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Abstract: The author explains how optimal-control problems can be solved with
a common spreadsheet such as Microsoft Excel. He illustrates the method with
several examples ranging from simple models to quite advanced topics. The
method is intended to be beneficial to students and teachers working with com-
plicated theory in the classroom as well as researchers needing atool for finding
numerical solutions to optimal control problems.
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Optimal control (OC) is one the most common techniques in dynamic opti-
mization. Graduate students specializing in macroeconomics or resource eco-
nomics are usualy required to learn OC. Unfortunately, OC is considered by
many to be acomplicated subject. Also, most teachers emphasize analytical tech-
niques that are of limited use because closed-form solutions to OC problems are
rare. In this article, | demonstrate how to solve a variety of continuous-time OC
problems using standard features in a spreadsheet program, which is convenient
for the following of reasons:

* Students who lack analytical math skills but are familiar with spreadsheets,
using simple numerical techniques, can solve problems and gain intuition until
their analytical skills catch up.
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* The spreadsheet solution algorithm closely mimics the analytical solution
algorithm. Thus working with a spreadsheet solution furthers the students' grasp
of the analytical technique.

¢ This method introduces students to numerical techniques without the need
for mastering complicated programming languages like GAMS and Matlab.

« Spreadsheets have many easy-to-use featuresthat allow avisual presentation
of control paths. These presentations provide the student with intuition about
how OC works and are particularly useful when teaching comparative dynamics.

This article is primarily aimed at instructors who teach OC and want to com-
plement their teaching through simple numerical analysis. | developed the
method presented here as a graduate student, and | feel that | gained considerable
insights into the mechanics of OC as aresult. Quite afew of my fellow students
who asked that | show them the method indicated that their understanding of OC
was improved by experimenting with numerical solutions. Some academic
researchers may aso find it useful to learn a simple way of solving simple OC
problems without any knowledge of low-level programming. The insights that |
gained into numerical methods have led me to tackle more complicated models
with Matlab in my postdoctoral research.

The feature in Excel that enables me to solve dynamic optimization problems
isthe Solver. Thistool isvery versatile and can be set up to solve almost any opti-
mization problem of the form max f(x). The Solver aso handles constraints and
integer problems. The feature | use is the Solver’s ability to solve nonlinear sys-
tems of equations. The Solver’s functionality and flexibility make it a valuable
pedagogical tool that should be explored by all economics instructors. A list of
papers using Excel to teach economics is maintained by LTSN Economics and
can be found at http://econltsn.ilrt.bris.ac.uk/advice/spreadsheets.htm. Spread-
sheets have been used recently as pedagogical tools in dynamic optimization.
Conrad (1999) uses Excel to solve humerous dynamic programming models, and
Shone (1997) shows how discrete OC problems can be solved. Building on these
authors’ work, | demonstrate how to use the spreadsheet to solve continuous-time
problems. Theoretical models found in the literature and textbooks are often
framed in a continuous-time framework.

| have assumed that the reader is familiar with OC and the application of Pon-
tryagin’s Maximum Principle. The reader who is interested in gaining such
familiarity is directed to Seierstad and Sydsager (1987). The spreadsheets dis-
cussed below are available from the author on request.

NUMERICAL SOLUTIONSTO DIFFERENTIAL EQUATIONS

Before students can start solving OC problems with a spreadsheet, they need
to know a numerical technique for solving ordinary differential equations
(ODES). Elementary textbooks on differential equations provide a number of
algorithms to use when solving numerically ordinary differential equations of the
type xkE f(t,x), X(0) = x0. Borrelli and Coleman (1987) provide a good introduc-
tion to the subject. The agorithm that seems to strike the best balance between
ease of use, efficiency, and accuracy, and therefore seems to be the most popular,
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isthe fourth-order Runge-Kutta method. This method is a simple iterative proce-
dure that starts with initial conditionst = 0 and x(0) = X, inserts the initial con-
dition into the algorithm, obtains an estimate for x(t + €), uses this estimate to
obtain an estimate of x(t + 2€) and so on. € is a step size that must be chosen by
the programmer. The formula for obtaining an estimate for x(t + €) is given by

X 4o =X T €6(k + 2K, +2k, + k), D
where k; is given by
k, =f(t.x) k, = f(t + /2, x, + k/2) @

Ky =f(t + €/2, x, + Kg/2) k, =f(t + &, x +Kge).

