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$EVWUDFW

7KLV SDSHU R�HUV D QHZ DSSURDFK WR WKH VWXG\ RI HFRQRPLF SUREOHPV XVX�
DOO\ PRGHOHG DV JDPHV RI LQFRPSOHWH LQIRUPDWLRQ ZLWK GLVFRQWLQXRXV SD\R�V�
7\SLFDOO\� WKH GLVFRQWLQXLWLHV DULVH IURP LQGHWHUPLQDFLHV �WLHV� LQ WKH XQGHU�
O\LQJ SUREOHP� 7KH SRLQW RI YLHZ WDNHQ KHUH LV WKDW WKH WLH�EUHDNLQJ UXOHV
ZKLFK UHVROYH WKHVH LQGHWHUPLQDFLHV VKRXOG EH YLHZHG DV SDUW RI WKH VROXWLRQ
UDWKHU WKDQ SDUW RI WKH GHVFULSWLRQ RI WKH PRGHO� $ VROXWLRQ LV WKHUHIRUH D
WLH�EUHDNLQJ UXOH WRJHWKHU ZLWK VWUDWHJLHV VDWLVI\LQJ WKH XVXDO EHVW�UHVSRQVH
FULWHULRQ� :KHQ LQIRUPDWLRQ LV LQFRPSOHWH� VROXWLRQV QHHG QRW H[LVW� WKDW LV�
WKHUH PD\ EH QR WLH�EUHDNLQJ UXOH WKDW LV FRPSDWLEOH ZLWK WKH H[LVWHQFH RI
VWUDWHJ\ SUR�OHV VDWLVI\LQJ WKH XVXDO EHVW�UHVSRQVH FULWHULD� ,W LV VKRZQ WKDW
WKH LQWURGXFWLRQ RI LQFHQWLYH FRPSDWLEOH FRPPXQLFDWLRQ �FKHDS WDON� UHVWRUHV
H[LVWHQFH�

-(/ &ODVVL�FDWLRQ 1XPEHUV &��� &��� '��� '��

.H\ZRUGV DXFWLRQV� FKHDS WDON� GLVFRQWLQXRXV JDPHV� VKDULQJ UXOHV� WLH�
EUHDNLQJ UXOHV

ZHVWHUQ� 5RFKHVWHU� 6WDQIRUG� WKH 6WRQ\ %URRN *DPH 7KHRU\ &RQIHUHQFH� 8&/$� DQG

8&6'� :H HVSHFLDOO\ WKDQN $QG\ 3RVWOHZDLWH DQG WKUHH UHIHUHHV IRU KHOSIXO FRPPHQWV�

=DPH LV JUDWHIXO IRU WKH KRVSLWDOLW\ RI WKH 8& %HUNHOH\ (FRQRPLFV 'HSDUWPHQW LQ :LQ�

WHU ����� ZKHQ PXFK RI WKLV ZRUN ZDV GRQH� DQG IRU �QDQFLDO VXSSRUW IURP WKH )RUG

)RXQGDWLRQ� IURP WKH 1DWLRQDO 6FLHQFH )RXQGDWLRQ� DQG IURP WKH 8&/$ $FDGHPLF 6HQDWH

&RPPLWWHH RQ 5HVHDUFK�



� ,QWURGXFWLRQ

(FRQRPLFV LV UHSOHWH ZLWK VLWXDWLRQV LQ ZKLFK SULYDWHO\ LQIRUPHG DJHQWV EH�
KDYH VWUDWHJLFDOO\� VXFK VLWXDWLRQV DUH XVXDOO\ PRGHOHG DV JDPHV RI LQFRP�
SOHWH LQIRUPDWLRQ� $V +DUVDQ\L VKRZHG� WKH HTXLOLEULXP DQDO\VLV RI VXFK
JDPHV LV QR PRUH FRPSOLFDWHG WKDQ WKH HTXLOLEULXP DQDO\VLV RI JDPHV RI
FRPSOHWH LQIRUPDWLRQ _ SURYLGHG WKH VHW RI SRVVLEOH W\SHV RI DJHQWV DQG
WKH VHW RI DFWLRQV DYDLODEOH WR DJHQWV DUH �QLWH� +RZHYHU� LQ PDQ\ IDPLOLDU
VLWXDWLRQV _ LQFOXGLQJ %HUWUDQG SULFH FRPSHWLWLRQ� &RXUQRW TXDQWLW\ FRP�
SHWLWLRQ� +RWHOOLQJ VSDWLDO FRPSHWLWLRQ� JDPHV RI WLPLQJ� DQG DXFWLRQV _
DFWLRQV DUH QDWXUDOO\ PRGHOHG DV FRQWLQXRXV YDULDEOHV� 6WUDWHJLF DQDO\VLV RI
VXFK VLWXDWLRQV LV GL�FXOW EHFDXVH WLH�EUHDNLQJ UXOHV _ SUHVFULELQJ EHKDYLRU
RI WKH DXFWLRQHHU ZKHQ DJHQWV VXEPLW WKH VDPH ELG IRU LQVWDQFH _ OHDG WR
SD\R� IXQFWLRQV WKDW DUH GLVFRQWLQXRXV LQ DFWLRQV� 0XFK RI WKH H[LVWLQJ DQDO�
\VLV RI VXFK VLWXDWLRQV DYRLGV WKH FRQVHTXHQFHV RI GLVFRQWLQXLW\ E\ LPSRVLQJ
FRQGLWLRQV �VXFK DV SULYDWH YDOXHV� V\PPHWULF LQIRUPDWLRQ� QRQ�DWRPLFLW\ RI
SULRU GLVWULEXWLRQV� HWF�� WKDW JXDUDQWHH WLHV GR QRW RFFXU DW HTXLOLEULXP DQG
KHQFH WKDW GLVFRQWLQXLWLHV GR QRW PDWWHU�� $V VRRQ DV ZH OHDYH WKH VLPSOHVW
HQYLURQPHQWV� KRZHYHU� ZH �QG VLWXDWLRQV LQ ZKLFK WLHV GR RFFXU DQG GLVFRQ�
WLQXLWLHV GR PDWWHU _ LQGHHG� ZH �QG VLWXDWLRQV LQ ZKLFK HTXLOLEULXP GRHV
QRW H[LVW�

)RU FRQWH[WV LQ ZKLFK LQIRUPDWLRQ LV FRPSOHWH� 6LPRQ DQG =DPH ������
�KHQFHIRUWK 6=� DUJXHG WKDW VXFK VLWXDWLRQV VKRXOG EH PRGHOHG� QRW DV JDPHV
LQ ZKLFK SD\R�V DUH GLVFRQWLQXRXV� EXW UDWKHU DV JDPHV LQ ZKLFK SD\R�V
DUH RQO\ SDUWLDOO\ GHWHUPLQHG� DQG WKDW WKH WLH�EUHDNLQJ UXOH ZKLFK OHDGV WR
GLVFRQWLQXLWLHV LQ SD\R�V VKRXOG EH YLHZHG DV SDUW RI WKH VROXWLRQ� UDWKHU WKDQ
DV SDUW RI WKH GDWD� 6= VKRZ WKDW �ZLWK QDWXUDO FRQGLWLRQV�� VXFK D VROXWLRQ
�D WLH�EUHDNLQJ UXOH WRJHWKHU ZLWK D VWUDWHJ\ SUR�OH VDWLVI\LQJ WKH XVXDO EHVW�
UHVSRQVH FULWHULD� DOZD\V H[LVWV� ,Q WKLV SDSHU� ZH H[WHQG WKLV SRLQW RI YLHZ
DQG UHVXOW WR VLWXDWLRQV LQ ZKLFK LQIRUPDWLRQ LV LQFRPSOHWH�

,W PLJKW VHHP DW �UVW JODQFH WKDW WKLV H[WHQVLRQ ZRXOG EH URXWLQH� IROORZ�
LQJ +DUVDQ\L
V PHWKRG RI DQDO\]LQJ D JDPH � RI LQFRPSOHWH LQIRUPDWLRQ E\

�0LOJURP ������ SURYLGHV H[FHOOHQW EDFNJURXQG UHDGLQJ� IRU UHFHQW ZRUN� VHH /H%UXQ

������ ������ 0DVNLQ DQG 5LOH\ ������� %DMDUL ������� 5HQ\ ������� $WKH\ ������ DQG

%UHVN\ �������
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WUDQVIRUPLQJ LW LQWR D JDPH �� RI FRPSOHWH LQIRUPDWLRQ _ EXW LW LV QRW� 2QH
GL�FXOW\ LV WKDW LW LV QRW FOHDU KRZ LQGHWHUPLQDFLHV LQ WKH JDPH � VKRXOG EH
WUDQVIRUPHG LQWR LQGHWHUPLQDFLHV LQ WKH JDPH ��� DQRWKHU LV WKDW LW LV QRW
FOHDU ZKDW DVVXPSWLRQV RQ � ZLOO JXDUDQWHH WKDW �� KDV D VROXWLRQ� 0RVW
LPSRUWDQWO\� LW LV QRW FOHDU KRZ D VROXWLRQ IRU �� �LI LW H[LVWV� VKRXOG EH
LQWHUSUHWHG DV D VROXWLRQ WR ��

7KDW WKHVH GL�FXOWLHV UH�HFW UHDO SUREOHPV ZLWK H[LVWHQFH RI D VROXWLRQ�
DQG QRW PHUHO\ ZLWK D SDUWLFXODU DSSURDFK� FDQ EH VHHQ LQ D VLPSOH H[DPSOH�
&RQVLGHU D VHDOHG�ELG DXFWLRQ ZLWK WZR ELGGHUV� ZKRVH SULYDWH YDOXDWLRQV
Y�� Y� IRU D VLQJOH LQGLYLVLEOH REMHFW DUH GUDZQ IURP D MRLQW GLVWULEXWLRQ DV
IROORZV�

� ZLWK SUREDELOLW\ ���� Y�  � DQG Y� LV GUDZQ IURP WKH XQLIRUP GLVWUL�
EXWLRQ RQ >�� �@

� ZLWK SUREDELOLW\ ���� Y�  � DQG Y� LV GUDZQ IURP WKH XQLIRUP GLVWUL�
EXWLRQ RQ >�� �@

,W LV HDV\ WR VHH WKDW WKH RQO\ WLH�EUHDNLQJ UXOHV WKDW DGPLW DQ\ HTXLOLEULXP
DW DOO KDYH WKH SURSHUW\ WKDW ZKHQ ERWK ELGGHUV ELG �� WKH REMHFW LV DZDUGHG
WR WKH ELGGHU ZKRVH YDOXDWLRQ LV KLJKHU� *LYHQ DQ\ VXFK D WLH�EUHDNLQJ UXOH�
LW LV DQ HTXLOLEULXP IRU ERWK ELGGHUV DOZD\V WR ELG �� 2I FRXUVH� VXFK D WLH�
EUHDNLQJ UXOH FDQQRW EH LPSOHPHQWHG E\ DQ DXFWLRQHHU ZKR GRHV QRW REVHUYH
WKH YDOXDWLRQV RI WKH ELGGHUV� DQG DOORZLQJ VXFK REVHUYDWLRQ ZRXOG KDUGO\
VHHP FRQVLVWHQW ZLWK WKH SUHVXPSWLRQ WKDW WKLV LQIRUPDWLRQ LV SULYDWH�

6XSSRVH� KRZHYHU� ZH DOORZ WKH ELGGHUV WR DQQRXQFH WKHLU W\SHV �WKHLU
WUXH YDOXDWLRQV� DV ZHOO DV WKHLU ELGV� ,I WKH DXFWLRQHHU LV FRQVWUDLQHG WR VHOO
WKH REMHFW DW WKH KLJKHVW ELG DQG EUHDNV WLHV E\ DZDUGLQJ WKH REMHFW WR WKH
ELGGHU ZKR DQQRXQFHV WKH KLJKHU YDOXDWLRQ� WKHQ LW LV DQ HTXLOLEULXP IRU ERWK
ELGGHUV WR ELG � DQG WR WUXWKIXOO\ DQQRXQFH WKHLU W\SHV�� 7KH NH\ LQVLJKW RI
WKLV SDSHU LV WKDW� LQ FRQVLGHUDEOH JHQHUDOLW\� WKLV FRPPXQLFDWLRQ LV QHFHVVDU\
DQG VX�FLHQW IRU WKH H[LVWHQFH RI D VROXWLRQ�

�7KH ELGGHU ZKRVH YDOXH LV � KDV QR LQFHQWLYH WR OLH VLQFH KH GHULYHV QR VXUSOXV IURP

REWDLQLQJ WKH REMHFW DW WKDW SULFH� WKH ELGGHU ZKRVH YDOXH LV DERYH � KDV QR LQFHQWLYH WR

OLH VLQFH E\ WHOOLQJ WKH WUXWK VKH REWDLQV WKH REMHFW IRU KHU ELG RI ��
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,W LV LQVWUXFWLYH WR WKLQN DERXW WKLV DXFWLRQ LQ DQ HQYLURQPHQW LQ ZKLFK
ELGV PXVW EH LQ PXOWLSOHV RI D VPDOOHVW PRQHWDU\ XQLW �� IRU VLPSOLFLW\ DV�
VXPH WKDW � � LV DQ LQWHJHU� ,QGHSHQGHQWO\ RI WKH WLH�EUHDNLQJ UXOH� LW LV DQ
HTXLOLEULXP IRU ERWK SOD\HUV WR IROORZ WKH ELGGLQJ VWUDWHJ\

E�Y�  

�
�� � LI Y  �
� LI Y ! �

�%HFDXVH � � LV DQ LQWHJHU� � LV D PXOWLSOH RI �� KHQFH DQ DGPLVVLEOH ELG��
)RU HYHU\ � ! � WKH ELGV FRQYH\ WKH LQIRUPDWLRQ DV WR ZKLFK ELGGHU KDV
WKH KLJKHU YDOXDWLRQ� EXW LQ WKH OLPLW ZKHQ �  � WKLV LQIRUPDWLRQ LV ORVW�
DOORZLQJ ELGGHUV WR DQQRXQFH WKHLU YDOXDWLRQV UHVWRUHV WKLV ORVW LQIRUPDWLRQ�
�7KLV HFKRHV D WKHPH RI &KULVWRSKHU +DUULV��

$V LQ WKLV VLPSOH H[DPSOH� RXU DSSURDFK LV WR H[WHQG WKH PRGHO VR WKDW
LQGLYLGXDOV PD\ DQQRXQFH WKHLU SULYDWH LQIRUPDWLRQ� 6XFK DQQRXQFHPHQWV
QHHG QRW EH WUXWKIXO DQG GR QRW GLUHFWO\ D�HFW SD\R�V� WKHLU RQO\ UROH LV WR
DLG LQ EUHDNLQJ WLHV� ,Q DW OHDVW RQH LQWHUSUHWDWLRQ �GLVFXVVHG IXUWKHU EHORZ��
WKHVH DQQRXQFHPHQWV FDQ EH YLHZHG DV ?FKHDS WDON�� 2XU PDLQ UHVXOW �7KH�
RUHP �� LV WKDW �ZLWK QDWXUDO FRQGLWLRQV� WKLV H[WHQVLRQ DOZD\V KDV DW OHDVW
RQH VROXWLRQ �D WLH�EUHDNLQJ UXOH WRJHWKHU ZLWK D VWUDWHJ\ SUR�OH VDWLVI\LQJ
WKH XVXDO EHVW�UHVSRQVH FULWHULRQ� LQ ZKLFK LQGLYLGXDOV WUXWKIXOO\ DQQRXQFH
WKHLU SULYDWH LQIRUPDWLRQ� 7\SH DQQRXQFHPHQWV DUH WKXV LQFHQWLYH FRPSDW�
LEOH� :H HPSKDVL]H WKDW WKH WLH�EUHDNLQJ UXOH ZLOO EH GHWHUPLQHG DV SDUW
RI WKH VROXWLRQ� DQG QRW SUHVFULEHG H[RJHQRXVO\� WKDW WKH WLH�EUHDNLQJ UXOH
PD\ SUHVFULEH GL�HUHQW GLYLVLRQV DW GL�HUHQW WLHV� DQG WKDW WKH WLH�EUHDNLQJ
UXOH PD\ GHSHQG RQ DQQRXQFHPHQWV DV ZHOO DV RQ DFWLRQV� $V WKH SUHYLRXV
H[DPSOH DQG RWKHUV LQ WKH WH[W GHPRQVWUDWH� LI ZH DUH QRW VDWLV�HG ZLWK VXFK
D WLH�EUHDNLQJ UXOH WKHQ ZH ZLOO EH IDFHG ZLWK PDQ\ VLWXDWLRQV LQ ZKLFK QR
VROXWLRQ H[LVWV�

$OWKRXJK WKH SURRI RI RXU PDLQ UHVXOW LV SDUDOOHO WR WKH SURRI RI WKH PDLQ
UHVXOW RI 6=� LW LV E\ QR PHDQV D URXWLQH H[WHQVLRQ� �2XU DQDO\VLV ZRXOG
EH PXFK VLPSOHU LI ZH UHVWULFWHG DWWHQWLRQ WR �QLWH W\SH VSDFHV� EXW LW ZRXOG
VHHP FRQWULYHG WR LQVLVW RQ FRQWLQXRXV DFWLRQ VSDFHV DQG GLVFUHWH W\SH VSDFHV��
7KH WH[W GLVFXVVHV WKH GL�HUHQFHV EHWZHHQ WKH SUHVHQW DUJXPHQW DQG WKDW LQ
6= LQ VRPH GHWDLO�

$V LQ 6=� ZH PLJKW LQWHUSUHW DQ HQGRJHQRXV WLH�EUHDNLQJ UXOH DV D SUR[\
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IRU ?DFWLRQV WDNHQ E\ XQVHHQ DJHQWV ZKRVH EHKDYLRU LV QRW PRGHOHG H[SOLF�
LWO\�� )RU H[DPSOH� DOWKRXJK ZH ZRXOG FRPPRQO\ PRGHO D VHDOHG�ELG DXFWLRQ
DPRQJ 1 ELGGHUV DV D VLPXOWDQHRXV�PRYH JDPH ZLWK 1 SOD\HUV� LW PLJKW DOVR
�DQG SHUKDSV PRUH SURSHUO\� EH PRGHOHG DV WZR�VWDJH JDPH ZLWK 1�� SOD\�
HUV� ,Q WKH �UVW VWDJH RI WKLV ODWWHU JDPH� WKH 1 ELGGHUV VXEPLW VLPXOWDQHRXV
ELGV� LQ WKH VHFRQG VWDJH WKH DXFWLRQHHU FKRRVHV WKH ZLQQHU� ,I WKH DXFWLRQ�
HHU LV FRQVWUDLQHG �E\ ODZ� IRU LQVWDQFH� WR FKRRVH DPRQJ WKH KLJK ELGGHUV
WKHQ WKH DXFWLRQHHU
V VWUDWHJ\ LQ WKH WZR�VWDJH JDPH FRUUHVSRQGV SUHFLVHO\
WR DQ HQGRJHQRXV WLH�EUHDNLQJ UXOH LQ WKH VLPXOWDQHRXV�PRYH JDPH� DQG WKH
VXEJDPH SHUIHFW HTXLOLEULD RI WKH WZR�VWDJH JDPH FRUUHVSRQG SUHFLVHO\ WR VR�
OXWLRQV RI WKH VLPXOWDQHRXV�PRYH JDPH���� ,Q JHQHUDO� WKH WZR�VWDJH JDPH ZLOO
QRW DGPLW DQ\ �VXEJDPH SHUIHFW� HTXLOLEULXP XQOHVV ZH DOORZ WKH ELGGHUV WR
FRPPXQLFDWH WKHLU SULYDWH LQIRUPDWLRQ� 7KHVH FRPPXQLFDWLRQV GR QRW D�HFW
SD\R�V _ XWLOLWLHV GHSHQG RQO\ RQ SULYDWH LQIRUPDWLRQ� RQ ELGV� DQG RQ WKH
WKH DXFWLRQHHU
V DFWLRQV _ EXW WKH DXFWLRQHHU FRQGLWLRQV KLV DFWLRQV RQ WKHVH
FRPPXQLFDWLRQV� +HQFH FRPPXQLFDWLRQV LQ WKH WZR�VWDJH JDPH _ ZKLFK FRU�
UHVSRQG SUHFLVHO\ WR DQQRXQFHPHQWV LQ WKH VLPXOWDQHRXV�PRYH JDPH _ DUH
?FKHDS WDON� LQ D IDPLOLDU VHQVH� 0DQHOOL ������ SURYLGHV D YHU\ VLPLODU XVH
RI FKHDS WDON WR JXDUDQWHH WKH H[LVWHQFH RI HTXLOLEULXP LQ VLJQDOOLQJ JDPHV�

$OWHUQDWLYHO\� DQ HQGRJHQRXV WLH�EUHDNLQJ UXOH PLJKW EH LQWHUSUHWHG DV D
SUR[\ IRU WKH RXWFRPH RI DQ XQPRGHOHG VHFRQG VWDJH JDPH� 7KXV� LQ WKHLU
DQDO\VLV RI �UVW�SULFH VHDOHG�ELG DXFWLRQV IRU D VLQJOH LQGLYLVLEOH LWHPV� 0DVNLQ
DQG 5LOH\ ������ DGMRLQ WR WKH VHDOHG�ELG VWDJH D VHFRQG VWDJH LQ ZKLFK WKH
ELGGHUV ZKR VXEPLWWHG WKH KLJK ELGV LQ WKH �UVW VWDJH SDUWLFLSDWH LQ D 9LFNUH\
DXFWLRQ� ,Q WKH SULYDWH YDOXH VHWWLQJ� LW LV D GRPLQDQW VWUDWHJ\ IRU ELGGHUV LQ
WKLV VHFRQG VWDJH 9LFNUH\ DXFWLRQ WR ELG WKHLU WUXH YDOXHV� 7KXV WKH VHFRQG

�2I FRXUVH� WKH DXFWLRQHHU FKRRVHV DPRQJ DFWLRQV ZKLFK OHDYH KLP LQGL�HUHQW� 2QH

PLJKW DVN ZK\ WKH DXFWLRQHHU VKRXOG FKRRVH LQ DQ\ SDUWLFXODU ZD\� EXW WKH DQVZHU� WR

TXRWH 6=� LV WKDW ?� � � HTXLOLEULXP WKHRU\ QHYHU H[SODLQV ZK\ DQ\ DJHQWV ZRXOG DFW LQ DQ\

SDUWLFXODU ZD\� (TXLOLEULXP WKHRU\ LV LQWHQGHG WR H[SODLQ KRZ DJHQWV EHKDYH� QRW ZK\��
�,Q JHQHUDO� HTXLOLEULXP SOD\ IRU WKH 1 � ��VW SOD\HU PLJKW GHSHQG RQ WKH YDOXDWLRQ

IXQFWLRQV RI ELGGHUV DQG RQ WKH GLVWULEXWLRQ RI W\SHV� GDWD WKDW D UHDO DXFWLRQHHU PLJKW

QRW KDYH� ,W VHHPV DQ LPSRUWDQW FKDOOHQJH WR LGHQWLI\ FLUFXPVWDQFHV LQ ZKLFK XQLIRUP

DXFWLRQ UXOHV _ QRW GHSHQGLQJ RQ VXFK LQIRUPDWLRQ _ VX�FH WR JXDUDQWHH WKH H[LVWHQFH

RI HTXLOLEULXP� 7KH WZR�VWDJH DXFWLRQV RI 0DVNLQ DQG 5LOH\ ������ DUH HQFRXUDJLQJ �UVW

VWHSV LQ VXFK D SURJUDP�
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VWDJH DXFWLRQ LQGXFHV D WLH�EUHDNLQJ UXOH WKDW DZDUGV WKH LWHP WR WKH ELGGHU
ZKR YDOXHV LW WKH PRVW�

:H VKRXOG HPSKDVL]H WKDW RXU UHVXOWV FRQFHUQ RQO\ WKH H[LVWHQFH RI VROX�
WLRQV LQ PL[HG VWUDWHJLHV� ZH KDYH OLWWOH WR VD\ DERXW WKH H[LVWHQFH RI VROXWLRQV
LQ SXUH VWUDWHJLHV� )RU UHFHQW ZRUN RQ SXUH VWUDWHJ\ HTXLOLEULXP LQ DXFWLRQV
DQG VLPLODU HQYLURQPHQWV� VHH 0DVNLQ DQG 5LOH\ ������� 5HQ\ ������ DQG
$WKH\ �������

2I FRXUVH� WKH GL�FXOWLHV WKDW DULVH EHFDXVH RI GLVFRQWLQXLWLHV DUH D FRQ�
VHTXHQFH RI RXU LQVLVWHQFH RQ D PRGHO LQ ZKLFK DFWLRQ VSDFHV DUH FRQWLQXRXV�
5HVWULFWLQJ DWWHQWLRQ WR GLVFUHWH DFWLRQ VSDFHV� HLWKHU DV DQ DVVXPSWLRQ DERXW
WKH VLWXDWLRQV WR EH PRGHOHG RU DV D PRGHOLQJ VWUDWHJ\ IRU DSSUR[LPDWLQJ FRQ�
WLQXRXV DFWLRQ VSDFHV E\ GLVFUHWH DFWLRQ VSDFHV� ZLOO \LHOG D JDPH WR ZKLFK
IDPLOLDU �[HG SRLQW WKHRUHPV PD\ EH DSSOLHG� +RZHYHU� WKHUH DUH D QXPEHU RI
UHDVRQV ZK\ PRGHOV ZLWK FRQWLQXRXV DFWLRQ VSDFHV PD\ EH PRUH VDWLVIDFWRU\
WKDQ PRGHOV ZLWK GLVFUHWH DFWLRQ VSDFHV�

�L� 7KH HTXLOLEULD RI WKH JDPH ZLWK GLVFUHWH DFWLRQ VSDFHV PD\ GHSHQG
YHU\ VHQVLWLYHO\ RQ WKH SDUWLFXODU GLVFUHWL]DWLRQ FKRVHQ _ EXW LW PD\
QRW EH REYLRXV WKDW DQ\ SDUWLFXODU GLVFUHWL]DWLRQ LV ?FRUUHFW�� :KHQ
YDQ *RJK
V ?,ULVHV� ZDV VROG DW DXFWLRQ� ELGV ZHUH UHTXLUHG WR EH LQ
PXOWLSOHV RI ��������� EXW RWKHU DXFWLRQV IUHTXHQWO\ DOORZ ELGV LQ PXO�
WLSOHV RI ��� RU ��� ,QGHHG� ZKHQ ELGV DUH SULFHV SHU XQLW� WKH\ PD\
ZHOO EH LQ PXOWLSOHV RI ���� RU OHVV� :KHQ WKH VWUDWHJLF YDULDEOH LV WLPH�
WKH LVVXH LV PRUH VXEWOH� 'LVFUHWL]DWLRQ DPRXQWV WR DQ DVVXPSWLRQ WKDW
SOD\HUV FDQ PRYH RQO\ DW VRPH SUH�VSHFL�HG VSHHG� EXW WKHUH PD\ EH
QR UHDVRQ WR VXSSRVH WKDW DOO SOD\HUV FDQ PRYH DW WKH VDPH VSHHG _
HVSHFLDOO\ LI D JUHDW GHDO FDQ EH JDLQHG E\ PRYLQJ MXVW D OLWWOH PRUH
TXLFNO\�

2I FRXUVH� FRQWLQXRXV DFWLRQ VSDFHV DUH DQ LGHDOL]DWLRQ� DQG ZRXOG QRW
EH RI PXFK LQWHUHVW LI HTXLOLEULD LQ PRGHOV ZLWK FRQWLQXRXV DFWLRQ VSDFHV
GLG QRW FRUUHVSRQG WR OLPLWV RI HTXLOLEULD LQ PRGHOV ZLWK GLVFUHWH DFWLRQ
VSDFHV� 2XU FRQYHUJHQFH UHVXOW �7KHRUHP �� VKRZV WKDW WKLV LV WKH FDVH�
LI ZH UHVWRUH LQIRUPDWLRQ ORVW LQ WKH OLPLW� WKHQ HTXLOLEULD RI WKH GLVFUHWH
DFWLRQ JDPHV FRQYHUJH WR HTXLOLEULD RI WKH FRQWLQXRXV DFWLRQ JDPHV�

�LL� 7KH GHFLVLRQ WR PRGHO FKRLFH YDULDEOHV DV FRQWLQXRXV FDQ JUHDWO\ VLP�

�



SOLI\ WKH DQDO\VLV RI HTXLOLEULXP� ,Q SULYDWH YDOXH DXFWLRQV� IRU H[DPSOH�
LW LV IUHTXHQWO\ WKH FDVH WKDW PRGHOLQJ ELGV ELGV DV GLVFUHWH YDULDEOHV
OHDGV WR D PXOWLSOLFLW\ RI HTXLOLEULD� ZKLOH PRGHOLQJ ELGV DV FRQWLQXRXV
YDULDEOHV DOORZV WKH FRQFOXVLRQ WKDW HTXLOLEULXP LV �HVVHQWLDOO\� XQLTXH��

0RUHRYHU� DV LQ 0DVNLQ DQG 5LOH\ ������� PRGHOLQJ ELGV DV FRQWLQXRXV
YDULDEOHV DOORZV HTXLOLEULXP WR EH FKDUDFWHUL]HG DV WKH VROXWLRQV WR GLI�
IHUHQWLDO HTXDWLRQV�

�LLL� *DPH WKHRU\ XVXDOO\ VLPSOL�HV WKH VWXG\ RI VWUDWHJLF LQWHUDFWLRQV E\
DVVXPLQJ WKDW FKRLFH YDULDEOHV DUH GLVFUHWH� JHQHUDO HTXLOLEULXP WKHRU\
XVXDOO\ VLPSOL�HV WKH VWXG\ RI PDUNHWV E\ DVVXPLQJ WKDW FRPPRGLWLHV
DUH GLYLVLEOH� ,I ZH ZDQW WR WKLQN DERXW VWUDWHJLF LQWHUDFWLRQV LQ PDU�
NHWV� LW VHHPV QHFHVVDU\ WR DFFRPPRGDWH FRQWLQXRXV FKRLFH YDULDEOHV
LQ JDPH WKHRU\� MXVW DV LQGLYLVLEOH JRRGV KDYH EHHQ DFFRPPRGDWHG LQ
JHQHUDO HTXLOLEULXP WKHRU\�

$SSOLFDWLRQV DUH ODUJHO\ EH\RQG WKH VFRSH RI WKH SUHVHQW SDSHU� EXW ZH GR
JLYH RQH VLPSOH DSSOLFDWLRQ WR SULYDWH YDOXH DXFWLRQV WR VKRZ KRZ D VROXWLRQ
ZLWK FRPPXQLFDWLRQ PD\ VRPHWLPHV EH XVHG DV D VWDUWLQJ SRLQW IURP ZKLFK
WR GHULYH D VROXWLRQ ZLWKRXW FRPPXQLFDWLRQ� -DFNVRQ DQG 6ZLQNHOV ������
DQG 6LPRQ DQG =DPH ������ SURYLGH PRUH H[WHQVLYH HODERUDWLRQV RQ WKH VDPH
WKHPH� H[WHQGLQJ VRPH UHVXOWV RI /H%UXQ ������ ����� DQG 0DVNLQ DQG 5LOH\
�������

)ROORZLQJ WKLV ,QWURGXFWLRQ� 6HFWLRQ � SUHVHQWV VHYHUDO H[DPSOHV ZKLFK
LOOXVWUDWH VRPH RI WKH GL�FXOWLHV ZH IDFH DQG WKH ZD\ LQ ZKLFK FRPPXQLFD�
WLRQ UHVROYHV WKHP� 6HFWLRQ � SUHVHQWV WKH JHQHUDO PRGHO� 6HFWLRQ � GLVFXVVHV
WKH H[WHQVLRQ WR DOORZ FRPPXQLFDWLRQ� DQG GLVFXVVHV RXU JHQHUDO H[LVWHQFH
UHVXOW DQG D FRQYHUJHQFH WKHRUHP WKDW IROORZV DV D VWUDLJKWIRUZDUG FRQVH�
TXHQFH� 6HFWLRQ � SUHVHQWV WKH DSSOLFDWLRQ WR SULYDWH YDOXH DXFWLRQV� 3URRIV
DUH FROOHFWHG LQ 6HFWLRQ ��

�2XU FRQYHUJHQFH UHVXOW VKRZV WKDW HTXLOLEULD RI WKH DXFWLRQ JDPHV ZLWK GLVFUHWH ELGV

FRQYHUJHV WR D FRPPXQLFDWLRQ HTXLOLEULXP RI WKH DXFWLRQ JDPH ZLWK FRQWLQXRXV ELGV� $V

LQ ([DPSOH �� ZH FDQ VKRZ WKDW VXFK FRPPXQLFDWLRQ HTXLOLEULD DUH EHKDYLRUDOO\ HTXLYDOHQW

WR HTXLOLEULD ZLWKRXW FRPPXQLFDWLRQ� ,W IROORZV WKDW WKH HTXLOLEULD RI WKH DXFWLRQ JDPHV

ZLWK GLVFUHWH ELGV FRQYHUJH WR WKH XQLTXH HTXLOLEULXP RI WKH DXFWLRQ JDPH ZLWK FRQWLQXRXV

ELGV� 7KXV� WKH PXOWLSOLFLW\ RI HTXLOLEULD GLVDSSHDUV LQ WKH OLPLW�

�



� ([DPSOHV

,Q WKH ,QWURGXFWLRQ� ZH KDYH GHVFULEHG D �UVW SULFH DXFWLRQ ZLWK SULYDWH
YDOXHV ZKLFK KDV WKH SURSHUW\ WKDW QR WLH�EUHDNLQJ UXOH WKDW LV LQGHSHQGHQW
RI SULYDWH LQIRUPDWLRQ LV FRPSDWLEOH ZLWK DQ\ HTXLOLEULXP� 7KH DQDO\VLV DQG
FRQFOXVLRQ GHSHQGV FUXFLDOO\ RQ WKH IDFW WKDW PDUJLQDO GLVWULEXWLRQV KDYH
DWRPV �VHH 6HFWLRQ ��� /HVW WKH UHDGHU VXVSHFW WKDW DWRPV SOD\ D FUXFLDO
UROH LQ JHQHUDO� ZH JLYH KHUH D VLPSOH H[DPSOH WR VKRZ WKDW W\SH�GHSHQGHQW
WLH�EUHDNLQJ UXOHV PD\ EH UHTXLUHG DV VRRQ DV YDOXDWLRQV KDYH D FRPPRQ
FRPSRQHQW��

([DPSOH � &RQVLGHU D VHDOHG�ELG �UVW SULFH DXFWLRQ IRU D VLQJOH LQGLYLVLEOH
REMHFW� 7KHUH DUH WZR ELGGHUV� HDFK ELGGHU L REVHUYHV D SULYDWH VLJQDO WL
�ZKLFK ZH LGHQWLI\ DV L
V W\SH�� 7\SHV DUH LQGHSHQGHQWO\ DQG XQLIRUPO\
GLVWULEXWHG RQ >�� �@� *LYHQ W\SHV W�� W�� YDOXDWLRQV DUH

Y��W�� W��  � � W� � �W�
Y��W�� W��  �� �W� � W�

$IWHU REVHUYLQJ SULYDWH VLJQDOV� ELGGHUV VLPXOWDQHRXVO\ VXEPLW ELGV� WKH KLJK
ELGGHU ZLQV DQG SD\V KLV ELG� 7LHV DUH UHVROYHG DFFRUGLQJ WR VRPH VSHFL�HG
WLH�EUHDNLQJ UXOH�

:H FODLP WKDW QR W\SH�LQGHSHQGHQW WLH�EUHDNLQJ UXOH LV FRPSDWLEOH ZLWK
WKH H[LVWHQFH RI HTXLOLEULXP� :H GHIHU WKH PHVV\ DQDO\VLV WR 6HFWLRQ �� EXW
WKH LQWXLWLRQ LV QRW KDUG WR FRQYH\�� %HFDXVH W\SHV DUH LQGHSHQGHQWO\ GLV�
WULEXWHG DQG YDOXDWLRQV DUH LQFUHDVLQJ LQ RZQ W\SH� ZH FDQ XVH VWDQGDUG
DUJXPHQWV �VHH 0DVNLQ DQG 5LOH\ ������ IRU LQVWDQFH� WR VKRZ WKDW LI WKHUH
LV DQ\ HTXLOLEULXP DW DOO WKHQ WKHUH LV DQ HTXLOLEULXP LQ ZKLFK ELG IXQFWLRQV
DUH ZHDNO\ LQFUHDVLQJ DQG FRQWLQXRXV DW �� )RU LQWXLWLRQ� VXSSRVH WKHUH LV
DQ HTXLOLEULXP LQ ZKLFK ELG IXQFWLRQV E�� E� DUH VWULFWO\ LQFUHDVLQJ� 6XSSRVH
E���� � E����� 7KHQ WKH ORZHVW W\SHV RI ELGGHU � DOZD\V ZLQ WKH REMHFW� ZKLFK

�2XU H[DPSOH LV D FORVH UHODWLYH RI ([DPSOH � RI 0DVNLQ DQG 5LOH\ ������� EXW LQ RXU

H[DPSOH LQIRUPDWLRQ KDV D FRQWLQXRXV GLVWULEXWLRQ� UDWKHU WKDQ DQ DWRPLF GLVWULEXWLRQ�
�2XU DQDO\VLV LV DLGHG E\ WKH IDFW WKDW HDFK ELGGHU
V YDOXDWLRQ LV GHFUHDVLQJ LQ WKH

RWKHU ELGGHU
V W\SH� EXW RXU H[SHULHQFH ZLWK GLVFUHWH H[DPSOHV VXJJHVWV WR XV WKDW VLPLODU

H[DPSOHV FRXOG EH FRQVWUXFWHG LQ ZKLFK YDOXDWLRQV DUH LQFUHDVLQJ LQ ERWK W\SHV�

�



KDV DQ H[SHFWHG YDOXH OHVV WKDQ �� VR E���� � �� %XW WKHQ WKH ORZHVW W\SHV
RI ELGGHU � QHYHU ZLQ WKH REMHFW DQG ZRXOG SUHIHU WR ELG VOLJKWO\ DERYH E����
DQG ZLQ DJDLQVW WKH ORZHVW W\SHV RI ELGGHU �� WKLV ZRXOG EH D FRQWUDGLFWLRQ�
+HQFH E���� � E����� UHYHUVLQJ WKH UROHV RI ELGGHUV � DQG � ZH FRQFOXGH WKDW
E����  E����� ,I E����  E���� � � WKHQ WKH ORZHVW W\SHV RI ELGGHU � ZRXOG
SUHIHU WR ELG VOLJKWO\ PRUH WKDQ E���� DQG ZLQ PRUH RIWHQ ZKHQ ELGGHU �
V
W\SH LV ORZ DQG ELGGHU �
V YDOXDWLRQ LV WKHUHIRUH KLJK� WKLV ZRXOG EH D FRQ�
WUDGLFWLRQ� 7KH RQO\ UHPDLQLQJ SRVVLELOLW\ LV WKDW E����  E���� � �� EXW LQ
WKDW FDVH WKH ZLQQLQJ ELG LV DOZD\V DW OHDVW �� DQG KHQFH WKH H[SHFWHG SD\R�
WR WKH ZLQQHU LV QHJDWLYH� 7KDW PHDQV WKDW WKH H[ DQWH H[SHFWDWLRQ RI RQH RI
WKH ELGGHUV PXVW EH QHJDWLYH� WKDW ELGGHU ZRXOG SUHIHU WR ELG �� $JDLQ� WKLV
ZRXOG EH D FRQWUDGLFWLRQ��

6XSSRVH� KRZHYHU� WKDW ZH DOORZ WKH ELGGHUV WR DQQRXQFH WKHLU W\SHV
DV ZHOO DV WKHLU ELGV DQG DOORZ WKH DXFWLRQHHU WR XVH WKHVH DQQRXQFHPHQWV
ZKHQ EUHDNLQJ WLHV� 6XSSRVH� IRU LQVWDQFH� WKDW WKH DXFWLRQHHU EUHDNV WLHV VR
WKDW D ELGGHU ZKR DQQRXQFHV D W\SH DERYH �� DOZD\V ZLQV DJDLQVW D ELGGHU
ZKR DQQRXQFHV D W\SH EHORZ ��� EXW UDQGRPL]HV ZLWK HTXDO SUREDELOLWLHV
IROORZLQJ DOO RWKHU SDLUV RI DQQRXQFHPHQWV�� *LYHQ WKLV WLH�EUHDNLQJ UXOH� LW
LV DQ HTXLOLEULXP IRU ERWK ELGGHUV WR ELG ���� LQGHSHQGHQW RI WKHLU W\SH� DQG
WR DQQRXQFH WKHLU W\SH WUXWKIXOO\� �9HULI\LQJ WKDW WKLV LV DQ HTXLOLEULXP LV
VWUDLJKWIRUZDUG EXW LOOXPLQDWLQJ� 6D\ D ELGGHU LV RI KLJK W\SH LI KLV VLJQDO LV
DERYH ��� DQG D ORZ W\SH RWKHUZLVH� ,I ELGGHU � LV D KLJK W\SH� ELGGLQJ DERYH
��� ZLQV PRUH RIWHQ RQO\ ZKHQ ELGGHU � LV DOVR D KLJK W\SH _ LQ ZKLFK FDVH
ELGGHU � ZRXOG �RQ DYHUDJH� SUHIHU WR ORVH� 7KXV� WKLV LV QRW DQ LPSURYLQJ
GHYLDWLRQ� 2Q WKH RWKHU KDQG� LI ELGGHU � LV D ORZ W\SH� ELGGLQJ DERYH ���
JXDUDQWHHV WKDQ ELGGHU � ZLQV DOO WKH WLPH _ ZKLFK \LHOGV QHJDWLYH H[SHFWHG
XWLOLW\� 6LQFH WKH SXWDWLYH HTXLOLEULXP SOD\ \LHOGV SRVLWLYH H[SHFWHG XWLOLW\
WR DOO W\SHV RI ELGGHU �� WKLV LV QRW DQ LPSURYLQJ GHYLDWLRQ HLWKHU� )LQDOO\� LI
ELGGHU � ELGV EHORZ ��� KH QHYHU ZLQV� DQG KHQFH REWDLQV � H[SHFWHG XWLOLW\�
%HFDXVH SXWDWLYH HTXLOLEULXP SOD\ \LHOGV SRVLWLYH H[SHFWHG XWLOLW\ WR DOO W\SHV
RI ELGGHU �� WKLV LV DJDLQ QRW DQ LPSURYLQJ GHYLDWLRQ��

7KH H[DPSOH DERYH LOOXVWUDWHV WKDW ZLWKRXW W\SH�GHSHQGHQW WLH�EUHDNLQJ
UXOHV� HTXLOLEULD QHHG QRW H[LVW� (YHQ ZKHQ HTXLOLEULD� GR H[LVW� KRZHYHU� LW

�1HLWKHU WKH FXW SRLQW �� QRU WKH FRPPRQ ELG ��� LV XQLTXHO\ GHWHUPLQHG�

�



PD\ KDSSHQ WKDW WKH RQO\ HTXLOLEULD DUH WULYLDO RU GHJHQHUDWH LQ VRPH VHQVH�
7KH IROORZLQJ H[DPSOH IURP -DFNVRQ ������ LOOXVWUDWHV WKH SRLQW�

([DPSOH � &RQVLGHU D VHDOHG�ELG VHFRQG SULFH DXFWLRQ IRU D VLQJOH LQGLYLVLEOH
REMHFW� 7KHUH DUH WZR ELGGHUV� 9DOXDWLRQV KDYH ERWK D SHUVRQDO FRPSRQHQW
DQG D FRPPRQ FRPSRQHQW� LI L
V SHUVRQDO FRPSRQHQW LV [L DQG WKH FRPPRQ
FRPSRQHQW LV T� ELGGHU L
V YDOXDWLRQ LV D[L� ��� D�T� 1RWH WKDW D  � LV WKH
FDVH RI SXUH SULYDWH YDOXHV� ZKLOH D  � LV WKH FDVH RI SXUH FRPPRQ YDOXHV�
ZH DVVXPH � � D � ��

3ULRU WR WKH DXFWLRQ� ELGGHU L REVHUYHV D SULYDWH VLJQDO �[L� WL�� ZKLFK
ZH LGHQWLI\ DV KLV W\SH� [L LV L
V SHUVRQDO FRPSRQHQW RI WKH YDOXDWLRQ DQG
WL � I/�0�+J LV FRUUHODWHG ZLWK WKH FRPPRQ FRPSRQHQW T�

� LI WL  / WKHQ T  �

� LI WL  + WKHQ T  Y

� LI WL  0 WKHQ T  �� Y ZLWK HTXDO SUREDELOLW\ �VR WKLV VLJQDO LV XQLQ�
IRUPDWLYH�

3HUVRQDO FRPSRQHQWV [L DUH GLVWULEXWHG LQGHSHQGHQWO\ DQG WDNH RQ YDOXHV
�� � ZLWK HTXDO SUREDELOLW\� 7KH WUXH FRPPRQ FRPSRQHQW T LV GLVWULEXWHG
LQGHSHQGHQWO\ RI [�� [� DQG WDNHV RQ YDOXHV �� Y ZLWK HTXDO SUREDELOLW\� ,I
WKH FRPPRQ FRPSRQHQW T  �� VLJQDOV DUH GUDZQ LQGHSHQGHQWO\ IURP WKH
GLVWULEXWLRQ WKDW SXWV SUREDELOLW\ �� RQ HDFK RI WKH DOWHUQDWLYHV /�0 � LI
WKH FRPPRQ FRPSRQHQW T  Y� VLJQDOV DUH GUDZQ LQGHSHQGHQWO\ IURP WKH
GLVWULEXWLRQ WKDW SXWV SUREDELOLW\ �� RQ HDFK RI WKH DOWHUQDWLYHV 0�+�

7KLV DXFWLRQ DOZD\V DGPLWV WULYLDO DV\PPHWULF HTXLOLEULD� RQH ELGGHU DO�
ZD\V ELGV �� Y ZKLOH WKH RWKHU ELGGHU DOZD\V ELGV �� %XW LI WKH WLH�EUHDNLQJ
UXOH LV W\SH�LQGHSHQGHQW� WKHQ IRU VRPH YDOXHV RI D DQG Y WKLV DXFWLRQ DG�
PLWV QR V\PPHWULF HTXLOLEULXP� LQGHHG� IRU VRPH YDOXHV RI D DQG Y LW DGPLWV
RQO\ HTXLOLEULD LQ ZKLFK DW OHDVW RQH W\SH RI RQH SOD\HU ELGV DERYH KLV PD[L�
PXP SRVVLEOH YDOXDWLRQ �FRQGLWLRQDO RQ KLV LQIRUPDWLRQ�� (TXLOLEULD LQ ZKLFK
VXFK VWUDWHJLHV DUH HPSOR\HG ZRXOG EH UXOHG RXW E\ DQ\ VHQVLEOH QRWLRQ RI
SHUIHFWLRQ� VXFK DV WKDW R�HUHG E\ 6LPRQ DQG 6WLQFKFRPEH ������� `

�



� *DPHV ZLWK ,QGHWHUPLQDWH 2XWFRPHV

$ JDPH ZLWK LQGHWHUPLQDWH RXWFRPHV FRQVLVWV RI�

� D �QLWH VHW RI SOD\HUV 1  I�� � � � � QJ
� IRU HDFK SOD\HU L� D VSDFH $L RI DFWLRQV � ZULWH $  �$L IRU WKH VSDFH RI
DFWLRQ SUR�OHV

� IRU HDFK SOD\HU L� D VSDFH 7L RI W\SHV� ZULWH 7  �7L IRU WKH VSDFH RI
W\SH SUR�OHV

� D SUREDELOLW\ PHDVXUH ¡ RQ 7

� D VSDFH � RI RXWFRPHV

� DQ RXWFRPH FRUUHVSRQGHQFH � � $ � �

� D XWLOLW\ PDSSLQJ X � JUDSK�� 7 � ,51

1RWH WKDW RXWFRPHV GHSHQG RQ DFWLRQV EXW QRW RQ W\SHV� 2Q WKH RWKHU KDQG�
XWLOLWLHV GHSHQG RQ DFWLRQV� RQ RXWFRPHV DQG RQ W\SHV� 7KH LQWHUSUHWDWLRQ
LQWHQGHG LV WKDW IRU DQ DFWLRQ SUR�OH D � $� WKH VHW ��D� UHSUHVHQWV WKH VHW
RI RXWFRPHV WKDW PLJKW UHVXOW LI WKH DFWLRQ SUR�OH D LV WDNHQ� ,Q WKH XVXDO
�UVW SULFH DXFWLRQ IRU D VLQJOH LQGLYLVLEOH REMHFW� WKH VWUXFWXUH LV SDUWLFX�
ODUO\ VLPSOH� ��D� LV D VLQJOHWRQ XQOHVV D LQYROYHV WLHV� LQ ZKLFK FDVH ��D�
UHSUHVHQWV WKH SUREDELOLW\ ZLWK ZKLFK HDFK RI WKH KLJK ELGGHUV UHFHLYHV WKH
REMHFW� �$VVXPLQJ WKDW ��D� DVVLJQV SRVLWLYH SUREDELOLW\ RQO\ WR WKH KLJK
ELGGHUV UHSUHVHQWV D QDWXUDO FRQVWUDLQW RQ WKH DXFWLRQHHU� 2I FRXUVH RQH
PLJKW FHUWDLQO\ LPDJLQH VLWXDWLRQV LQ ZKLFK WKH DXFWLRQHHU ZDV VXEMHFW WR
IHZHU FRQVWUDLQWV� OHDGLQJ WR D GL�HUHQW VSHFL�FDWLRQ RI ��� ,Q DQ DXFWLRQ
IRU N �QRW QHFHVVDULO\ LGHQWLFDO� GLYLVLEOH REMHFWV� DFWLRQV PLJKW EH GHPDQG
VFKHGXOHV� DQG ��D� PLJKW UHSUHVHQW SK\VLFDO RU SUREDELOLVWLF GLYLVLRQV RI HDFK
RI WKH YDULRXV REMHFWV DQG FKDUJHV WR WKH YDULRXV ELGGHUV�

$V XVXDO� ZH ZULWH W�L IRU D SUR�OH RI W\SHV RI DOO SOD\HUV RWKHU WKDQ L� DQG
7�L IRU WKH VSDFH RI VXFK W\SH SUR�OHV� :H DGRSW VLPLODU QRWDWLRQ IRU DFWLRQ
SUR�OHV� VWUDWHJ\ SUR�OHV� PDUJLQDOV� HWF�

:H DVVXPH WKURXJKRXW WKDW

��



� DFWLRQ VSDFHV $L DQG W\SH VSDFHV 7L DUH FRPSDFW PHWULF

� ¡ LV D %RUHO PHDVXUH

� ¡ LV DEVROXWHO\ FRQWLQXRXV ZLWK UHVSHFW WR WKH SURGXFW �¡L RI LWV PDU�
JLQDOV�

� � LV D FRPSDFW FRQYH[�� PHWUL]DEOH VXEVHW RI D ORFDOO\ FRQYH[ WRSRORJ�
LFDO YHFWRU VSDFH (

� WKH RXWFRPH FRUUHVSRQGHQFH � LV XSSHU�KHPL�FRQWLQXRXV� ZLWK QRQ�
HPSW\ FRPSDFW YDOXHV

� WKH XWLOLW\ PDSSLQJ LV FRQWLQXRXV��

7KH JDPH � LV D�QH LI WKH FRUUHVSRQGHQFH � KDV FRQYH[ YDOXHV DQG� IRU
HDFK DFWLRQ SUR�OH D � $ DQG W\SH SUR�OH W � 7 WKH IXQFWLRQ

X�D� �� W� � ��D�� ,51

LV D�QH� 7KH PHDQLQJ RI D�QHQHVV FDQ EH VHHQ HDVLO\ LQ D VLPSOH SHUIHFW
LQIRUPDWLRQ� �UVW�SULFH DXFWLRQ IRU D FDNH RI VL]H �� 6XSSRVH HDFK ELGGHU L
LV D YRQ 1HXPDQQ ^ 0RUJHQVWHUQ H[SHFWHG XWLOLW\ PD[LPL]HU� ZKRVH XWLOLW\
IRU FDNH DQG PRQH\ LV 8L�F�P�  XL�F� �P� ZLWKRXW ORVV QRUPDOL]H VR WKDW
XL���  �� XL���  �� ,I RXWFRPHV DUH SK\VLFDO GLYLVLRQV RI FDNH DQG SD\PHQW�
WKHQ ELGGHU L
V XWLOLW\ ZKHQ ERWK ELGGHUV ELG E DQG L JHWV WKH SK\VLFDO VKDUH
� LV XL��� � �E� +HQFH WKH JDPH LV D�QH H[DFWO\ ZKHQ WKH IXQFWLRQV XL DUH
D�QH� ZLWK RXU QRUPDOL]DWLRQ WKLV PHDQV WKDW XL�F�  F� 2Q WKH RWKHU KDQG�
LI RXWFRPHV DUH SUREDELOLVWLF GLYLVLRQV RI FDNH DQG SD\PHQW� WKHQ �EHFDXVH
L LV DQ H[SHFWHG XWLOLW\ PD[LPL]HU� ELGGHU L
V XWLOLW\ ZKHQ L ELGV E DQG JHWV
WKH SUREDELOLVWLF VKDUH � LV �>XL��� � E@� +HQFH WKH JDPH LV DOZD\V D�QH� ,Q
SDUWLFXODU� ZKHQ RXWFRPHV DUH SUREDELOLVWLF GLYLVLRQV� D�QHQHVV LV FRPSDWLEOH
ZLWK ULVN DYHUVLRQ RU ZLWK DQ\ RWKHU DWWLWXGH WRZDUG ULVN�

�6R LQIRUPDWLRQ LV DEVROXWHO\ FRQWLQXRXV LQ WKH VHQVH RI 0LOJURP DQG :HEHU �������
��&RQYH[LW\ RI � LWVHOI LV PHUHO\ D FRQYHQLHQW WHFKQLFDO DVVXPSWLRQ� DOO ZH QHHG LV WKDW

WKH UDQJH RI � EH FRQWDLQHG LQ VRPH FRPSDFW FRQYH[ PHWUL]DEOH VHW�
��$VVXPLQJ WKDW W\SH VSDFHV DUH FRPSDFW PHWULF DQG WKDW XWLOLW\ LV FRQWLQXRXV LQ W\SHV�

_ UDWKHU WKDQ VLPSO\ PHDVXUDEOH _ PD\ LQYROYH VRPH VPDOO ORVV RI JHQHUDOLW\�

��



,I W\SH VSDFHV DUH VLQJOHWRQV DQ D�QH JDPH ZLWK LQGHWHUPLQDWH RXWFRPHV
LV HTXLYDOHQW WR ZKDW 6= FDOOV D JDPH ZLWK DQ HQGRJHQRXV VKDULQJ UXOH�

)ROORZLQJ 0LOJURP DQG :HEHU ������� D GLVWULEXWLRQDO VWUDWHJ\ IRU SOD\HU
L LV D SUREDELOLW\ PHDVXUH  L RQ 7L � $L ZKRVH PDUJLQDO RQ 7L LV ¡L� ,I
   � �� � � � �  Q� LV D SUR�OH RI GLVWULEXWLRQDO VWUDWHJLHV� ZH ZULWH �  IRU WKH
MRLQW GLVWULEXWLRQ RQ 7 �$� ,I I LV WKH 5DGRQ�1LNRG\P GHULYDWLYH RI ¡ ZLWK
UHVSHFW WR WKH SURGXFW �L¡L RI LWV PDUJLQDOV� WKHQ �   I�L L�

,I � � $ � � LV D VHOHFWLRQ IURP � �WKDW LV� ��D� � ��D� IRU HDFK D � $�
WKDW LV XQLYHUVDOO\ PHDVXUDEOH��� DQG    � �� � � � �  Q� LV D SUR�OH RI GLVWULEX�
WLRQDO VWUDWHJLHV� ZH GH�QH H[SHFWHG XWLOLWLHV

(XL� M��  (XL� LM �L� ��  
=
7�$

XL�D� ��D�� W� G� 

$ VROXWLRQ IRU � FRQVLVWV RI D XQLYHUVDOO\ PHDVXUDEOH VHOHFWLRQ � IURP �
DQG GLVWULEXWLRQDO VWUDWHJLHV  �� � � � �  Q ZKLFK VDWLVI\ WKH XVXDO EHVW UHVSRQVH
FULWHULRQ� IRU HDFK L DQG HDFK GLVWULEXWLRQDO VWUDWHJ\  �L RQ 7L � $L ZH KDYH

(XL� LM �L� �� � (XL� 
�
LM �L� ��

:H HPSKDVL]H WKDW ZH DOORZ WKH WLH�EUHDNLQJ UXOH � WR GHSHQG RQ DFWLRQV EXW
QRW RQ W\SHV _ ZKLFK ZLOO W\SLFDOO\ EH XQREVHUYDEOH�

$OWHUQDWLYHO\� JLYHQ D XQLYHUVDOO\ PHDVXUDEOH VHOHFWLRQ � IURP �� ZH GH�
�QH D %D\HVLDQ JDPH �� E\ VSHFLI\LQJ SOD\HUV� DFWLRQ VSDFHV� W\SH VSDFHV DQG
SULRUV DV IRU �� DQG GH�QLQJ XWLOLWLHV E\ X��D� W�  X�D� ��D�� W�� $ VROXWLRQ
IRU � PD\ WKHUHIRUH EH LGHQWL�HG DV D XQLYHUVDOO\ PHDVXUDEOH VHOHFWLRQ � IURP
� DQG D SUR�OH RI GLVWULEXWLRQDO VWUDWHJLHV    � �� � � � �  Q� ZKLFK FRQVWLWXWH
D %D\HVLDQ 1DVK HTXLOLEULXP IRU ��� ,I � LV D FRQWLQXRXV VHOHFWLRQ WKHQ ��

KDV FRQWLQXRXV SD\R�V DQG WKH H[LVWHQFH RI HTXLOLEULXP IROORZV IURP IDPLO�
LDU UHVXOWV� +RZHYHU� WKH FRUUHVSRQGHQFH � PD\ QRW DGPLW DQ\ FRQWLQXRXV
VHOHFWLRQV� VR WKDW WKH JDPH �� ZLOO W\SLFDOO\ KDYH GLVFRQWLQXRXV SD\R�V�

��5HFDOO WKDW D VHW * LV XQLYHUVDOO\ PHDVXUDEOH LI LW LV PHDVXUDEOH ZLWK UHVSHFW WR WKH

FRPSOHWLRQ RI HYHU\ %RUHO PHDVXUH� L�H�� IRU HYHU\ %RUHO PHDVXUH � WKHUH DUH %RUHO VHWV

*��*�� VXFK WKDW �* Q *�� > �*� Q *� � *�� DQG ��*���  �� 8QLYHUVDO PHDVXUDELOLW\ RI

WKH VHOHFWLRQ LV WKH ZHDNHVW PHDVXUDELOLW\ UHTXLUHPHQW FRQVLVWHQW ZLWK WKH GHVLGHUDWXP

WKDW H[SHFWHG XWLOLW\ EH ZHOO�GH�QHG IRU DOO VWUDWHJ\ SUR�OHV� $V WKH UHDGHU ZLOO VHH� WKH

VHOHFWLRQV FRQVWUXFWHG LQ 7KHRUHPV � DQG � RI WKLV SDSHU ZLOO LQ IDFW EH %RUHO PHDVXUDEOH�

��



� &RPPXQLFDWLRQ

$V RXU H[DPSOHV VKRZ� D JDPH ZLWK LQGHWHUPLQDWH RXWFRPHV PD\ QRW DGPLW
DQ\ VROXWLRQV� ,Q WKLV 6HFWLRQ ZH VKRZ KRZ WR H[SDQG WKH JDPH WR DOORZ
SOD\HUV WR FRPPXQLFDWH WKHLU SULYDWH LQIRUPDWLRQ� ,Q WKH SUHVHQFH RI QDWXUDO
DVVXPSWLRQV� WKLV FRPPXQLFWLRQ JXDUDQWHHV WKH H[LVWHQFH RI HTXLOLEULXP�

/HW � EH D JDPH ZLWK LQGHWHUPLQDWH RXWFRPHV� )RU PQHPRQLF SXUSRVHV�
VHW 6L  7L IRU HDFK L� ZH ZLOO YLHZ HOHPHQWV RI 6L DV DQQRXQFHPHQWV DQG
HOHPHQWV RI 7L DV WUXH W\SHV� 7KH FRPPXQLFDWLRQ H[WHQVLRQ �F LV WKH JDPH
ZLWK LQGHWHUPLQDWH RXWFRPHV GH�QHG E\

� SOD\HU VHW 1  I�� � � � � QJ
� DFWLRQ VSDFHV 6L � $L

� W\SH VSDFHV 7L
� RXWFRPHV �
� RXWFRPH FRUUHVSRQGHQFH �F � 6 �$ � �F GH�QHG E\ �F�V� D�  ��D�

� SULRU ¡
� XWLOLW\ PDSSLQJ XF � JUDSK�F � 7 � ,51 GH�QHG E\

XF�V� D� �� W�  X�D� �� W�

7KDW LV� �F GL�HUV IURP � RQO\ LQ WKDW ZH DOORZ SOD\HUV WR DQQRXQFH WKHLU
W\SHV _ DQG KHQFH DOORZ WKH DXFWLRQHHU WR FRQGLWLRQ RQ WKHVH DQQRXQFHPHQWV
_ EXW WKH DQQRXQFHPHQWV DUH QRW SD\R� UHOHYDQW�

7KHRUHP � ,I � LV DQ D�QH JDPH ZLWK LQGHWHUPLQDWH RXWFRPHV WKHQ WKH

H[WHQVLRQ �F DGPLWV D VROXWLRQ LQ ZKLFK WKH WLH�EUHDNLQJ UXOH LV %RUHO PHD�

VXUDEOH DQG W\SH DQQRXQFHPHQWV DUH WUXWKIXO���

��7KDW LV� HTXLOLEULXP VWUDWHJLHV  L� ZKLFK DUH SUREDELOLW\ GLVWULEXWLRQV RQ 6L �$L � 7L�

DUH VXSSRUWHG RQ I�VL� DL� WL� � VL  WLJ�

��



,I LQIRUPDWLRQ LV FRPSOHWH� WKH H[WHQVLRQ �F FRLQFLGHV ZLWK �� $V ZH
KDYH QRWHG HDUOLHU� ZKHQ LQIRUPDWLRQ LV FRPSOHWH� D JDPH ZLWK LQGHWHUPLQDWH
RXWFRPHV LV HTXLYDOHQW WR D JDPH ZLWK DQ HQGRJHQRXV VKDULQJ UXOH LQ WKH VHQVH
RI 6=� ,Q WKLV FDVH� WKHUHIRUH� 7KHRUHP � UHGXFHV WR WKH PDLQ UHVXOW RI 6=�

7KH SURRI RI 7KHRUHP � LV LQ VL[ VWHSV� SDUDOOHOLQJ WKH SURRI RI WKH PDLQ
UHVXOW RI 6=� EXW ZLWK VXEVWDQWLDO GL�HUHQFHV� LQGLFDWHG EHORZ�

6WHS �� )LQLWH $SSUR[LPDWLRQV *LYHQ D JDPH � DQG WKH
FRPPXQLFDWLRQ H[WHQVLRQ �F� ZH FRQVWUXFW IDPLOLHV I�UJ� I�FUJ
RI JDPHV ZLWK �QLWH DFWLRQ VSDFHV �EXW WKH VDPH W\SH VSDFHV DV
�� ZKLFK ?DSSUR[LPDWH� �� �F� )RU HDFK RI WKHVH JDPHV ZH FKRRVH
DQ DUELWUDU\ VHOHFWLRQ TU IURP WKH RXWFRPH FRUUHVSRQGHQFH� DQG
XVH WKHVH VHOHFWLRQV WR GH�QH D %D\HVLDQ JDPH� (DFK RI WKHVH
%D\HVLDQ JDPHV DGPLWV D %D\HVLDQ 1DVK HTXLOLEULXP  U LQ GLVWUL�
EXWLRQDO VWUDWHJLHV� KDYLQJ WKH SURSHUW\ WKDW W\SH DQQRXQFHPHQWV
DUH WUXWKIXO� (DFK TU� ZKLFK LV D IXQFWLRQ RQ $� KDV WULYLDO H[WHQ�
VLRQV �U � 6�$ � �� a�U � 6�$�7 � � ZKLFK DUH LQGHSHQGHQW RI
DQQRXQFHPHQWV DQG W\SHV� >7KH FRQVWUXFWLRQ KHUH LV PRUH HODE�
RUDWH WKDQ LQ 6= _ EHFDXVH ZH PXVW WDNH DFFRXQW RI RXWFRPHV
DQG W\SHV _ EXW YHU\ VLPLODU�@

6WHS �� /LPLWV 7KH VWUDWHJ\ SUR�OHV  U FRUUHVSRQG WR MRLQW GLV�
WULEXWLRQV � U� DQG LQGXFH RXWFRPH�YDOXHG YHFWRU PHDVXUHV a�U� U�
3DVVLQJ WR D VXEVHTXHQFH DV QHFHVVDU\� ZH VKRZ WKDW � U� FRQ�
YHUJHV WR D VWUDWHJ\ SUR�OH   IRU WKH JDPH �F� DQG �a�U� U� FRQYHUJHV
WR DQ RXWFRPH�YDOXHG YHFWRU PHDVXUH � RI WKH IRUP �  a��  ZKHUH
� LV D VHOHFWLRQ IURP WKH RXWFRPH FRUUHVSRQGHQFH �F DQG a� LV WKH
WULYLDO H[WHQVLRQ WR 6 � $� 7 WKDW GRHV QRW GHSHQG RQ W\SHV�

6WHS �� &RQYHUJHQFH RI 8WLOLWLHV &RQYHUJHQFH RI VWUDW�
HJ\ SUR�OHV DQG VHOHFWLRQV LPSOLHV FRQYHUJHQFH RI XWLOLWLHV� >7KLV
VWHS� ZKLFK LV UHTXLUHG EHFDXVH ZH ZRUN LQ RXWFRPH VSDFH� KDV QR
DQDORJ LQ 6=� ZKLFK ZRUNV HQWLUHO\ LQ XWLOLW\ VSDFH�@

6WHS �� ,GHQWLI\LQJ %HWWHU 5HVSRQVHV 7KH GHVLUHG VROX�
WLRQ VWUDWHJ\ SUR�OH LV  � WKH WLH�EUHDNLQJ UXOH ZLOO EH D SHUWXU�
EDWLRQ RI �� 3HUWXUEDWLRQ PD\ EH QHFHVVDU\ EHFDXVH a� �KHQFH ��
LV RQO\ GHWHUPLQHG XS WR VHWV RI � �PHDVXUH �� OHDYLQJ RSHQ WKH

