HOMOGENEITY AND SUPPLY

JEFFREY T. LAFRANCE AND RULON D. POPE

Supply functions in the ubiquitous Gorman class are examined for their homogeneity properties.
Homogeneity places surprisingly strong restrictions on functional forms. These forms facilitate testing
of aggregability given homogeneity or homogeneity given aggregability or testing both.
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Economists’ motivations for choice of func-
tional form include ease of implementation
and interpretation, needed flexibility, and ag-
gregability. For demand applications, one of
the late Terence Gorman’s great legacies is
an attractive generalization of previous work
on representative consumers (Gorman 1953,
1961; Muellbauer 1975, 1976; Deaton and
Muellbauer 1980a, 1980b) called a Gorman
system of Engel curves or a Gorman system
in short (Gorman 1981; Lewbel 1987, 1989).
A Gorman system readily satisfies exact ag-
gregation. For both consumer and producer
applications, this legacy is deeply embedded
in agricultural economics, as evidenced by the
many applications that take the Gorman class
of functions (additive in functions of the ag-
gregated variable) as the starting point for em-
pirical analysis (Shumway 1995; Shumway and
Lim 1993; Green and Alston 1990; Chambers
and Pope 1991; LaFrance et al. 2002).

Gorman class functional forms are ubig-
uitous because they are easily interpretable,
flexible, and have the added advantage of
possessing convenient aggregation properties.
However, many applications to agricultural
producer behavior focus on a single commod-
ity (Adams and Behrman 1976; Aradhyula
and Holt 1989; Askari and Cummings 1977;
Azzam and Yanagida 1987; Braulke 1982;
Brester 1996; Burt and Worthington 1988;
Debertin and Pagoulatos 1992; Eckstein
1985; Griliches 1960; Hallam 1990; Holt and
Moschini 1992; Kaiser, Streeter, and Liu 1988;
LaFrance and Burt 1983; LaFrance and de
Gorter 1985; Levins 1982; Lohr and Park
1992; Marsh 1994,1999; Milligan 1978; Nerlove
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1958, 1959, 1979; Nerlove and Addison
1958; Rucker, Burt, and LaFrance 1984; and
Wickens and Greenfield 1973). In these cases,
one can either employ a popular Gorman spec-
ification (without the system restrictions) or
specify any appropriate representation of in-
terest. In the former case, one might use a
functional form that is unnecessarily inflexi-
ble because choosing from a system “off of
the shelf” may have imbedded restrictions that
come from the economic theory of systems,
for example, symmetry and adding up of de-
mand, expenditure or cost, or symmetry from
profit maximization. That is, in a single equa-
tion, a researcher could not impose any of the
cross-equation restrictions such as symmetry
or adding up but would typically impose ho-
mogeneity (and usually expect but not impose
nonnegativity and monotonicity in the own
price). If one chooses an arbitrary form, the
imposition of homogeneity may seem trivial
by merely deflating by some price or index of
prices. However, this can easily destroy aggre-
gability (Lewbel 1989). Further, this may not
allow a nested approach for testing homogene-
ity, which is notoriously rejected in empirical
work (Deaton and Muellbauer 1980a, 1980b;
Shumway 1995).

The approach that we take is to isolate
the homogeneity condition within the general
Gorman class of supply functions. Language
and notation focus on producer supply be-
havior, but our results apply to a variety of
other settings, for example, a factor demand
equation or a normalized profit function.! To

VAll of the results apply—with appropriate changes in
notation—to a single consumer demand equation and a supply or
input demand equation with profit or cost replacing output price.
However, we feel that the standard supply case is most useful and
illuminating. Furthermore, when applying our results to a system,
the flexibility in the main proposition of this article is restricted in
a complete system of equations due to the additional properties of
symmetry and adding up.
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maximize the empirical relevance of the anal-
ysis and reduce the notational clutter, a sin-
gle supply equation is considered. In doing
so, we are not advocating the single equation
approach, which sacrifices attractive opportu-
nities to model and test supply and demand
symmetries, concavity, and adding up. How-
ever, because homogeneity is an equation-
by-equation concept, the results transfer im-
mediately to any number of equations with
the Gorman structure. This approach has
the advantage of seeing exactly what restric-
tions homogeneity alone places on a Gorman
system.?