Here, x may be a vector or a scalar. To illustrate its use, | solved the differen-
tial equation x£ —x + 1 with the initial condition x(0) = 0. This equation has the
explicit solution x(t) = 1 — et. Firgt, | write the differential equation as a user-
defined function (UDF) in Excel’s macro language Visual Basic for Applications
(VBA). A short demonstration of how to write such functions is given in the
appendix. The written code should look something like this:

Function f(t,x)
f = x+1
End Function

Note that even if f takest as an argument, t does not appear anywhere in the def-
inition of the function, which allows for generality. When | enter the formulas
from equations (1) and (2) into the spreadsheet, using a value of € = 0.05, | get
formulas that look like those in Figure 1.1

Incell B1, | entered the step size, €. In cell B3, | entered the starting point t = 0,
andin B4, | entered x(0). In B8 to B11, | entered the definitions of k; from equa-
tion (2). Note how references to the step size in B2 have $ signs, signifying an
absolute reference. This ensures that when the content of a cell is copied to
another cell, the formula in the new cell till refersto B2. In cell C3, aformula
increases time by the step size. In C4, | entered the formula from equation (1).

A | B | C
1 |Stepsize  |0.05
2
3 Io =B3+5B51
4 [z 0 =B4+{§B51/5)*(BE+2B3+2*B10+B1
5
B
7
B |u =f(E3;E4) =f{C3;C4)
=R =f{B3+5B%1/2;B4+5B%17B6/2] | =fCI+5B%1/2;C4+5B0517Ca/2)
0|3 =fE3+§B51/2,B4+5B51°B9/2) | =fCI+§B51/2,C4+5851°CO2)
1 |k =fB3+5B%1;B4+5B51"B107 =fCI+5B%1;C4+5B517C10)
FIGURE 1. Spreadsheet formulas for the problem x = —x + 1, x(0) = 0.
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] s Sl e v =l e e bl

Stepsize ! 0.050
i 0.000 0050 0100 0150 0200 0250 0300 03500 0400 0450 0500
x(F) 0.000 0049 0095 0139 0181 0221 0259 0295 0330 0362 0.393

x(Fractual 0.000 0.043 009 0139 0181 0221 0258 0295 0.330 0362 0.353

ki 1.0000 0.951 0905 0861 0819 0779 0741 0705 0670 0633 0607
k2 0575 0827 0882 0839 0798 07589 0722 0687 0654 0622 0591
k3 0576 0528 0883 0540 0799 0780 0723 06358 0654 0622 0592
k4 0851 0805 0861 0819 0779 0741 0705 0670 06358 0607 0.577

[}

3

FIGURE 2. Results for the problem x = —x + 1, x(0) = 0.

No more code has to be entered manually. | copied the contentsin cells B8-B11
into cells C8-C11, D8-D11, and as far along as necessary. The same was done
with the contents of C3—C4. For 10 iterations and with step size 0.05, the results
will look like Figure 2.

Note that in row 5 of Figure 2, the explicit solution x(t) = 1 — et is given and
that there are no discrepancies. For well-behaved ODEs, in particular those that
do not have unstable nodes, the Runge-Kutta algorithm is remarkably robust. If
the solutions exhibit chaotic or stiff behavior, the method will not work very well.
However, thisis unlikely to be the case in most OC problems. | discuss another
source of instability in the context of OC problems later.

Using Runge-Kutta Methods to Solve Optimal-Control Problems
A standard OC problem is
T
max [, f(t,x,u)dt
ax [ f(t,x,u)

st %k glt,x,u),  x(0) =x°.

The maximum principle gives the information required to solve such problems.
The maximum principle is usualy stated in terms of the Hamiltonian defined by

H(t,x, p,u) = f(t,x,u) + pg(t,x,u). Apart from the transversality conditions, the
maximum principle yields

©)

u(t,x, p) =arg max[H(t, X, P y)]. (@]
y
.9
p= —an[H tx py) ®)
xE [t x,u(t, x, p)]. (6)