��



SRVVLELOLW\ WKDW WKHUH DUH SUR�WDEOH GHYLDWLRQV� )RU HDFK SOD\HU L
ZH LGHQWLI\ D VHW +L � $L ZKHUH SHUWXUEDWLRQV PD\ EH QHFHVVDU\
WR SUHYHQW GHYLDWLRQV E\ WKDW SOD\HU� DQG XVH WKH DEVHQFH RI SURI�
LWDEOH GHYLDWLRQV LQ WKH JDPHV �U WR VKRZ WKDW +L KDV PHDVXUH
�� >7KH DUJXPHQW KHUH LV GL�HUHQW WKDQ LQ 6= EHFDXVH WKH GHSHQ�
GHQFH RI XWLOLWLHV RQ W\SHV UHTXLUHV WKDW ZH EH VXEVWDQWLDOO\ PRUH
FDUHIXO LQ WKH FRQVWUXFWLRQ RI WKH FRUUHVSRQGLQJ GHYLDWLRQV LQ WKH
�QLWH JDPHV�@

6WHS �� 3HUWXUEDWLRQ :H FRQVWUXFW WKH QHFHVVDU\ SHUWXU�
EDWLRQV RQ WKH PHDVXUH � VHWV +L� >7KH DUJXPHQW KHUH LV PXFK
GL�HUHQW WKDQ LQ 6= DQG PRUH VXEWOH LQ VHYHUDO ZD\V� 7KH SHUWXU�
EDWLRQV DUH FRQVWUXFWHG WR SXQLVK WKH SRWHQWLDO GHYLDWRU� ,Q 6=
DOO WKDW LV QHFHVVDU\ LV WR FKRRVH WKH ZRUVW SRVVLEOH RXWFRPH IRU
WKH GHYLDWRU� +HUH� KRZHYHU� XWLOLWLHV GHSHQG RQ W\SHV� VR WKHUH
QHHG EH QR RXWFRPH WKDW LV ?ZRUVW SRVVLEOH� IRU DOO W\SHV RI WKH
SRWHQWLDO GHYLDWRU _ LQGHHG� WKHUH QHHG EH QR RXWFRPH WKDW LV
XQLIRUPO\ EDG IRU DOO W\SHV RI WKH SRWHQWLDO GHYLDWRU� :H WKHUH�
IRUH XVH SXQLVKPHQW RXWFRPHV FRQVWUXFWHG DV OLPLWV RI RXWFRPHV
LQ WKH �QLWH JDPHV� 7KH DUJXPHQW LV VXEWOH EHFDXVH WKHVH OLPLWV
PXVW EH WDNHQ LQ WKH ZHDN VHQVH RI FRQYHUJHQFH RI YHFWRU YDO�
XHG PHDVXUHV� DQG EHFDXVH WKHVH YDULRXV SXQLVKPHQWV PXVW EH
DVVHPEOHG LQ D PHDVXUDEOH ZD\� 7KH FRQVWUXFWLRQ UHOLHV RQ DQ
LQ�QLWH GLPHQVLRQDO H[WHQVLRQ RI D PHDVXUDEOH VHOHFWLRQ WKHRUHP
RI 'HOODFKHULH DQG 0H\HU �������@

6WHS �� (TXLOLEULXP :H YHULI\ WKDW WKH SHUWXUEHG VHOHFWLRQ
�� DQG VWUDWHJ\ SUR�OH   FRQVWLWXWH D VROXWLRQ IRU �F�

7KH VDPH DUJXPHQW WKDW SURYHV 7KHRUHP � HVWDEOLVKHV D FRQYHUJHQFH UH�
VXOW IRU HTXLOLEULD RI VHTXHQFHV RI JDPHV� ,Q RUGHU WR JLYH D SUHFLVH VWDWHPHQW�
ZH �UVW QHHG WR GHVFULEH WKH UHOHYDQW QRWLRQ RI FRQYHUJHQFH RI JDPHV�

)RU U  �� �� � � � � OHW �U  K1 U� �$U
L �� �7

U
L �� ¡

U��U��U� XUL EH D JDPH ZLWK
LQGHWHUPLQDWH RXWFRPHV� :H DVVXPH WKDW DOO WKH JDPHV LQ TXHVWLRQ KDYH WKH
VDPH VHW RI SOD\HUV 1 U  1  I�� � � � � QJ� WKDW WKH DFWLRQ VSDFHV $U

L OLH LQ D
�[HG FRPSDFW PHWULF VSDFH $L� WKDW WKH W\SH VSDFHV 7

U
L OLH LQ D �[HG FRPSDFW

PHWULF VSDFH 7L� DQG WKDW WKH RXWFRPH VSDFHV �
U OLH LQ D �[HG FRPSDFW PHWULF

VSDFH �� :H VD\ WKDW WKH VHTXHQFH RI JDPHV I�UJ FRQYHUJHV WR �� LI

��



� IRU HDFK L� $U
L � $�

L LQ WKH +DXVGRU� PHWULF

� IRU HDFK L� 7 U
L � $�

L LQ WKH +DXVGRU� PHWULF

� �U � �� LQ WKH +DXVGRU� PHWULF

� WKH JUDSK RI �U � $U � �U FRQYHUJHV WR WKH JUDSK RI �� � $� � �� LQ
WKH +DXVGRU� PHWULF

� ¡ U � ¡ LQ WKH WRWDO YDULDWLRQ QRUP �DV PHDVXUHV RQ 7  7� � � � �� 7Q�

� IRU HYHU\ � ! � WKHUH LV D � ! � DQG DQ LQGH[ U� VXFK WKDW LI

� U � U�

� �DU� �U� WU� � JUDSK�U

� �D�� ��� W�� � JUDSK��

� GLVW
�
�DU� �U� WU�� �D�� ��� W��

�
� �

WKHQ MXU�DU� �U� WU�� X��D�� ��� W��M � �

1RWH WKDW ZH UHTXLUH FRQYHUJHQFH RI SULRUV LQ WKH YDULDWLRQ QRUP _ QRW LQ
WKH ZHDN
 WRSRORJ\ _ DQG XQLIRUP FRQYHUJHQFH RI XWLOLWLHV�

2XU FRQYHUJHQFH WKHRUHP FDQ EH IRUPXODWHG LQ WKH IROORZLQJ ZD\�

7KHRUHP � /HW I�UJ EH D VHTXHQFH RI D�QH JDPHV ZLWK LQGHWHUPLQDWH RXW�

FRPHV� FRQYHUJLQJ WR WKH D�QH JDPH ZLWK LQGHWHUPLQDWH RXWFRPHV ��� )RU

HYHU\ U � �� OHW �U�  U�� � � � �  
U
Q EH D VROXWLRQ IRU WKH FRPPXQLFDWLRQ H[WHQ�

VLRQ �UF LQ ZKLFK W\SH DQQRXQFHPHQWV DUH WUXWKIXO� 7KHQ WKHUH LV D VROX�

WLRQ ��� �
�� � � � �  

�
Q IRU WKH FRPPXQLFDWLRQ H[WHQVLRQ ��F LQ ZKLFK WKH W\SH

DQQRXQFHPHQWV DUH WUXWKIXO DQG D VXEVHTXHQFH I�UMJ VXFK WKDW�

� IRU HDFK L�  U
M

L �  �
L ZHDN


� LI � U
M

� � � DUH WKH MRLQW GLVWULEXWLRQV RI DFWLRQV WKHQ �U
M

� U
M � ��� � ZHDN


� IRU HDFK L� (XU
MF
L � 

UM � �U
M

�� (X�F
L � 
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6RPH FRQVHTXHQFHV RI WKLV FRQYHUJHQFH WKHRUHP DUH ZRUWK QRWLQJ�

L� 7KHRUHP � LWVHOI LV D GLUHFW DSSOLFDWLRQ RI 7KHRUHP � �DV VNHWFKHG
DERYH��

LL� ,I � LV D V\PPHWULF JDPH ZLWK LQGHWHUPLQDWH RXWFRPHV� WKHQ WKH FRP�
PXQLFDWLRQ H[WHQVLRQ �F KDV D V\PPHWULF VROXWLRQ� �:ULWH �F DV WKH
OLPLW RI V\PPHWULF �QLWH JDPHV �U� (DFK �U KDV D V\PPHWULF VROXWLRQ�
ZKLFK LQGXFHV D V\PPHWULF VROXWLRQ RI WKH FRPPXQLFDWLRQ H[WHQVLRQ
�UF� 6RPH VXEVHTXHQFH RI WKHVH V\PPHWULF VROXWLRQV FRQYHUJHV WR D
VROXWLRQ RI WKH FRPPXQLFDWLRQ H[WHQVLRQ �F� DQG DQ\ OLPLW RI VXFK D
VXEVHTXHQFH LV D V\PPHWULF VROXWLRQ�� 1RWH WKDW V\PPHWU\ HQWDLOV WKDW
WKH WLH�EUHDNLQJ UXOH GHSHQGV RQ DFWLRQV DQG W\SH DQQRXQFHPHQWV EXW
QRW RQ QDPHV RI WKH SOD\HUV�

LLL� 7KH FRPPXQLFDWLRQ H[WHQVLRQ RI D JDPH ZLWK LQGHWHUPLQDWH RXWFRPHV
DGPLWV D VROXWLRQ WKDW LV ?SHUIHFW� LQ WKH VHQVH RI 6LPRQ DQG 6WLQFK�
FRPEH ������� 7KLV LV XVHIXO EHFDXVH� DV ZH KDYH QRWHG HDUOLHU� SHUIHF�
WLRQ UXOHV RXW WULYLDO HTXLOLEULD�

:H KDYH IRFXVHG RQ VROXWLRQV LQ ZKLFK W\SH DQQRXQFHPHQWV DUH WUXWKIXO�
EXW WKLV SUREDEO\ LQYROYHV OLWWOH ORVV� ,QGHHG� LI � LV D JDPH ZLWK LQGHWHU�
PLQDWH RXWFRPHV� �F LV WKH FRPPXQLFDWLRQ H[WHQVLRQ� DQG ��   LV D VROXWLRQ
RI �F IRU ZKLFK W\SH DQQRXQFHPHQWV DUH QRW WUXWKIXO� ZH FDQ XVH D IDPLOLDU
UHYHODWLRQ DUJXPHQW WR FRQVWUXFW D VROXWLRQ ���  � RI �F ZKLFK SUHVFULEHV WKH
VDPH DFWLRQV� DQG WUXWKIXO W\SH DQQRXQFHPHQWV� DQG ZKLFK LQGXFHV WKH VDPH
RXWFRPH GLVWULEXWLRQ���

��:H WKDQN 3KLO 5HQ\ IRU SRLQWLQJ WKLV RXW�

��



� 3ULYDWH 9DOXH $XFWLRQV

2XU H[LVWHQFH UHVXOW �7KHRUHP �� JXDUDQWHHV WKDW WKH FRPPXQLFDWLRQ H[WHQ�
VLRQ RI D JDPH DGPLWV VROXWLRQV LQ ZKLFK SOD\HUV FRPPXQLFDWH WKHLU SULYDWH
LQIRUPDWLRQ� +RZHYHU� LQ PDQ\ FLUFXPVWDQFHV LW LV SRVVLEOH WR WXUQ D VROX�
WLRQ ZLWK FRPPXQLFDWLRQ LQWR D VROXWLRQ ZLWKRXW FRPPXQLFDWLRQ� DQG KHQFH
REWDLQ D VROXWLRQ WR WKH JDPH ZLWKRXW FRPPXQLFDWLRQ� 7KH IROORZLQJ VLPSOH
SULYDWH YDOXH DXFWLRQ ZLOO LOOXVWUDWH WKH SRLQW� )RU PRUH RQ SULYDWH YDOXH
DXFWLRQV� VHH /H%UXQ ������ ������ 0DVNLQ DQG 5LOH\ ������� $WKH\ �������
-DFNVRQ DQG 6ZLQNHOV ������� 6LPRQ DQG =DPH ������ DQG %UHVN\ �������

([DPSOH � &RQVLGHU D VHDOHG ELG �UVW SULFH DXFWLRQ IRU D VLQJOH LQGLYLVLEOH
LWHP� 5LVN QHXWUDO ELGGHUV L  �� � � � � Q GUDZ D SULYDWH YDOXH WL DFFRUGLQJ WR D
MRLQW GLVWULEXWLRQ ¡ RQ 7  7�� � � � 7Q  >�� �@

Q� L
V XWLOLW\ LI KH ZLQV WKH LWHP
DQG SD\V E LV ¡L � E� :ULWH ¡L IRU WKH PDUJLQDO RI ¡ RQ 7L� :H DVVXPH WKDW
HDFK RI WKH PDUJLQDOV ¡L LV QRQ�DWRPLF� DQG WKDW ¡ LV DEVROXWHO\ FRQWLQXRXV
ZLWK UHVSHFW WR WKH SURGXFW ¡�� � � �� ¡Q RI WKH PDUJLQDOV� 1RWH WKDW� VXEMHFW
WR WKH OLPLWDWLRQ WKDW WKH MRLQW GLVWULEXWLRQ EH DEVROXWHO\ FRQWLQXRXV ZLWK
UHVSHFW WR WKH SURGXFW RI LWV PDUJLQDOV� ZH DOORZ YDOXDWLRQV WR EH FRUUHODWHG
RU D�OLDWHG WR DQ DUELWUDU\ H[WHQW�

,I ELGV DUH FRQVWUDLQHG WR EH PXOWLSOHV RI D VPDOOHVW PRQHWDU\ XQLW� WKH
JDPH FRUUHVSRQGLQJ WR WKLV DXFWLRQ DGPLWV D SHUIHFW HTXLOLEULXP� DQG VXFK
DQ HTXLOLEULXP KDV WKH SURSHUW\ WKDW ELGGHUV QHYHU VXEPLW ELGV DERYH WKHLU
WUXH YDOXHV� 7KHRUHP � WKHUHIRUH JXDUDQWHHV WKDW ZKHQ DUELWUDU\ ELGV DUH
DOORZHG WKH FRPPXQLFDWLRQ H[WHQVLRQ RI WKH JDPH KDV D VROXWLRQ ��  �� � � � �  Q
ZLWK WKH SURSHUW\ WKDW ELGGHUV QHYHU VXEPLWV ELGV DERYH WKHLU WUXH YDOXHV�
:H DVVHUW WKDW LQ DQ\ VXFK VROXWLRQ� WKH SUREDELOLW\ WKDW D WLH IRU WKH KLJK
ELG RFFXUV LV �� %HFDXVH WKH GHWDLOV DUH D OLWWOH IXVV\� ZH PHUHO\ LQGLFDWH WKH
DUJXPHQW KHUH� UHIHUULQJ WR -DFNVRQ DQG 6ZLQNHOV ������ RU 6LPRQ DQG =DPH
������ IRU GHWDLOV�

�L� :KHQHYHU D WLH IRU WKH KLJKHVW ELG RFFXUV� WKHUH LV DW PRVW RQH ELGGHU
ZKRVH YDOXH H[FHHGV WKH ELG� DQG WKLV ELGGHU PXVW ZLQ WKH LWHP ZLWK
SUREDELOLW\ �� �2WKHUZLVH� VRPH ELGGHU ZKR GRHV QRW ZLQ VXFK WLHV ZLWK
SUREDELOLW\ � ZRXOG JDLQ E\ ELGGLQJ D OLWWOH ELW PRUH��

��



�LL� 7LHV IRU WKH KLJKHVW ELG RFFXU ZLWK SUREDELOLW\ �� �7R VHH WKLV� �[ D
ELGGHU L DQG D W\SH WL RI ELGGHU L� DQG FRQGLWLRQ RQ ELGGHU L EHLQJ W\SH
WL� ELGGLQJ EHORZ KLV WUXH YDOXH� EHLQJ WKH KLJKHVW ELGGHU� DQG ZLQQLQJ
D WLH� ,Q YLHZ RI �L�� WKLV FDQ RQO\ KDSSHQ LI WKH RWKHU ELGGHUV ZKR
DUH WLHG ZLWK L DUH ELGGLQJ WKHLU WUXH YDOXH DQG L LV ELGGLQJ SUHFLVHO\
WKLV YDOXH� $EVROXWH FRQWLQXLW\ RI LQIRUPDWLRQ DQG QRQ�DWRPLFLW\ RI
PDUJLQDO GLVWULEXWLRQV LPSOLHV WKDW WKLV LV D VHW RI SUREDELOLW\ �� ,Q�
WHJUDWLQJ DQG DSSO\LQJ )XELQL
V WKHRUHP JXDUDQWHHV WKDW WLHV IRU WKH
KLJKHVW ELG RFFXU ZLWK SUREDELOLW\ ���

6LQFH WLHV IRU WKH KLJK ELG RFFXU ZLWK SUREDELOLW\ �� WKH WLH�EUHDNLQJ UXOH LV
LUUHOHYDQW� LQ SDUWLFXODU� LI 
 LV WKH WLH�EUHDNLQJ UXOH WKDW UDQGRPL]HV HTXDOO\
DPRQJ DOO KLJK ELGGHUV WKHQ 
�   LV DOVR D VROXWLRQ IRU WKH JDPH ZLWK FRP�
PXQLFDWLRQ� ZKHQFH 
�   LV D VROXWLRQ IRU WKH JDPH ZLWKRXW FRPPXQLFDWLRQ�
�7R VHH WKLV� VXSSRVH WKDW 
�  ZHUH QRW D VROXWLRQ� VR WKDW VRPH ELGGHU� VD\
ELGGHU �� ZRXOG SUHIHU WR IROORZ D VWUDWHJ\  �� �  �� ,I WLHV RFFXU ZLWK SRV�
LWLYH SUREDELOLW\ ZKHQ ELGGHUV IROORZ  ���  �� � � � �  Q WKHQ ZH FRXOG FRQVWUXFW
DQRWKHU VWUDWHJ\  ��� IRU ELGGHU �� LQ ZKLFK � ELGV VOLJKWO\ PRUH WKDQ LQ  ���
ZKLFK � VWLOO SUHIHUV WR  �� DQG ZKLFK KDV WKH SURSHUW\ WKDW WLHV RFFXU ZLWK
� SUREDELOLW\ ZKHQ ELGGHUV IROORZ  ��� �  �� � � � �  Q� %XW LI WLHV RFFXU ZLWK �
SUREDELOLW\ ZKHQ ELGGHUV IROORZ  ��� �  �� � � � �  Q WKHQ SD\R�V ZLOO EH WKH VDPH
DV ZKHQ ELGGHUV IROORZ  � 7KDW LV�  ��� LV QRW SUHIHUUHG E\ ELGGHU �� KHQFH  

�
�

LV QRW SUHIHUUHG E\ ELGGHU ����� `

$Q DGGLWLRQDO SRLQW LV ZRUWK QRWLQJ� $VVXPH LQ DGGLWLRQ WKDW YDOXDWLRQV
DUH LQGHSHQGHQWO\ GLVWULEXWHG� DQG ZULWH EL�WL� IRU L
V �SHUKDSV PL[HG� HTXL�
OLEULXP ELGGLQJ VWUDWHJ\ FRQGLWLRQDO RQ REVHUYLQJ WKH YDOXDWLRQ WL� ,W LV HDVLO\
VHHQ WKDW EL LV VWULFWO\ PRQRWRQH� LQ WKH VHQVH WKDW LI WL ! W�L WKHQ WKH HYHU\ ELG
LQ WKH VXSSRUW RI EL�WL� H[FHHGV HYHU\ ELG LQ WKH VXSSRUW RI EL�W

�
L�� ,W IROORZV

WKDW EL�WL� LV D SXUH VWUDWHJ\ IRU DOPRVW DOO YDOXDWLRQV WL� 6LQFH WLHV RFFXU ZLWK
SUREDELOLW\ �� ZH FDQ FKDQJH WKH ELGGLQJ VWUDWHJLHV RQ D VHW RI PHDVXUH � DQG
REWDLQ D SXUH VWUDWHJ\ HTXLOLEULXP�

��7KH H[LVWHQFH RI VXFK D VROXWLRQ FRXOG DOVR EH REWDLQHG IURP WKH UHVXOWV RI 5HQ\ �������

��



� 3URRIV

��� ([DPSOH �

$V SURPLVHG� ZH SURYLGH WKH GHWDLOV WKDW QR W\SH�LQGHSHQGHQW WLH�EUHDNLQJ
UXOH LV FRPSDWLEOH ZLWK WKH H[LVWHQFH RI DQ\ HTXLOLEULXP� 7R VHH WKLV� �[
D W\SH�LQGHSHQGHQW WLH�EUHDNLQJ UXOH� DQG DVVXPH WKDW E�� E� FRQVWLWXWH DQ
HTXLOLEULXP LQ PL[HG EHKDYLRUDO VWUDWHJLHV� %HFDXVH VLJQDOV DUH LQGHSHQGHQW
DQG YDOXDWLRQV DUH VWULFWO\ LQFUHDVLQJ LQ RZQ VLJQDO� WKH SURRI RI 3URSRVLWLRQ
� LQ 0DVNLQ DQG 5LOH\ ������ LV HDVLO\ DGDSWHG WR VKRZ WKDW WKHUH LV QR ORVV LQ
DVVXPLQJ WKH ELGGLQJ VWUDWHJLHV E�� E� DUH PRQRWRQH� LQ WKH VHQVH WKDW LI W

�
L ! WL

WKHQ HYHU\ ELG LQ WKH VXSSRUW RI EL�W
�
L� LV DW OHDVW DV ODUJH DV HYHU\ ELG LQ WKH

VXSSRUW RI EL�WL�� ,W IROORZV LPPHGLDWHO\ WKDW WKHUH LV DQ DW PRVW FRXQWDEOH
VHW RI VLJQDOV WL IRU ZKLFK WKH VXSSRUW RI EL�WL� LV QRW D VLQJOHWRQ� )RU VXFK WL�
UHSODFH EL E\ WKH LQ�PXP RI WKH VXSSRUW RI EL�WL�� ,W LV HDVLO\ FKHFNHG WKDW
WKH PRGL�HG ELG IXQFWLRQV E�� E� DJDLQ FRQVWLWXWH DQ HTXLOLEULXP� 7KXV ZH
KDYH DQ HTXLOLEULXP LQ PRQRWRQH� SXUH EHKDYLRUDO VWUDWHJLHV� $OWHULQJ ELGV
IROORZLQJ VLJQDOV �� � LI QHFHVVDU\� WKHUH LV QR ORVV LQ DVVXPLQJ WKDW E�� E� DUH
FRQWLQXRXV DW �� ��

/HW E  PD[IE����� E����J� DQG IRU HDFK L� OHW ¡L  VXSSIWMEL�W� � EJ�
$VVXPH WKDW ¡�  �� 7KHQ� E���� ZLQV ZLWK SUREDELOLW\ �� DQG VR HDUQV ��
%XW� D ELG RI E� � E\ � ZLQV ZLWK SRVLWLYH SUREDELOLW\� DQG IRU � VPDOO� GRHV
VR RQO\ ZKHQ W� � � �XVLQJ WKDW ¡�  �� VR WKDW Y� � � � � � ����  ��
)RU WKHUH QRW WR EH D SUR�WDEOH GHYLDWLRQ RI WKLV IRUP� LW PXVW WKXV EH WKDW
E � �� DQG KHQFH WKDW WKH ZLQQLQJ ELG LV DOZD\V DW OHDVW �� %XW� WKH DYHUDJH
YDOXH RI WKH REMHFW� HYHQ LI DOORFDWHG RSWLPDOO\ WR WKH SOD\HU ZLWK ODUJHU W�
LV � � � � � ��� �� � �� VLQFH ��� DQG ��� DUH WKH H[SHFWHG KLJKHU DQG
ORZHU YDOXHV RI WZR GUDZV IURP WKH XQLIRUP GLVWULEXWLRQ� 6R� VRPHRQH LV
ORVLQJ PRQH\ RQ DYHUDJH� DQG ZRXOG EH EHWWHU R� WR ELG � DOZD\V� 7KLV LV D
FRQWUDGLFWLRQ� DQG VR ¡� ! �� $UJXLQJ V\PPHWULFDOO\� ¡� ! ��

$VVXPH ERWK SOD\HUV XVH E ZLWK SRVLWLYH SUREDELOLW\� DQG DVVXPH WKDW
WLHV DW E DUH EURNHQ ZLWK SUREDELOLW\ S � ��� �� LQ IDYRU RI SOD\HU �� /HW
W� DQG W��� W� � W��� EH WZR YDOXHV RI W IRU ZKLFK E��W�  E� ,W IROORZV WKDW
�� W�� �(�W�ME��W��  E� � E� HOVH � ZRXOG EH EHWWHU WR ELG E� � ZLWK W�� %XW
WKHQ� �� W��� �(�W�ME��W��  E� ! E� DQG VR � VKRXOG GHYLDWH WR E� � ZLWK W���

��



7KLV LV D FRQWUDGLFWLRQ� 7KHUH DUH WKXV WZR SRVVLELOLWLHV�

�L� $VVXPH �UVW WKDW RQH SOD\HU� Z�O�R�J� SOD\HU �� GRHV QRW XVH E ZLWK
SRVLWLYH SUREDELOLW\ �VLQFH ¡� ! �� WKLV LPSOLHV E���� � E� DQG DOVR WKDW SOD\HU
� ELGV E ZLWK SRVLWLYH SUREDELOLW\ VLQFH ¡� ! �� DQG E\ GH�QLWLRQ RI E�� 1RZ�
ZLWK W  ¡� � �� SOD\HU � QHYHU ZLQV� EXW E\ ELGGLQJ E� � ZLQV ZLWK SRVLWLYH
SUREDELOLW\ IRU DQ H[SHFWHG YDOXH RI ��¡������¡� ��� 6R� IRU � QRW WR ZDQW
WR GHYLDWH� LW PXVW EH WKDW E � � � ¡� � ��¡� �� ! � � ¡� � �¡��
�LL� $VVXPH QH[W WKDW ERWK SOD\HUV XVH E ZLWK SRVLWLYH SUREDELOLW\� 7KHQ�

E\ WKH DERYH� RQH SOD\HU� DJDLQ� Z�O�R�J� SOD\HU �� DOZD\V KDV WLHV DW E GHFLGHG
DJDLQVW KLP� /HW ���� ¡�� EH WKH �QRQ�HPSW\� LQWHUYDO RYHU ZKLFK SOD\HU � ELGV
E� 7KHQ� ZLWK W  ¡� � �� SOD\HU � ZLQV RQO\ ZKHQ W� � ��� ZKLOH E\ ELGGLQJ
� PRUH� KH FDQ DOVR ZLQ ZKHQ W� � ���� ¡�� � )RU WKLV QRW WR EH D SUR�WDEOH
GHYLDWLRQ� LW PXVW EH WKDW E � � � ¡� � � ��� � ¡��  � ! � � ¡� � �¡��
$VVXPH WKDW ¡� � �� 3LFN W  ¡� � �� DQG FRQVLGHU UHSODFLQJ E��W� �ZKLFK

LV E\ GH�QLWLRQ JUHDWHU WKDQ E� E\ DQ\ ELG LQ �E� E��W��� 7KLV ELG SD\V OHVV LQ
WKH �SRVLWLYH SUREDELOLW\� VLQFH ¡� ! �� HYHQW WKDW LW VWLOO ZLQV� DQG ZKHQ LW
FKDQJHV D ZLQ LQWR D ORVV� W� � ¡�� DQG KHQFH Y� LV DW EHVW �� ¡�� ���¡� � E�
6R� WKLV LV D SUR�WDEOH GHYLDWLRQ� D FRQWUDGLFWLRQ� 7KXV� ¡�  ��

6LQFH ¡�  �� LW IROORZV WKDW � ZLQV ZLWK SUREDELOLW\ � �VLQFH � GRHV QRW
ZLQ ZKHQ W� � ��� DQG KHQFH WKDW KH DOZD\V ELGV E �KH ELGV DW OHDVW WKLV
E\ GH�QLWLRQ� DQG QHHG QRW ELG DQ\ PRUH VLQFH ¡�  ��� +HQFH� E � �  
���� ��� ��� RWKHUZLVH � LV EHWWHU WR ELG � ZLWK W� QHDU �� %XW WKHQ� SOD\HU
� FDQ SUR�WDEO\ ELG E�� ZKHQ KH KDV W DERYH �� D FRQWUDGLFWLRQ� 7KXV� WKHUH
LV QR HTXLOLEULXP WR WKLV JDPH�

��� 3URRIV RI 7KHRUHPV � DQG �

:H QHHG VRPH SUHOLPLQDU\ UHVXOWV� :H EHJLQ E\ HVWDEOLVKLQJ VRPH IDFWV DERXW
ZHDN
 FRQYHUJHQFH DQG PDUJLQDOV�

/HPPD � /HW ;� < EH FRPSDFW PHWULF VSDFHV� OHW � EH D SRVLWLYH PHDVXUH RQ

;� OHW I EH D SRVLWLYH ��LQWHJUDEOH IXQFWLRQ RQ ;� DQG OHW ��Q� EH D VHTXHQFH

RI SRVLWLYH PHDVXUHV RQ < �; ZKRVH PDUJLQDOV RQ ; DUH �� ,I �Q � � LQ

��



WKH ZHDN
 WRSRORJ\� WKHQ

�L� WKH PDUJLQDO RI � RQ ; LV �

�LL� I�Q � I� LQ WKH ZHDN
 WRSRORJ\

3URRI 7R VHH �L�� �[ DQ RSHQ VHW 8 � ; DQG � ! �� %HFDXVH ; LV FRPSDFW
DQG PHWUL]DEOH� 8 LV WKH LQFUHDVLQJ XQLRQ RI FRPSDFW VHWV� 7KXV� ZH FDQ
FKRRVH D FRPSDFW VHW . � 8 VXFK WKDW

��8�� ��.� � � DQG ��< � 8�� ��< �.� � �

8VH 8U\VRKQ
V OHPPD WR FKRRVH D FRQWLQXRXV IXQFWLRQ J � ; � >�� �@ ZKLFK
LV � RQ . DQG � RQ WKH FRPSOHPHQW RI 8 � 7KHQ

��< �.� �
=

J G� � ��< � 8�

%HFDXVH WKH PDUJLQDO RI �Q RQ ; LV � DQG J LV LQGHSHQGHQW RI < � LW IROORZV
WKDW� IRU HDFK Q

��.�  �Q�< �.� �
=

J G�Q � �Q�< � 8�  ��8�

IRU HDFK Q� :HDN
 FRQYHUJHQFH RI ��Q� WR � JXDUDQWHHV WKDW IRU Q VX�FLHQWO\
ODUJH ����

=
J G�Q �

=
J G�

���� � �

&RPELQLQJ WKHVH LQHTXDOLWLHV� ZH FRQFOXGH WKDW M��< � 8�� ��8�M � �� %H�
FDXVH � ! � LV DUELWUDU\� LW IROORZV WKDW ��< � 8�  ��8�� %HFDXVH 8 LV DQ
DUELWUDU\ RSHQ VHW� LW IROORZV WKDW WKH PDUJLQDO RI � RQ ; LV �� DV DVVHUWHG�

7R VHH �LL�� �[ D FRQWLQXRXV UHDO�YDOXHG IXQFWLRQ K RQ ; � < DQG � ! ��
:ULWH 0  VXS;�< MKM� %HFDXVH I LV LQWHJUDEOH� WKHUH LV D � ! � VXFK WKDW5
( I G� � � ZKHQHYHU ��(� � �� ZLWKRXW ORVV ZH PD\ DVVXPH � � �� 8VH
/XVLQ
V WKHRUHP WR FKRRVH D FRPSDFW VHW . � ; VXFK WKDW ��; Q .� � �
DQG WKH UHVWULFWLRQ RI I WR . LV FRQWLQXRXV� &KRRVH DQ RSHQ VHW 8   . VXFK
WKDW ��8 Q.� � � PD[. I � 8VH 8U\VRKQ
V OHPPD DQG WKH 7LHW]H H[WHQVLRQ
WKHRUHP WR FKRRVH D FRQWLQXRXV IXQFWLRQ �I RQ ; ZKLFK DJUHHV ZLWK I RQ .�
YDQLVKHV R� 8 � DQG IRU ZKLFK PD[; �I  PD[. I �

��



5HFDOOLQJ WKDW WKH PDUJLQDO RI � RQ ; LV �� WKDW
5
( I G� � � ZKHQHYHU

��(� � �� WKDW ��; Q.� � � DQG WKDW ��8 Q.� � � PD[; �I � \LHOGV����
=

K �I G�Q �
=

KI G�
���� �

=
<��8Q.�

MK �I � KI M G� �
=
<��;Q8�

MK �I � KI M G�

� 0

�=
<��8Q.�

�I G� �
=
<��8Q.�

I G� �
=
<��;Q8�

I G�

�

 0

�=
8Q.

�I G��
=
8Q.