Our results are novel and, to us, they are
striking. We began this inquiry conjecturing
that homogeneity might not substantially re-
strict or guide the choice of functional form.
This turns out to be far from true. We find
that supply functions must include explicit
sums and products of power, logarithmic, and
trigonometric functions and must do so in
rather explicit ways. We find that the set of pos-
sible homogeneous functional forms depends
crucially on the number of functions of the
aggregated variable being utilized. That said,
there is a great deal of flexibility remaining to
measure supply response and a great deal that
can be learned from considering homogeneity
in isolation from other properties of a supply
function. We present a class of functional forms
that are homogeneous and can be imposed di-
rectly in applied work, or that can be perturbed
to test for homogeneity or aggregability.®

Gorman Class Functions

The rationale and approach for specifying an
aggregable supply system follows Chambers
and Pope (1991, 1994). By focusing on supply,
q, and given heterogeneity in output price due
to temporal and spatial reasons, it is reasonable

2 One of the amazing, and at times frustrating, aspects of Gorman
(1981) is that he simultaneously imposes symmetry, adding up, and
homogeneity so that the role of each is unclear.

3 An Appendix containing proofs of the main results is available
on AgEconSearch as LaFrance and Pope (2008). This Appendix
also discusses a technical property required for the supply function
not to have any mathematical or empirical redundancies. Specif-
ically, both the K input price functions, {a1, ... ok}, and the K
output price functions, {41, ..., hx }, must be linearly independent
across the K—-dimensional constants over the interior of their re-
spective domains of definition. We also assume throughout that all
of these functions are smooth, i.e., ay, iy € £, Vk=1,..., K.
Interested readers are referred to the Appendix and the references
cited there for additional details.
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to specify supply as
K

1) q= fok(w)hk(P)
k=1

with K smooth functions of input prices, oy:
R, — R, k=1, ..., K, times K smooth
functions of output price, hx: Ry —R, k =
1, ..., K.* We also could add fixed inputs or
technical change variables. However, to avoid
notational clutter, for the present such shifters
can be subsumed in a and h. The functional
form in (1) defines the Gorman-class of func-
tions. Given that supply functions are posi-
tive valued and increasing in the output price,
we expect that Zle o (w)h(p) > 0 and that
>t a(w)hy(p) > 0.

Homogeneity (0°) of ¢ in (w, p) is most ba-
sically described by’

(2)  q(rwtp)=q(w, p), V1 >0.

Given the smoothness assumption, homogene-
ity also can be written in terms of the Euler
equation (Allen 1938)

3)
dg(w, p)  dg(w,p) <~ doy(w)
L e ; = W p)

+ Z o (w)hi(p)p = 0.
k=1

One could immediately impose homogeneity
by dividing by p or a w; in (1). In the first

4 As a reviewer pointed out, if one includes the origin in the
domain of (w, p), no non-constant functions exist that satisfy 0°
homogeneity globally. In addition, our main result obtains log and
power functions of the ratios p /oy (w), k=1, .. ., K, with exponents
that can be greater than, equal to, or less than one. Ex post, this
requires that we restrict the domain of (w, p) to R’ x R, and
the range of a to R .

5 Homogeneous functions are the subject of a longstanding anal-
ysis in the mathematical theory of Lie transformation groups
(Campbell 1903; Lie 1880, English translation and commentary
in Hermann 1975; and Olver 1995). The basic representation for
0° homogeneity in equation (2) defines what is known in the math-
ematical field of differential topology as a dilation group—i.e., the
supply function is invariant to any one parameter dilation of the
form (w, p) — (tw, tp),t > 0. For example, Olver (1995, p. 46)
shows that in the two-dimensional plane (i.e., where w is a scalar),
the only local solutions to this problem are p/w, w/p, or some
monotonic transformation. Since both of these ratios are not de-
fined when the denominator vanishes, there is no global solution
to the homogeneity problem even in the plane. However, market
prices are positive, and we are free to restrict the domain of the
supply function to the strictly positive (n + 1) dimensional orthant
to avoid this technical issue. Campbell (1903) contains a detailed
analysis of the general properties of homogeneous functions using
Lie group theory. While the general properties of homogeneous
functions are broadly understood in this field of mathematics, this
article derives the complete set of solutions to homogeneity in the
Gorman class of single equation models from first principles.
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case, deflation destroys aggregability, at least in
the conventional sense, by creating terms that
are functions of w/p (Lewbel 1989). In the lat-
ter case, the variables are p/w; and w;/w;. This
generally destroys independence of an aggre-
gate output price index from the elements of
w. If testing homogeneity is of interest, most
researchers would prefer a nested test, which
is what our development provides. This is op-
posed to an arbitrary form in which deflated
and nondeflated models are compared with a
nonnested test. Thus, the next section focuses
on the restrictions on each of the functions
in (1) that lead to homogeneity. This requires
solving the differential equation in (3).