After inserting for u from equation (4) into equations (5) and (6), | have two
differential equations. When solving these equations, | must take into account
that the differential equations do not pose a standard initial value problem but a
boundary value problem. Depending on whether there are equality restrictions on
X(T), thereis either atransversality condition p(T) = O or a condition X(T) = X. In
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either case, the value of p(0) is not known. This problem may be solved with a
method called Shooting. What the method does in the context of OC is to start
out with the value x(0) and a more or less informed guess on p(0). Suppose that
I want to set p(T) = 0. Then starting with an initial guess p,(0), | go through the
Runge-Kutta iterations until | hit T. If p,[T|p,(0)] > O, | decrease my guess of
p(0). If p,[T[p,(0)] <O, I enter anew guess with p,(0) < p,(0). There are numer-
ous ways to set up such an algorithm. A Grid Search Algorithm seems to be the
most reliable, if not the most efficient from a programmer’s perspective. A major
feature of thismethod isthat | do not have to bother about this step, because | am
going to let Excel take care of it.

SOLVING OPTIMAL-CONTROL PROBLEMS

This section solves four problems, al with a fixed end point, T. These prob-
lems are similar to the types of problems first encountered by students of OC.

Problem 1. A Basic OC Problem

Consider the following problem:

0 1,0
e 3 g

st xEu—x, x(0) = 0 x(1) free.

Equation 7 may be considered a stylized model of an investment process, where
x isreal capital, depreciating at rate 1, and u is investment. Revenues depend on
the level of capital, and costs depend on investment. To solve this problem, | pro-
ceed with the following steps:

1. Find the u(t,x, p) that solves equation (4) in the present case. It turns out that
for the model in equation (7),

u(t,x, p) = p.
2. Insert for u(t, x, p) into equations (5) and (6). This gives

;Q:—l+pand>éj: p—X

3. Write the expressions from number (2) as functions in Excel’s macro lan-
guage. The functions should look something like this:

Function dP(t, X, p)

dP = -1 + p

End Function

Function F(t,x,p)

F=p-x

End Function
The first function is the differential equation for the costate variable p; the sec-
ond is the differential equation for the state variable x. (The superfluous argu-
ments are shown for generality and to make the code easy to reuse.)
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4. Incell A2, enter asmall number for the step size. Asageneral rule, some hum-
ber in the range 0.01 to 0.05 works well.

5. Enter the rows that will show the state variable and the costate variable. The
first columns should look like Figure 3.

The first row in Figure 3 isthe variable t. It is updated by the step size given
in cell A2. The second row is x; the third row is p. Note how the formulas in the
second and third rows match the Runge-Kutta formulain equation (1). The num-
ber in C3isp(0). Thisisthe unknown of the problem. The initial guess hereisO,
but any number may be chosen.

6. Write formulas for k;, k,, ks, and k, into the spreadsheet. These should ook
something like Figure 4.

Note the column and row headers. The only thing to write here is the first col-
umn in cells C7 to C14. | can then copy the contents of this column to cells D7
to D14, E7 to E14, all theway upto cells1V7to V14, if so desired. In thisexam-
ple, | copied the contents of C7 to C14 into the cells D7-D14 up to W7-W14.
The content of cell C7 isk, for the variable x at time t = 0. In this example, it is
simply p(0) — x(0); the content of cell C8 isk, for the variable x; C9 isk; for x,
and C10isk,. Then at C11, | have k, for the variable p and so on.

Steps 5 and 6 are the most complicated parts, and they require no more than
five minutes of typing. Also, after having done it once, the same sheet may be
used again for any problem with one state variable.? For typographical reasons,
the cells have been illustrated with time going from left to right. Because Excel
has 65,336 rows but only 256 columns, it is beneficial to let time go from top to
bottom in problems where final time is relatively large. If the reader chooses to

=T 3] [ E
Al | l=c1+5482 =D1+5A52
2] 0 SC2HBASZE(CT+27CE+2CO+C10)  =D2+(BAS2/E) (D7 +2°D8 +2°DI+D10)
Ep 0 =CIH(SASZEITC11427C1242°C13+014) | =D3+(BAS2E (D11 +2°D12+2°D13+D14)

FIGURE 3. Spreadsheet formulas for problem 1.

