium.

Within the class of equilibrium outcome paths, we shall characterise the constrained effi-
ctent outcome paths, those which are not Pareto-dominated by any other sustainable out-

come path. A straightforward dynamic programming procedure can be followed. This relies

5For period 1, hs_; is the empty set.
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on two key facts. First, the Markov structure implies that the problem of finding an efficient
continuation path is the same at any date at which the same state of nature occurs and
storage is the same. Secondly, an efficient path must, after any history, have an efficient
continuation path. The reason why all continuation paths should be efficient is simply that
all constraints are (at least weakly) relaxed by moving from an inefficient path to a Pareto
dominating continuation path that satisfies the sustainability conditions such a move will
make the overall path Pareto superior to the original one. This dynamic programming prob-
lem is similar in structure to that analysed by Thomas and Worrall (1988) amongst others.
Similar arguments can be applied in the current context.

A key difference in the current paper is the existence and evolution of storage. The levels

of individual storage evolve according to the following state equations:
(7) Kt+1) = (1/p)(z(t) — Ti(t) —q(t) Vi H
-1
(8) Et+1) = (1/p)(z +ZT (t))
=1

Using equation (7) to eliminate 7/(¢) in equation (8) shows that

(9) ¢ (t) = 2,(t) — ph(t +1) Z’s

i=1

where k(t) = Zlel k' (t) denotes the aggregate level of storage at the beginning of date ¢ and
where z,(t) = k(t) + 321, 4 (t) is the total resources available at date ¢ in state s.

From this and the Markov structure of incomes, and because each of the sustainability
constraints are forward looking, the set of equilibrium continuation paths depends only on
the current state and level of resources available in that state. Viewed in utility space, the
Pareto frontier relating the discounted continuation utility of household H to that of the
other households at any date ¢ and given the current state s depends only on the current
state and total resources available at that date in that state. We set up the programming
problem at date ¢ so that the current state is s, and target utilities UZ(t) are given (for
all i # H), as are beginning of period resource levels z,(t). We shall use r to index the
state in the following period. Choice variables are consumptions ¢ (t) for each household
i # H, the continuation utilities U:(t + 1) for each possible state r in the next period and
each household 7 # H and the beginning-of-next-period levels of storage k'(t + 1) for each

household. The level of consumption for household H is determined by equation (9). The
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value function for household H can now be written to depend on the current target utilities
and the current resource: UH(UL(t),... , UH71(t);2,(t)). To simplify the presentation, we
assume that limg_q, u;(c') = —oo, which allows us to disregard the non-negativity constraint
on consumption. The dynamic programming problem is

H-1
US (U (1), U (1) 2(8)) = max Up (zs(t) —pk(t+1) = ZCi(t)>

(k) (Uk@+1)S_ T
(ki(t+1)E |

S
+6Y mG UF UM+ 1), UP T+ 15 k(E+ 1) + g (E 4 1))

r=1
where k(t 4 1) = 321 k(¢ 4 1) subject to the following constraints,
(10) (1) ui( () + 0 m Uit +1) 2 Ul(t) Vi# H
(11)  Smedi(t+1): Uit+1)> Zi(kit+1)+yi(t+1)) VreS Vi£H

omerdy (t): UF(UHE+1),. . UFTHE+ 1) k(8 + 1) +yp(t + 1))
(12) >ZHEH(t+ 1) +yH(t+1) Vres
(13) Wit +1): K(t+1)>0 VieH

Equation (10) represents the promise keeping constraints which show that each household
must at least be given the level of expected discounted utility already promised. Equations
(11) and (12) are the sustainability constraints, that no household has an incentive to deviate
and equation (13) represent the non-negativity constraints for storage by each household.
The constraint set is not convex because of the constraints (11) and (12). This implies that
the value function may not be concave and in the computation section, we introduce the

possibility of lotteries to convexify the problem and simplify computations of the optimum.