I G��
=
;Q8

I G�

�

� ��0

6LPLODUO\ ����
=

K �I G�Q �
=

KI G�
���� � ��0

:HDN
 FRQYHUJHQFH RI ��Q� WR � HQWDLOV WKDW IRU Q VX�FLHQWO\ ODUJH����
=

K �I G�Q �
=

K �I G�
���� � �

&RPELQLQJ WKHVH LQHTXDOLWLHV� ZH FRQFOXGH WKDW IRU Q VX�FLHQWO\ ODUJH����
=

KI G�Q �
=

KI G�
���� � �� ��0

%HFDXVH � ! � LV DUELWUDU\� LW IROORZV WKDW
5
KI G�Q � 5

KI G�� %HFDXVH K LV
DUELWUDU\� ZH FRQFOXGH WKDW I�Q � I� ZHDN
� DV DVVHUWHG�

7KH SURRI PDNHV XVH RI WKH WKHRU\ RI YHFWRU PHDVXUHV DQG LQWHJUDWLRQ RI
YHFWRU�YDOXHG IXQFWLRQV� $Q H[FHOOHQW UHIHUHQFH LV 'LHVWHO DQG 8KO ������� ZH
FROOHFW WKH EDVLF LQIRUPDWLRQ KHUH� /HW ; EH D VHW DQG ) D VLJPD�DOJHEUD
RI VXEVHWV RI ;� �:KHQ ; LV D FRPSDFW PHWULF VSDFH ZH WDNH ) WR EH WKH
VLJPD�DOJHEUD RI %RUHO VHWV�� /HW ( EH D +DXVGRU�� ORFDOO\ FRQYH[ WRSRORJLFDO
YHFWRU VSDFH DQG OHW (� EH LWV GXDO� WKH VSDFH RI FRQWLQXRXV OLQHDU IXQFWLRQDOV�
)RU � � (� 
 � (�� ZH ZULWH 
 �� IRU WKH YDOXH RI 
 DW �� $ YHFWRU PHDVXUH RQ
; ZLWK YDOXHV LQ ( �DQ (�YDOXHG PHDVXUH� LV D �ZHDNO\� FRXQWDEO\�DGGLWLYH
IXQFWLRQ � � ) � ( ��� )RU � DQ (�YDOXHG PHDVXUH DQG 
 � (�� ZH ZULWH 
 ��
IRU WKH UHDO�YDOXHG PHDVXUH GH�QHG E\ 
 � ��(�  
 � ���(���

��:HDN FRXQWDEOH DGGLWLYLW\ PHDQV WKDW LI I(QJ LV D FRXQWDEOH GLVMRLQW FROOHFWLRQ RI
%RUHO PHDVXUDEOH VXEVHWV RI ; WKHQ ��

6
(Q�  

3
��(Q�� FRQYHUJHQFH RI WKH VXPPDWLRQ

EHLQJ LQ WKH ZHDN WRSRORJ\ RI ( � HTXLYDOHQWO\� 
 � ��6(Q�  
3


 � ��(Q� IRU HDFK 
 � (��

��



7KH IXQFWLRQ I � ; � ( LV ZHDNO\ PHDVXUDEOH LI WKH UHDO�YDOXHG FRPSR�
VLWLRQ 
 � I LV PHDVXUDEOH IRU HDFK 
 � (�� �(TXLYDOHQWO\� WKH LQYHUVH LPDJH
RI HYHU\ ZHDNO\ RSHQ VHW LV PHDVXUDEOH�� ,I � LV D PHDVXUH RQ ) � WKH ZHDNO\
PHDVXUDEOH IXQFWLRQ I LV 3HWWLV LQWHJUDEOH �RU ZHDNO\ LQWHJUDEOH� LI IRU HDFK
( � ) WKHUH LV DQ HOHPHQW �( � ( VXFK WKDW 
 � �(  5

( 
 � I G� IRU DOO

 � (�� ,I WKLV LV WKH FDVH� ZH GH�QH 5

( I G�  �( WR EH WKH 3HWWLV LQWHJUDO
RI I RQ (� ,I I LV 3HWWLV LQWHJUDEOH WKHQ WKH IXQFWLRQ � � ) � ( GH�QHG E\
��(�  

5
( I G� LV DQ (�YDOXHG PHDVXUH� ,Q WKLV FLUFXPVWDQFH� ZH VD\ WKDW I

LV WKH 5DGRQ�1LNRG\P GHULYDWLYH RI � ZLWK UHVSHFW WR � DQG ZULWH �  I��

5HFDOO WKDW ZHDN
 FRQYHUJHQFH RI VFDODU PHDVXUHV RQ D FRPSDFW VSDFH ;
LV GH�QHG E\�

�� � � ��
=

I G�� �
=

I G� IRU DOO FRQWLQXRXV I

:HDN
 FRQYHUJHQFH RI (�YDOXHG PHDVXUHV RQ ; LV GH�QHG E\

�� � � �� 
 � �� � 
 � � �ZHDN
� IRU DOO 
 � (�

,I � � ( DQG � � ; � � LV D FRUUHVSRQGHQFH� ZH ZULWH 0�;��� IRU
WKH VSDFH RI (�YDOXHG PHDVXUHV � IRU ZKLFK ��(� � � IRU HDFK ( � ) �
DQG $&�;��� IRU WKH VSDFH RI (�YDOXHG PHDVXUHV � IRU ZKLFK WKHUH H[LVWV D
SUREDELOLW\ PHDVXUH � DQG D 3HWWLV LQWHJUDEOH VHOHFWLRQ ] IURP � VXFK WKDW
�  ]�� 7KH �UVW SDUW RI WKH QH[W OHPPD LV D VWDQGDUG UHVXOW IRU ZKLFK WKHUH
VHHPV WR EH QR FRQYHQLHQW UHIHUHQFH� WKH VHFRQG SDUW H[WHQGV /HPPD � RI 6=
WR WKH LQ�QLWH GLPHQVLRQDO FRQWH[W�

/HPPD � ,I ; LV D FRPSDFW PHWULF VSDFH� ( LV D +DXVGRU� ORFDOO\ FRQ�

YH[ WRSRORJLFDO YHFWRU VSDFH� � � ( LV D FRPSDFW FRQYH[ PHWUL]DEOH VXEVHW�

DQG � � ; � � LV DQ XSSHU�KHPL�FRQWLQXRXV FRUUHVSRQGHQFH ZLWK QRQ�HPSW\

FRPSDFW FRQYH[ YDOXHV� WKHQ

�L� 0�;��� LV D FRPSDFW PHWULF VSDFH �LQ WKH ZHDN
 WRSRORJ\�

�LL� $&�;��� LV D FORVHG VXEVHW RI 0�;���

��



3URRI 7R HVWDEOLVK �L�� ZH �UVW VKRZ WKDW0�;��� LV FRPSDFW� 7R WKLV HQG�
OHW ���� � 0�;��� EH D QHW� )RU HDFK 
 � (�� �
 � ��� LV D QHW RI VFDODU
PHDVXUHV� DQG KHQFH KDV D FRQYHUJHQW VXEQHW� :H PD\ WKHUHIRUH H[WUDFW D
VLQJOH VXEQHW ���� RI ���� ZLWK WKH SURSHUW\ WKDW IRU HDFK 
 � (� WKHUH LV D
VFDODU PHDVXUH �
 VXFK WKDW 
 � �� � �
 ZHDN
� )RU HDFK %RUHO VHW ( � ;�
FRPSDFWQHVV DQG FRQYH[LW\ RI � JXDUDQWHHV WKDW ZH PD\ LPSOLFLWO\ GH�QH
D XQLTXH HOHPHQW ��(�  � E\ UHTXLULQJ WKDW 
 � ��(�  �
�(� IRU HYHU\

 � (�� 7KH GH�QLWLRQV LPSO\ LPPHGLDWHO\ WKDW � � 0�;��� DQG �� � �
ZHDN
�

7R VHH WKDW 0�;��� LV PHWUL]DEOH� XVH FRPSDFWQHVV DQG PHWUL]DELOLW\ RI
; WR FKRRVH D FRXQWDEOH GHQVH VXEVHW IILJ RI WKH VSDFH &�;� RI UHDO�YDOXHG
FRQWLQXRXV IXQFWLRQV RQ ; DQG XVH FRPSDFWQHVV DQG PHWUL]DELOLW\ RI � WR
FKRRVH D FRXQWDEOH IDPLO\ �
M� � (� RI OLQHDU IXQFWLRQDOV WKDW GLVWLQJXLVKHV
SRLQWV RI �� �7KDW LV� �  �� LI DQG RQO\ LI 
M���  
M��

�� IRU HDFK M�� :ULWH

NILN  VXS
[�;

MIL�[�M � N
MN�  VXS
���

M
 � �M

'H�QH D GLVWDQFH IXQFWLRQ RQ 0�;��� E\

G��� ���  
;
L�M

��L�M

NILN� N
MN�
����
=

IL G�
M � ���
=

IL G�
M � ���
����

7KLV LV HDVLO\ VHHQ WR EH D PHWULF DQG LW LV HDVLO\ FKHFNHG WKDW WKH PHWULF
WRSRORJ\ LV ZHDNHU WKDQ WKH ZHDN
 WRSRORJ\� 6LQFH WKH ZHDN
 WRSRORJ\ LV
FRPSDFW� WKH PHWULF WRSRORJ\ FRLQFLGHV ZLWK WKH ZHDN
 WRSRORJ\� 7KLV FRP�
SOHWHV WKH SURRI RI �L��

7R HVWDEOLVK �LL�� ZH PXVW VKRZ �UVW WKDW$&�;��� LV D VXEVHW RI0�;����
7R VHH WKLV� OHW � � $&�;��� DQG ZULWH �  ]� IRU VRPH SUREDELOLW\ PHDVXUH
� DQG VRPH VHOHFWLRQ ] RI �� %\ GH�QLWLRQ� IRU HDFK %RUHO VHW ( � ; DQG
HDFK 
 � (� ZH KDYH 
���(�  5


 �] G�� 7KLV LV WKH LQWHJUDO RI D VFDODU IXQF�
WLRQ ZLWK UHVSHFW WR D SUREDELOLW\ PHDVXUH� VR OLHV LQ WKH FORVHG FRQYH[ KXOO
RI � DQG WKH UDQJH RI 
 � ]� ZKLFK LV D VXEVHW RI 
 ����� 6LQFH 
 ���(� � 
 ��
IRU HDFK 
 � (� DQG � LV FRQYH[� WKH VHSDUDWLRQ WKHRUHP JXDUDQWHHV WKDW
��(� � �� 6LQFH ( LV DUELWUDU\� LW IROORZV WKDW � � $&�;��� DV GHVLUHG�

��1RWH WKDW �  ���� � ��

��



7R FRPSOHWH WKH SURRI� OHW ��Q� � $&�;��� EH D VHTXHQFH FRQYHUJLQJ
ZHDN
 WR � � 0�;���� ZH PXVW VKRZ � � $&�;���� )RU HDFK Q� FKRRVH
D SUREDELOLW\ PHDVXUH �Q DQG D VHOHFWLRQ ]Q IURP � VXFK WKDW �Q  ]Q�Q�
3DVVLQJ WR D VXEVHTXHQFH LI QHFHVVDU\� ZH PD\ DVVXPH WKDW WKHUH LV SUREDELOLW\
PHDVXUH � VXFK WKDW �Q � � ZHDN
� ZH FRQVWUXFW D VHOHFWLRQ ] IURP � VXFK
WKDW �  ]��

,W LV FRQYHQLHQW WR LPEHG � LQ ,5�� 7R DFFRPSOLVK WKLV� OHW I
MJ EH
WKH FRXQWDEOH IDPLO\ RI OLQHDU IXQFWLRQDOV FKRVHQ DERYH DQG GH�QH D OLQHDU
PDSSLQJ � � ( � ,5� E\ ��[�  �
��[�� � � � � �� ,I ,5

� LV HQGRZHG ZLWK WKH
SURGXFW WRSRORJ\� WKLV PDSSLQJ LV FRQWLQXRXV� %HFDXVH WKH FROOHFWLRQ �
M�
GLVWLQJXLVKHV SRLQWV RI �� WKH UHVWULFWLRQ RI � WR � LV RQH�WR�RQH� EHFDXVH �
LV FRPSDFW� WKH UHVWULFWLRQ RI � WR � LV D KRPHRPRUSKLVP� %HFDXVH ZH FDQ
QRZ UHSODFH ���� ( E\ ������ � �� ,5�� ZH PD\ DVVXPH ZLWKRXW ORVV WKDW
(  ,5��
)RU HDFK SRVLWLYH LQWHJHU N� OHW �N � ,5

� � ,5N EH WKH SURMHFWLRQ RQ
WKH �UVW N FRRUGLQDWHV DQG OHW �N � ,5

N � ,5N�� EH WKH SURMHFWLRQ RQ WKH
�UVW N � � FRRUGLQDWHV� )L[ DQ LQGH[ N� 7KH FRPSRVLWLRQ �N � �Q LV D YHFWRU
PHDVXUH ZLWK YDOXHV LQ ,5N DQG WKH FRPSRVLWLRQ �N�]Q LV D VHOHFWLRQ IURP WKH
FRUUHVSRQGHQFH �N��� &RQWLQXLW\ RI �N LPSOLHV WKDW WKH VHTXHQFH ��N��Q� RI
,5N�YDOXHG PHDVXUHV FRQYHUJHV ZHDN
 WR �N ��� VR /HPPD � RI 6= JXDUDQWHHV
WKDW WKHUH LV D VHOHFWLRQ ]N IURP �N �� VXFK WKDW �N � �  ]N��

1RWH WKDW �N � �N � �  �N�� � �� 8QLTXHQHVV RI WKH 5DGRQ�1LNRG\P
GHULYDWLYH LPSOLHV WKDW �N � ]N  ]N�� DOPRVW HYHU\ZKHUH �ZLWK UHVSHFW WR
��� :H FDQ WKHUHIRUH FKRRVH D VHW ;� � ; VXFK WKDW ��; Q ;��  � DQG
�N � ]N�[�  ]N���[� IRU HYHU\ [ � ;� DQG HYHU\ LQGH[ N� )RU HDFK LQGH[
N DQG [ � ;�� ZULWH �N�[�  ���

N �]N�[�� ? ��[�� &RPSDFWQHVV RI ��[�
DQG FRQWLQXLW\ RI �N JXDUDQWHH WKDW �N�[� LV FRPSDFW� DQG WKH FRQVWUXFWLRQ
RI ;� JXDUDQWHH WKDW ��N�[�� LV D GHFUHDVLQJ VHTXHQFH RI FRPSDFW VHWV� VR
WKH LQWHUVHFWLRQ

7
�N�[� LV QRW HPSW\� 2XU FRQVWUXFWLRQ JXDUDQWHHV WKDW

WKLV LQWHUVHFWLRQ FRQVLVWV RI D VLQJOH SRLQW� ZKLFK ZH GH�QH WR EH ]�[�� %\
FRQVWUXFWLRQ� ] LV D VHOHFWLRQ IURP � RQ ;�� 7KH JUDSK RI ] LV WKH LQWHUVHFWLRQ
RI WKH JUDSKV RI WKH PHDVXUDEOH FRUUHVSRQGHQFHV ���N �]N���� ? ����� VR ] LV
PHDVXUDEOH� ([WHQG ] DUELWUDULO\ WR D PHDVXUDEOH VHOHFWLRQ RQ DOO RI ;�

2XU FRQVWUXFWLRQ JXDUDQWHHV WKDW� IRU HDFK N� ]N  �N � ] LV WKH 5DGRQ�
1LNRG\P GHULYDWLYH RI �N ��� /LQHDULW\ RI �N JXDUDQWHHV WKDW IRU HYHU\ %RUHO

��



VXEVHW * � ; ZH KDYH
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6LQFH WKLV LV WUXH IRU HYHU\ N� ZH FRQFOXGH WKDW ��*�  
5
* ] G�� DV GHVLUHG�

7KH QH[W OHPPD LV DQ H[WHQVLRQ RI D UHVXOW RI 'HOODFKHULH DQG 0H\HU
������ WR WKH SUHVHQW FRQWH[W���

/HPPD � /HW ;� < EH D FRPSDFW PHWULF VSDFHV� OHW ( EH D ORFDOO\ FRQYH[

WRSRORJLFDO YHFWRU VSDFH� OHW � EH D FRPSDFW FRQYH[ PHWUL]DEOH VXEVHW RI (�
DQG OHW � � ; � � EH DQ XSSHU�KHPL�FRQWLQXRXV FRUUHVSRQGHQFH ZLWK QRQ�

HPSW\� FRPSDFW� FRQYH[ YDOXHV� /HW \ �� �\ EH D ZHDN
 PHDVXUDEOH IDPLO\ RI

(�YDOXHG PHDVXUHV RQ ; KDYLQJ WKH SURSHUW\ WKDW IRU HYHU\ \ � < WKHUH LV D

VHOHFWLRQ ]\ IURP � VXFK WKDW �\  ]\�� 7KHQ WKHUH LV D %RUHO PHDVXUDEOH

IXQFWLRQ = � ; �< � ( VXFK WKDW IRU HDFK \ � < � =��� \� LV D VHOHFWLRQ IURP

� DQG �\  =��� \��� �7KDW LV� =��� \�  ]\ DOPRVW HYHU\ZKHUH ZLWK UHVSHFW

WR ���

3URRI $V LQ WKH SURRI RI /HPPD �� WKHUH LV QR ORVV LQ DVVXPLQJ WKDW (  ,5��
ZH DGRSW WKH QRWDWLRQ RI WKDW SURRI� )RU HDFK N� I�N � �\ � \ � < J LV
D ZHDN
 PHDVXUDEOH IDPLO\ RI PHDVXUHV RQ ; ZLWK YDOXHV LQ ,5N� DQG IRU
HYHU\ \ � < WKH FRPSRVLWLRQ �N � ]\ LV D VHOHFWLRQ IURP �N � � VXFK WKDW
�N��\  ��N�]\��� $SSO\LQJ 7KHRUHP 9��� RI 'HOODFKHULH DQG 0H\HU ������
WR HDFK FRRUGLQDWH VHSDUDWHO\� ZH PD\ �QG D %RUHO IXQFWLRQ=N � ;�< � ,5N

VXFK WKDW �N � �\  =N��� �� \�� IRU HDFK \ � < � $V LQ WKH SURRI RI /HPPD ��
ZH FDQ FRQVWUXFW D %RUHO IXQFWLRQ =� � ;�< � ,5� VXFK WKDW �N �=�  =N