p k2 =dP(CH +5AF22 CH2+).57FARZCT, CRa+l SVARC1) |=dP (D1 +3ARLZ, D5240 573ARS07, DF3+0. "BARZD11)
0 K3 =dP(CH +5A522, Co2+0.575ARZ"CE CRI+ 5VARC12) |=dP (D1 +AR2Z, D240 573AR00, DF3+0 5"bARZD12)
0 kd =dP(CH+5A52. CELBARICI.CTI+5A5C13) =dP(D§1+5A52, D52 +5A5D9, DE3+5ARZT13)

B | C | D
8]
T |x k=080 =F(0%1 D52.083)
B [ K=F(CHHARLCR2A0 BRASZCT CRBA0 SBARTCAT) |=F(DS1 +5AF2/2 D245 SARDT. DE340 5"5A82°D1 1)
G [ K3 =F(CHHARLCR2A0 BPRASTCB.CR3A0 SBARICAZ) |=F(DS1 +5AFL/Z DR 5 SARDR D140 5"5A82°D12)
00 ke =F{CH-+5AR2, CEZHASICO, C3I-6A02°C13) =F(D51 +5A52.D52+5A52°09 DE3+A52°D13)
i |p k1 =aRiCHC5208) =dP(D$1; 082,083
12
1
)

FIGURE 4. Spreadsheet formulas for problem 1—continued.
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type the formulas as in Figures 14, this can easily be achieved by copying all
the cells with formulas and text, opening a new sheet, and doing a Paste Special,
taking care to mark the check box Transpose. Thisisdonein the sequel, and time
hereafter goes from top to bottom.

7. The final step is to use the Solver application to solve the problem. Prior to
solving the problem, the table of t, X, and p values looks like Figure 5.

The initial value of x(0) is correct. However, because p(0) is arbitrarily set at 0,
the transversality condition p(1) isincorrect, as are the paths of x and p. Now load
the Solver application in Excel; set the Solver up so that it sets the contents of
cell C24 to zero by changing cell C4. The Solver box should look like Figure 6.
Pressing Solve provides the optimal paths of x and p. These appear approxi-
mately asin columns B and C in Figure 7.

It is easy to verify that the exact solution to this problemis
X(®) = 1~ % + (het ~ et and p(t) = 1 - €.

The exact values are given in columns D and E. As seen in Figure 7, the dis-
crepancies are minute. Note that even if the numerical solution does not give
p(T) = 0, the difference is negligible.

) e |

| 2 |Stepsize: 0.05

| 3 it (] pit)

ks 0 o o

L 0.05 -000125 -0.058127
B 0.1 -0.0058 -0.10517

7| 015 -001127| -0.16183
E 02 -002007 -02214
9| 025 003141 -0.28403
10 03 -0.04534) -0.34986
11| 035 -0.06198| -0.41907
12 04 -008107) -0.43182
13 0.45 -0.10297| -0.56831

14 05 -0.12763 -0.64872
15| 055 -0.1551| -0.73325
16 06 -016547 -0.62212
17| 0655 -0.2198| -0.91554
18 07 -025517| -1.01375
18| 075 020469 -1.117
20 0.8 -0.33744| -1.22554
B 085 -038354 -1.33965
|22 09 -0.43309] -1.45%
23| 095 048623 158571
24 1 -0.54300) -1.71828

FIGURE 5. Initial (nonoptimal)
pathsfor problem 1.
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Solver Parameters

Set Target Cell: $iCgzd % Solve

i

Equal Ta: " Max (Mo (* Yalueof: |0
By Changing Cells:

|$C$4 j‘_] GlEss |

—Subject to the Constraints: Qptions
= add |

Change |
LI Delete |

Close

Reset al

4

Help

FIGURE 6. Solver options for problem 1.