The Main Result

In the Appendix to this article, the proof of
our main result is derived by solving the Eu-
ler equation for homogeneity when the supply
equation has the Gorman form. The results de-
pend on the number, K, of functions included
in the supply function. The explicit results for
K< 3 are highlighted because this appears to
be parsimonious and sufficient for most empir-
ical representations.®

PROPOSITION 1. (The Main Result): Let the
supply function take the Gorman form, q =
& aw(w)hi(p), with K smooth, linearly in-
dependent, functions of input prices, w, and K
smooth, linearly independent, functions of out-
put price, p. If q is 0° homogeneous in (w, p),
then each output price function is either: (i) pt,
with € € R; (ii) pt (In pY, withe e R, j € {1,
..., K}; (iii) ptsin (t1n p),ptcos (7ln p),
with € € R, 7 € Ry, appearing in pairs with the
same {&, 7} for each pair; or (iv) p* (In pY sin
(tIn p),p® (In pYy cos (7lnp), withe € R,
je{l,...,[\,K]}, T € Ry, and K>4, appear-
ing in pairs with the same {&, j, T} for each pair,
where [1K | is the largest integer no greater than
LK. If K € {1, 2, 3}, then the supply of q can
be written as:

(a) K=1q=[p/aa(w)]*;
(b) K=2
i. q=[p/aua(w)]" +[p/oa(w)]?;
i. q=[p/oa(w)]*In(p/a(w));or
ii. q=[p/ou(w)]*[sin(t In(p/cx(w)))
+ cos(t In(p/ca(w)))];

© Non-negativity and monotonicity of supply in p are usually
not imposed in the empirical implementation of single equation
models, but clearly they are expected to be satisfied.
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(c) K=3
i. q=[p/a(w)]" +[p/oa(w)]?

+ [p/az(w)]*;

i. q=[p/oa(w)]®
+ [p/ea(w)]* In(p/os(w));

iii. q =[p/oa(w)]*{ox(w)
+ [In(p /o (w))]*}; or

. q=[p/a(w)]*
+ [p/oa(w)]={sin(t In[p/az(w)])
+ cos(t In[p/ez(w)])}.

In each case except (c) iii, where oy (w) is homo-
geneous of degree zero, each o;(w) is positively
linearly homogeneous fori = 1,2, 3.

Beginning with K = 1, where there is no
possibility of complex roots to (3), a simple
power function of p emerges. Only a single lin-
early homogeneousindexin wisrequired. One
might consider p/.o;(w) > 0 to be the “real
price,” in which case monotonicity of supply
in the output price requires €; > 0. If g < 1,
then the smaller is this elasticity, the greater is
the concave curvature of supply in real price,
while if €1 > 1, then the larger is this elasticity,
the greater is the convex curvature of supply
in real price.

For K =2,supply curves need not go through
the origin and more flexible functional forms
are introduced. A linear combination of power
functions in p are obtained—each with sepa-
rate exponents ((b) i). These are generaliza-
tions of the PIGL forms developed by Muell-
bauer (1975, 1976) and Lewbel (1987). Other
generalizations include log functions included
with power functions. For the log form in (b)
ii, expanding the log term reveals that the two
output price functions enter in a specific mul-
tiplicative way, with p®and p® In(p) serving
as the two price functions in (1). This intro-
duces generalizations of the PIGLOG class
of functions developed in Muellbauer (1975,
1976) in demand analysis. Finally, for K = 2
(b) iii, the possibility of complex roots occurs
and trigonometric solutions are introduced
with output price functions p® sin(t In(p)) and
p& cos(t In(p)). These identify a pair of terms
similar to the Fourier series approximations
developed in Gallant (1984) and applied by
Chalfant (1987) and Wohlgenant (1984).

Moving on, K = 3 adds an additional price
function. Analogous to (b) i, an additional
power function is possible, as noted in (c) i. A
mixture of (a) and (b) ii also is possible (pre-
sented as case (c) ii), as well as the general-
ization of the trigonometric forms found when
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K =2 as presented in (c) iv. Perhaps most sur-
prising is the appearance of the (In p)? term,
which generalizes (b) ii, and is presented as
case (c) iii in the proposition.

All of these cases follow from a reduction
of the Euler equations to an equivalent lin-
ear ordinary differential equation (see equa-
tion (A.9) in the Appendix). When K = 3, the
specific solutions to this differential equation
depend on whether there are unique real roots,
a repeated real root combined with a unique
real root, one real root with multiplicity 3, or a
real root combined with a complex conjugate
pair of roots.

A few comparisons of the forms in propo-
sition 1 and popular forms have been noted
above and there is a large set of Gorman-class
forms that could be discussed. However, the
conclusion is clear even from K =1 that homo-
geneity defines the class of functions but allows
a much more rich set of behaviors than were €
constrained to be 1 as in conventional systems
of demand analysis. Thus, we conclude that the
set of functions consistent with homogeneity
is flexible and appears to be empirically mean-
ingful. Yet, it is surprising that homogeneity
alone defines the class of output price func-
tions that can be used.