3. RESULTS
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3.1. Solution. Using the first-order conditions for the dynamic programming problem de-

scribed in the previous section, it can be shown that (see Appendix)

)= {2 Zwsru 1)+ )

Zﬂsr{sb’ t+ 1) (uf(cp(t + 1)) — ui(E(z(t + 1))}

VseS YieH Vi>0

pN

(14)

where for household H, AM(t) = 1, and where ¢i(z) denotes the optimal consumption of
household 7 in state s under autarky, given that she enters the period with assets z. To
interpret this condition first notice that if ¢%(t + 1) = ¢# (¢ + 1) = 0 the last term on the
right hand side of equation (14) is dropped. What is left is the familiar Euler equation from
Life-Cycle theory (see, e.g., Hall (1978)) with an adjustment for the non-negativity constraint
on storage. The parameter p is the marginal rate at which consumption at date ¢ 41 can be
transformed into consumption at date t i.e., M RT; ;11 = p. The expected marginal rate of
substitution between consumption at date ¢t and consumption at date ¢ + 1 for household 7

18

BARS;,,, — O Somt Tttt 1)
ui(ci(1))

So with ¢¢(t + 1) = ¢H (¢t + 1) = 0, each household obeys the condition that the expected
marginal rate of substitution is less than or equal to the marginal rate of transformation,
with strict inequality only if storage is zero. This condition of allocative efficiency for each
household holds either if households act on their own, i.e., in the autarkic outcome where
there is no risk-sharing, or if there is full commitment and complete risk-sharing.

To interpret equation (14) in the limited commitment environment, which takes account
of the sustainability constraints, where ¢i (¢t + 1) and ¢ (¢ + 1) are typically non-zero, it is

necessary to consider two further conditions which are derived directly from the first-order
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conditions given in the Appendix:
; u(cl () .
(15) AN(t) = =2 Vit H V>0
u; (i (1))
MORAGRY)

1 N(t+1) = =  + H Vit
(16) H(t+1) OB D) VreS Vi# Vit >0

Equations (15) and (16) are conditions for efficient risk-sharing, both intratemporally and
intertemporally. With full commitment so ¢.(t + 1) = ¢X (¢ + 1) = 0, equation (16) shows
that Ai(t + 1) = Xi(¢) Vr € S. Thus for each household, the A is independent of both time

and state. From equation (15) this means that the ratio of any two household’s marginal
utility of consumption is constant across states and over time. Another way to express this
is to write the marginal rate of substitution for household i between consumption in states
g and r as

Tt (et + 1))
Mot (CG(t + 1))

MRS, , =

and to write the marginal rate of substitution between any two dates ¢t + 1 and t as
- ou(ch(t+1
MRS}y = i)
Equations (15) and (16) imply that the MRS}, is equated for all households and that
MRS}, is also equated for all households.

The limited commitment solution can be seen as a compromise between the full commit-
ment solution and the autarky solution. It allows for some risk-sharing but at the cost of not
achieving allocative efficiency. First note, that risk-sharing need not be complete. Equations
(15) and (16) show that the ratio of the marginal utilities of any two households is kept
constant unless the sustainability constraints are binding. Using equation (15) the ratio of

marginal utilities between household 7 and household j at date ¢ is

o (et J
P = D) N
() A
Then equation (16) gives an updating equation for the ratio of the marginal utilities
RMU (t) + ¢t + 1) /A,(t)
L+ @it +1)/A(1)

Suppose that ¢i(t4+1) > 0 and ¢/(t+1) = 0, so that household i has a binding sustainability

RMUM(t+1) =

constraint in state r but that household j is unconstrained. The updating rule shows that
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RMUP (t + 1) < RMUM(t) or that MRS;,,; < MRS}, ,. Thus given period ¢ consump-
tions, it would be beneficial at date ¢ + 1 to equate the marginal rates of substitution for
households 7 and j by raising ¢/ (¢ + 1) and reducing c.(¢ + 1). Tt is however, not desirable to
reduce c.(t+1) since future consumptions would have to be raised to maintain the discounted
expected utility of household 7 and not violate its sustainability constraint and this would
lead to a worse pattern of consumption from the point of view of risk sharing. Tf ¢Z(¢+1) > 0
and ¢ (t + 1) = 0, then the opposite case applies, MRStiH’t > MRSIf'H’t. In the case where
both households have binding sustainability constraints the inequality could go either way.