IRU HDFK N�

��:H WKDQN D UHIHUHH IRU GLUHFWLQJ XV WR 'HOODFKHULH DQG 0H\HU �������

��



7KH FRQVWUXFWLRQ JXDUDQWHHV WKDW �\  =���� \�� IRU HYHU\ \ � < � +RZ�
HYHU� =� QHHG QRW EH TXLWH WKH IXQFWLRQ ZH ZDQW EHFDXVH LW QHHG QRW EH D
VHOHFWLRQ IURP �� D SHUWXUEDWLRQ ZLOO DFKLHYH WKLV� 7R DFFRPSOLVK WKLV SHU�
WXUEDWLRQ� �[ DQ DUELWUDU\ %RUHO PHDVXUDEOH VHOHFWLRQ ]� RI �� 'H�QH WKH
%RUHO IXQFWLRQ 4 � ; �< � ; ���< E\ 4�[� \�  �[�=��[� \�� \�� 'H�QH
D %RUHO PHDVXUDEOH VHOHFWLRQ = IURP � E\

=�[� \�  

�
=��[� \� LI �[� \� � 4��>�JUDSK��� < @
]��[� RWKHUZLVH

8QLTXHQHVV RI WKH 5DGRQ�1LNRG\P GHULYDWLYH LPSOLHV WKDW IRU HYHU\ \ � < �
=��[� \�  ]\�[� IRU ��DOPRVW DOO [ � ;� ZKHQFH =�[� \�  =��[� \�  ]\�[�
IRU ��DOPRVW DOO [ � ;� 7KXV = LV WKH GHVLUHG PDSSLQJ�

)LQDOO\� LW LV FRQYHQLHQW WR LVRODWH D OHPPD WKDW ZLOO EH XVHG VHYHUDO WLPHV�
,I � LV D JDPH ZLWK DFWLRQ VSDFHV $L DQG W\SH VSDFHV 7L DQG I LV DQ\ IXQFWLRQ
RU FRUUHVSRQGHQFH GH�QHG RQ $� ZH ZULWH aI IRU WKH WULYLDO H[WHQVLRQ RI I WR
$� 7 � aI�D� W�  I�D��

/HPPD � /HW � EH DQ D�QH JDPH ZLWK LQGHWHUPLQDWH RXWFRPHV� /HW �]U�

EH D VHTXHQFH RI VHOHFWLRQV IURP WKH RXWFRPH FRUUHVSRQGHQFH � DQG OHW ��U�

EH D VHTXHQFH RI SRVLWLYH PHDVXUHV RQ $� 7 ��� ,I WKHUH LV D VHOHFWLRQ ] IURP

WKH RXWFRPH FRUUHVSRQGHQFH � DQG D SRVLWLYH PHDVXUH � RQ $� 7 VXFK WKDW

�U � � DQG a]U�U � a]� �ZHDN
� WKHQ

=
XL�D� a]

U�D� W�� W� G�U �
=

XL�D� a]�D� W�� W� G�

IRU HDFK L�

3URRI )L[ L� :H EHJLQ E\ FRQVWUXFWLQJ DQ DSSUR[LPDWLRQ WR XL E\ D FRQ�
WLQXRXVO\ ZHLJKWHG VXP RI D�QH IXQFWLRQV� :ULWH (� IRU WKH GXDO VSDFH RI
( �WKH VSDFH RI FRQWLQXRXV OLQHDU IXQFWLRQDOV� HTXLSSHG ZLWK WKH WRSRORJ\ RI
SRLQWZLVH FRQYHUJHQFH��

��:H GR QRW DVVXPH WKDW �U LV WKH MRLQW GLVWULEXWLRQ RI DQ\ VWUDWHJ\ SUR�OH�

��



)L[ � ! �� )RU D � $� W � 7 � WKH IXQFWLRQ XL�D� �� W� LV D�QH RQ ��D�� VR LW
FDQ EH DSSUR[LPDWHG WR ZLWKLQ � E\ DQ D�QH IXQFWLRQ RQ (��� 7KDW LV� WKHUH
DUH D FRQVWDQW FDW DQG D OLQHDU IXQFWLRQDO 
DW � (� VXFK WKDW

MXL�D� �� W�� FDW � 
DW � �M � �

IRU HDFK � � ��D�� &RPSDFWQHVV RI $� 7��� FRQWLQXLW\ RI XL DQG 
DW� DQG
XSSHU�KHPL�FRQWLQXLW\ RI � LPSO\ WKDW WKHUH DUH QHLJKERUKRRGV : �D� W� RI
�D� W� LQ $� 7 DQG : ��D� W� RI � LQ � VXFK WKDW

� �D�� W�� � : �D� W�� �� � ��D��� �� � ��D� VXFK WKDW ������ � : ��D� W�

� �D�� W�� � : �D� W�� �� � ��D��� �� � ��� � : ��D� W��
MXL��� D� W�� XL��

�� D�� W��M � � � M
DW � �� � ���M � �

&RPELQLQJ WKHVH IDFWV� ZH FRQFOXGH WKDW

�D�� W�� � : �D� W�� �� � ��D��� MXL���� D�� W��� FDW � 
DW � ��M � ��

7KH IDPLO\ I: �D� W�J LV D FRYHU RI $ � 7 E\ RSHQ VHWV� &KRRVH D �QLWH
VXEFRYHU I: �DM� WM�J DQG D SDUWLWLRQ RI XQLW\ II MJ VXERUGLQDWH WR WKLV FRYHU�
L�H�� D IDPLO\ RI FRQWLQXRXV IXQFWLRQV I M � $� 7 � >�� �@ VXFK WKDW

� I M�D�� W��  � LI �D�� W�� �� : �DM� WM�

� 3
M I

M � �

7R VLPSOLI\ QRWDWLRQ� ZULWH FM  FDMWM DQG 
M  
DMWM � 'H�QH PDSSLQJV

F� � $� 7 � ,5 � 
� � $� 7 � ��

E\
F��D� W�  

;
M

I M�D� W�FM � 
��D� W�  
;
M

I M�D� W�
M

��6HH 3KHOSV ������� ,Q WKH LQ�QLWH GLPHQVLRQDO FRQWH[W� WKHUH PD\ EH QR D�QH IXQFWLRQ

RQ ( ZKLFK FRLQFLGHV ZLWK XL�D� �� W� RQ ��D��

��



%HFDXVH II MJ LV D SDUWLWLRQ RI XQLW\ VXERUGLQDWH WR WKH FRYHU I: �DM� WM�J� LW
IROORZV WKDW F�� 
� DUH FRQWLQXRXV IXQFWLRQV DQG WKDW

�D� �� W� � JUDSK�� 7 � MXL�D� �� W�� F��D� W�� 
��D� W� � �M � �� ���

7KLV LV WKH GHVLUHG DSSUR[LPDWLRQ WR XL�

,W IROORZV IURP ��� WKDW

����
=

XL�D� a]�D�� W� G� �
=
>F��D� W� � 
��D� W� � a]�D� W�@ G�

���� � ������
=

XL�D� a]
U�D� W�� W� G�U �

=
>F��D� W� � 
��D� W� � a]U�D� W��D� W�@ G�U

���� � �� ���

IRU HYHU\ U�

1RZ DSSO\ ZHDN
 FRQYHUJHQFH

=
>F��D� W� � 
��D� W� � a]U�D� W�@ G�U

 
= ;

M

I M�D� W� >FM � 
M � a]U�D� W�@ G�U

 
;
M

FM

=
I M�D� W� G�U �

;
M

=
I M�D� W�
M � a]U�D� W� G�U

 
;
M

FM

=
I M�D� W� G�U �

;
M

=
I M�D� W� G�
M � a]U�U�

� ;
M

FM

=
I M�D� W� G� �

;
M

=
I M�D� W� G�
M � a]��

 
;
M

FM

=
I M�D� W� G� �

;
M

=
I M�D� W�
M � a]�D� W� G�

 
= ;

M

I M�D� W� >FM � 
M � a]�D� W�@ G�

&RPELQLQJ WKLV ZLWK ��� DQG NHHSLQJ LQ PLQG WKDW � LV DUELWUDU\� ZH REWDLQ

=
XL�D� a]

U�D� W�� W� G�U �
=

XL�D� a]�D� W�� W� G�

ZKLFK LV WKH GHVLUHG UHVXOW�

��



:LWK WKH SUHOLPLQDULHV FRPSOHWH� ZH WXUQ WR WKH SURRI RI 7KHRUHP ��

3URRI RI 7KHRUHP � $V LQGLFDWHG� WKH SURRI LV LQ VL[ VWHSV� 7KH DUJXPHQW
LV D ELW IXVV\ EHFDXVH ZH QHHG WR NHHS WUDFN RI VWUDWHJLHV DQG VHOHFWLRQV LQ
VHYHUDO JDPHV� 5HFDOO WKDW� DV D PQHPRQLF GHYLFH WR GLVWLQJXLVK EHWZHHQ
DQQRXQFHPHQWV DQG WUXH W\SHV� ZH ZULWH 6L  7L IRU HDFK L� :LWKRXW ORVV RI
JHQHUDOLW\� ZH DVVXPH WKDW � � XL � � IRU HDFK L�

6WHS �� )LQLWH $SSUR[LPDWLRQV )RU HDFK U  �� �� � � � DQG HDFK SOD\HU
L� FKRRVH DQG �[ �QLWH VXEVHWV 6U

L � 6L� $
U
L � $L VXFK WKDW HYHU\ SRLQW RI

6L LV ZLWKLQ � U RI VRPH SRLQW LQ 6U
L DQG HYHU\ SRLQW RI $L LV ZLWKLQ � U

RI VRPH SRLQW LQ $U
L � )RU HDFK U� OHW TU � $ � � EH D %RUHO PHDVXUDEOH

VHOHFWLRQ IURP �� )RU HDFK U� OHW �U EH WKH %D\HVLDQ JDPH ZLWK SOD\HU VHW 1 �
DFWLRQ VSDFHV $U

L � W\SH VSDFHV 7L� SULRU SUREDELOLW\ GLVWULEXWLRQ ¡ DQG XWLOLW\
IXQFWLRQV XUL �D� W�  XL�D� T

U�D�� W�� 0LOJURP DQG :HEHU ������ VKRZ WKDW �U

KDV DQ HTXLOLEULXP �U  ��U�� � � � � �
U
Q� LQ GLVWULEXWLRQDO VWUDWHJLHV�

/HW �FU EH WKH %D\HVLDQ JDPH ZLWK SOD\HU VHW 1 � DFWLRQ VSDFHV 6U
L �

$U
L � W\SH VSDFHV 7L� SULRU SUREDELOLW\ GLVWULEXWLRQ ¡ DQG XWLOLW\ IXQFWLRQV

XUL �V� D� W�  XL�D� T
U�D�� W�� 3D\R�V LQ �FU DUH LQGHSHQGHQW RI DQQRXQFHPHQWV�

VR DQQRXQFHPHQWV DUH FKHDS WDON� 'H�QH

GL � $L � 7L � 6L �$L � 7L � G � $� 7 � 6 � $� 7

E\ GL�DL� WL�  �WL� DL� WL� DQG G�D� W�  �W� D� W�� /HW  UL  GL��
U
L � � 

U  G���
U

EH WKH GLUHFW LPDJH PHDVXUHV� 1RWH WKDW WKH PDUJLQDO RI  UL RQ 7 LV ¡L� VR
 UL LV D GLVWULEXWLRQDO VWUDWHJ\ IRU WKH JDPH �

FU� 0RUHRYHU� � U LV WKH MRLQW
GLVWULEXWLRQ RQ 6 �$� 7 RI WKH WXSOH  U  � U�� � � � �  

U
Q�� %HFDXVH SD\R�V LQ

�FU GR QRW GHSHQG RQ DQQRXQFHPHQWV�  U LV DQ HTXLOLEULXP IRU �FU� :ULWH

�  I�V� D� W� � 6 �$� 7 � V  WJ
IRU WKH VHW RI DQQRXQFHPHQW�DFWLRQ�W\SH SUR�OHV IRU ZKLFK DQQRXQFHPHQWV
DUH WUXWKIXO� %\ FRQVWUXFWLRQ� � U LV VXSSRUWHG RQ �� VR JLYHV SUREDELOLW\ RQH
WR WUXWKIXO DQQRXQFHPHQWV�

)RU HDFK U� GH�QH �U � 6�$ � � DQG a�U � 6�$�7 � � E\ a�U�V� D� W�  
�U�V� D�  TU�D�� 'H�QH a�F � 6�$�7 � � E\ a�F�V� D� W�  �F�V� D�  ��D��
1RWH WKDW �U LV D VHOHFWLRQ IURP �F DQG WKDW a�U LV D VHOHFWLRQ IURP a�F�

��



6WHS �� /LPLWV 3DVVLQJ WR DQ DSSURSULDWH VXEVHTXHQFH LI QHFHVVDU\� ZH
PD\ DVVXPH WKDW� IRU HDFK L� WKH VHTXHQFH � UL � RI VFDODU PHDVXUHV FRQYHUJHV
ZHDN
 WR D VFDODU PHDVXUH  L RQ 6L � $L � 7L� DQG WKH VHTXHQFH �a�

U� U� RI
(�YDOXHG PHDVXUHV FRQYHUJHV ZHDN
 WR DQ (�YDOXHG PHDVXUH � RQ 6�$�7 �
1RWH WKDW FRQYHUJHQFH RI LQGLYLGXDO VWUDWHJLHV LPSOLHV FRQYHUJHQFH RI MRLQW
GLVWULEXWLRQV� WKDW LV� � U � � � WKH MRLQW GLVWULEXWLRQ RI    � �� � � � �  Q��

%\ /HPPD �� WKHUH LV D %RUHO PHDVXUDEOH VHOHFWLRQ £ IURP � VXFK WKDW
�  £� � 'H�QH ��V� D�  £�V� D� V� IRU HYHU\ �V� D� � 6 � $� 1RWH WKDW � 
LV VXSSRUWHG RQ �� WKH VHW RI WUXWKIXO SUR�OHV� VR a�  £ DOPRVW HYHU\ZKHUH
�ZLWK UHVSHFW WR � �� ZKHQFH �  a�� �

6WHS �� &RQYHUJHQFH RI 8WLOLWLHV $SSO\LQJ /HPPD � WR WKH JDPH �F�
ZH FRQFOXGH WKDW XWLOLWLHV FRQYHUJH� 7KDW LV� IRU HDFK L�

(XL� 
UM�U�� (XL� M��

6WHS �� ,GHQWLI\LQJ %HWWHU 5HVSRQVHV 7KH VHOHFWLRQ £ LV RQO\ GHWHU�
PLQHG XS WR VHWV RI PHDVXUH �� VR ZH PD\ KDYH FKRVHQ WKH ZURQJ VHOHFWLRQV
�� a�� 7KLV OHDYHV RSHQ WKH SRVVLELOLW\ WKDW SOD\HUV PD\ KDYH SUR�WDEOH GHYL�
DWLRQV� :H ZLOO FRQVWUXFW SHUWXUEDWLRQV RI �� a� WR HOLPLQDWH WKHVH GHYLDWLRQV�
,Q RUGHU WR GR WKLV� ZH �UVW LGHQWLI\ WKH SODFHV ZKHUH SHUWXUEDWLRQ LV UHTXLUHG�

%\ DVVXPSWLRQ� ¡ LV DEVROXWHO\ FRQWLQXRXV ZLWK UHVSHFW WR WKH SURGXFW RI
LWV PDUJLQDOV� OHW ) � 7 � ,5 EH WKH WKH 5DGRQ�1LNRG\P GHULYDWLYH �ZKLFK
ZH FDQ DVVXPH LV D %RUHO IXQFWLRQ�� VR WKDW ¡  ) ��¡L�� 1RWLFH WKDW WKH
FRQGLWLRQDOV DUH ¡��MWL�  ) ��MWL���¡L��

)L[ D SOD\HU L� &RQVLGHU WKH PDSV � � 7L � ,5� � � 7L � /��¡�L�
GH�QHG E\ ��WL�  (XL� M�� WL�� ��WL�  ) ��MWL�� 7KH PDSV ��� DUH %RUHO
PHDVXUDEOH��� VR /XVLQ
V WKHRUHP DOORZV XV WR �QG DQ LQFUHDVLQJ VHTXHQFH
�7 N

L � RI FRPSDFW VXEVHWV RI 7L VXFK WKDW WKH UHVWULFWLRQV RI ��� WR HDFK
7 N
L DUH FRQWLQXRXV DQG ¡L�7L Q 7 N

L � � ��N� 7KHUH LV QR ORVV RI JHQHUDOLW\ LQ
DVVXPLQJ WKDW WKH VXSSRUW RI  LM7 N

L LV 7
N
L � HTXLYDOHQWO\� HYHU\ UHODWLYHO\ RSHQ

VXEVHW RI 7 N
L KDV SRVLWLYH ¡ �PHDVXUH� 6HW 7

�
L  

6
7 N
L � VR WKDW ¡L�7L Q 7 �

L �  ��
/HW +L EH WKH VHW RI SDLUV �VL� DL� � 6L � $L IRU ZKLFK WKHUH LV D W\SH WL � 7 �
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