Profit Functions

Even if a production or general equilibrium
system is not estimated, it is useful to know
the profit functions corresponding to Propo-
sition 1, so that welfare analysis can be per-
formed (Hausman 1981, LaFrance 1993). That
is, assuming that firms solve

max, x{pg — w'x:

(¢.x) €Y CRy xR}

m(p, w) =

where Y is the production possibilities set and x
is the input vector, then also assuming smooth-
ness and integrating the supply function in
each case (a)-(c) above gives the profit func-
tion, (p, w). Note that if the supply equation
is a sum of functions, then a sufficient condi-
tion for monotonicity of the supply function
in the output price is that each function is in-
creasing in p. However, this is not necessary.
Hence, it is not imposed except for K = 1. We
present results for K =1, 2, and K = 3 (c) iii.
The results for the remaining K = 3 cases can
be anticipated from the results for K = 1 and
2. As is the case for proposition 1 above, the
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complete proof of our next result is contained
in the Appendix.

PROPOSITION 2. Let the supply of q take the

form in Proposition 1; then homogeneity re-
quires profit functions of the following forms:

) b

(a) K—181>O
)_

)4
") = e <oq<w>

K=2
i.a. €1,& 75 — 17

(b)

m(p, w) = a +81) <oc1fw))

(1 + &) <asz)) B
ib. g #—1, 82__1
w(p, w) = a +g ) <a1( )>

+ op(w) In (m> —v(w);
iia. & #—1
m(r W) =Gy +81) <0u( )

[n ()]0
iib. g1 =-1 2
m(p, w) = 10‘1(w) [ln <asz)>}

— B(w);

iii.

m(p, w) = ((1 +81l;2 +T2> (Otli)w)yl

x [(1 +& +7)sin <T In (ﬁ))

+ (1+& —7)cos (’f In («mw))]

— B(w);
(c) K=3
jii.a. g1 £ — 1

a +p81)3 (alfw)yl

X {1 + (1 +¢&1)’e(w) + [(1 + &)

() ]| o

7 Although we don’t focus on monotonicity, it is clear that both
exponents (g; and €;) cannot be negative for supply to be increas-
ingin p.

m(p, w) =
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iib. g1 =-1

m(p, w) = o (w) [O‘Z(w) tn <%>

5 (n(t)) e

In each case, B(w) and vy (w) are positively lin-
early homogeneous functions of w.

These results can be used to develop sys-
tems or partial systems of production behav-
ior for applied welfare analysis. For example,
one could differentiate the profit functions in
proposition 2 with respect to p and w and esti-
mate a system of supply and factor demands.®
Some of the forms are simpler or otherwise
more attractive than others. These profit func-
tions are both necessary and sufficient in each
case, and sufficiency can be shown simply by
differentiating with respect to p.

We have said little about regularity condi-
tions such as monotonicity or nonnegativity.
In single equation problems as we consider
here, these conditions are seldom imposed but
merely checked after estimation. However, itis
possible to impose local or global monotonic-
ity in a single equation or a system with con-
strained estimation. In any given application,
monotonicity should at least be examined. To
illustrate itsimportance, in (b) ii, for oy :R" | —
R, monotonicity of supply requires that 1 —
In (p/az(w)) > 0. Thus, the practical usefulness
of this case hinges both on the domain of p and
w, and the range of ay.”

Conclusion

Measuring producer or consumer behavior re-
quires selection of a functional form. The Gor-
man class of functions is flexible and aggre-
gable and encompasses most empirical specifi-
cations in the literature. Yet, surprisingly little
is known about how homogeneity of degree
zero of supply and demand functions applies.
We find substantial generalizations of the func-
tional forms found in Gorman-based systems
and routinely applied in empirical demand
analysis, where homogeneity, adding up, and
symmetry are imposed in a complete system.

8 Profit also can be added if one accounts for the statistical prop-
erties of the errors that are due to adding up, since profit is created
from the output supply and input demands.

9 Ignoring aggregation, fixed inputs, z, can be included as oy (w,
z) and/or hy(p, z) with no change in the conditions required for ¢
to be homogeneous in (w,p).
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The functional forms in the propositions pro-
vide a coherent approach for empirical work
using any supply or demand function in the
general Gorman class. Finally, although the
derived functional forms are substantive gen-
eralizations of those in the complete systems
literature, we are struck with the following ob-
servation: homogeneity alone determines the
admissible class of functional forms.

[Received June, 2007;
accepted November 2007.]
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