To consider the impact of the sustainability constraints on the allocative efficiency of the
outcome, suppose that household ¢ has a binding sustainability constraint in some state r at
date t + 1. Equation (14) shows how the the sustainability constraints modify the allocative
efficiency condition. The sign of the extra term in equation (14) depends upon the sign
of (ui(ci(t + 1)) — ui(¢i(zL(t + 1)))), which depends on whether the agreed consumption
is higher or lower than the optimum autarky consumption when the resources available to
household 7 are z!. To interpret this, suppose that household i increases storage at date
t by p units, so that an extra unit of resources is available at time ¢ + 1 in each state,
and suppose that this extra unit is consumed, so the benefit is u(c.(t + 1)). However,
the extra unit also raises the utility from autarky thus increasing the benefit to deviating
from the agreement. The increase in the autarky utility is given by the envelope condition
in the autarky problem, equation (2), as w}(¢%(z(t + 1))). If (uj(ci(t + 1)) — uj(é(zL(t +
1)) > 0, or if ci(t + 1) < ¢L(2L(¢t + 1)), then the extra storage relaxes the sustainability
constraint in state r next period. If ¢.(t +1) > ¢L(2%(¢t + 1)), then extra storage tightens the
sustainability constraint. The magnitude of the term also depends on the number of binding
sustainability constraints. Thus the level of storage undertaken by a household will depend
on how likely it is to face binding sustainability constraints. If the last term in equation (14)
is strictly positive, then current consumption of household i will be lower relative to future
consumption than predicted by the usual Euler equation as there is an additional return on
saving due to the relaxation of the sustainability constraints. If the last term in equation
(14) is strictly negative, then current consumption of household i will be higher relative
to future consumption than predicted by the usual Euler equation as addition storage will
aggravate the sustainability constraints by making autarky more attractive.

In general it is not possible to sign the last term in equation (14). It can however, be

signed if all storage can only be held communally. In this case storage does not affect
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autarky utilitity. Therefore the only modification to the programming problem is that the
non-negativity constraint on storage should apply at the aggregate level instead of applying
household by household. In this case, the u/(¢'(z%(t +1))) term drops out of equation (14)
and the third term on the right hand side of equation (14) is strictly positive provided some

sustainability constraint binds in the next period.

3.2. Welfare. An interesting question to ask in the context of limited commitment is
whether improved storage technologies necessarily enhance welfare. There is a possibility
that they may not. Storage may widen what is technologically feasible but may also increase
the payoff in autarky, restricting what is sustainable.® We can show that enhanced storage
technologies can both improve and reduce welfare with the aid of two simple examples.
First, suppose that p = 0o, so there are no storage possibilities; it requires an infinite
amount of current goods to get one extra unit at the next date. Then we can use the results
of Ligon, Thomas, and Worrall (1997) to conclude that if the discount factor § is low enough,
then no non-autarkic sustainable contract exits. The future is simply discounted too heavily
for there to be any risk-sharing and each household ends up consuming their own income
in each state at each date. The expected marginal rate of substitution for household i in

autarky in some state s is

C Y ma( A1)
(17) EMRS;, 1, = W (10)

ow suppose that storage possibilities are enhanced. In particular suppose that p is less than
the expected marginal rate of substitution in equation (17) for some household i and some
state s. Then household 7 can improve utility by engaging in some storage which trivially
provides some self-insurance against random income uctuations.

To see the opposite extreme, again first suppose that p = oo so that there are no storage
possibilities. Then the results of Ligon, Thomas, and Worrall (1997) show that if the dis-
count factor ¢ is high enough, the first-best contract with complete risk-sharing is possible.
Suppose that there is no aggregate income risk, so that complete risk-sharing implies that
each household s consumption is completely stabilised. Then the expected marginal rate

of substitution at the first-best optimum is EM RS}, ,, = ¢ for all households at all time
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