A | E | € o
_2 |Stepsize 0.05
3 | x p Exact x |Exactp
4 1] 1] 0.63212054 0] 0.E32121
| & | IZI.IZI:S! 0.030365336 0.613258955| 0.030369| 0.613259
B | 0.1 0.055831353289 0.8934305322| 0.058313] 0.859343
| 7 | 015 0.083202935 057258505 0.053903 0.572585
| f8 | 0.2 0107201862 0.550671013| 0107202 0550671
9 0.25 0128265329 0.52763343 0128268 0527633
10 0.3 0.147155012 0.50341467%| 0147155 0.503415
| 11 | 0.35 0163909139 0477954206 | 0163309 0477354
12 0.4 0.178572604 0.451188347 | 0.178573| 0.451188
3] 0.45 0.191182072 0.423050174| 0191182 0.42305
14 0.5 0.201769075 0.393469325| 0.201769| 0.393469
15 0.5 0.210360085 0.362371834| 0.21036| 0362372
B | 0B 0.21B57E584 0.329570941 | D.216977 | 0.32968
7 0.65 0.221635116 0.2953118958| 0.221635| 0.295312
18 0.7 0.224347332 0.289181768| 0.224347| 0.289182
EEl 0.75 0.225120011 0.221199207 | 022512 0.221199
20 0.8 0.223955085 0181269239 0.223955| 0181269
21 0.25 0.220549645 0139292017 0.222085| 0139292
22 HRE 0.215795925 0.095162577 | 0.215795 | 0.095163
23 0.95 0.208781286 0.045770573| 0208781 0.048771
24 1 01997858188 1.9616353E-14 | 0.199788 0
FIGURE 7. Optimal paths for problem 1.
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Problem 2. End-Point Constrained-State Variable

This problem is a simple modification of problem 1. The problem to be
solved is

1 1,0
e x5 i ®
st xEu—x, x(0)=0 x(1) = 0.

Instead of letting x(1) be free, it is now required that x(1) = 0. Also, the criterion
has changed dlightly. The modifications to the spreadsheet needed to change
problem 1 into this problem are minor. The Runge-Kuttaagorithm iswritten into
the spreadsheet for genera functions of xhnd F/so | only have to change the
functional forms. In this case, ;Q: —2 + p and ¥x= p — x. The defined functions
should appear as.

Function dP(t, X, p)

dP = -2 + p

End Function

Function F(t,x,p)

F=p-x

End Function

After changing the code, the only thing that remains to be done is to change
the endpoint conditions. Problem 1 had no restrictions on x(1), so p(1) = 0. In
problem 2, x(1) = 0 isimposed, so there are no restrictions on p(1). | change this
in the Solver box, by changing the Set Target Cell from $C$24 to $B$24. The
Solver box should look like Figure 8.

Having done that, click Solve, and the problem is solved. The results are given
in Figure 9.

Solver Parameters 7| x|
Set Target Cell; $Ef24 % Siolve I

Equal To: CMax O Mo (5 vaueof: |0
By Changing Cells:

|$C$4 j‘_] GUess |

—Subject to the Constraints: Options

=] add |
Change |
LI Delete |

Close

Reset Al

Help

i B

FIGURE 8. Solver options for problem 2.
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A B | C |
3| x r
| 4 | a a 0924234277
| 5 | 0.05 0.043730445 0.8650758552
HEN 0.1 0.052565203 0.811095014
| & | 0.15 0.116613334 0.7501358555
| B 0.2 0.145948117 0.656056752
| & | 0.25 0170646755 0618689457
Iy 0.3 0.190771058 0.547865186
i1 0.35 0206371347 04734158
| 2] 0.4 0.217 48663 0395146155
| 15 0.45 0.224144702 0.312863546
14 0.5 0.226362211 0226362215
| 15 0.55 0.224144702 0.135425866
16 | 0.6 0.217 48663 0.03382711
| il 0.65 0206371347 -0.06067 3055
18 | 0.7 0190771058 -0. 166326061
| 15 0.74 0170646756 -0.277 395565
20| 0.5 0.145948117 -0.39416055
| 2l 0.85 0.116613354 -0.51691178
22 0.9 0.052565204 -0.6459566
| 25 0.94 0.043730445 -0.7831617689
24 1 4.89192E-14 092423427
FIGURE 9. Optimal paths for problem 2.

The value for x(1) for all practical purposesis equa to 0, which is what was
required.® The path of p(t) shows positive values until t = 0.65 and negative val-
ues thereafter. There is economic sense to this. The interpretation of p(t) is that
it isthe shadow price on x at time t. Because x contributes positively to instanta-
neous utility, it is valuable to begin with. However, it is costly to reduce X, so the
requirement that x(1) = O implies that as time gets close to 1, one would rather
have less of it.

Problem 3. A Bang-Bang Problem

Problem 2 is now modified to be linear in the control and should be studied as

10 10
max X ——urgt
MR JopPx =3 1 ©
st.oxEu-— X, x(0)=0 X(1) = free.
Such problems lead to bang-bang controls, that is, problems where the control
jumps from one boundary to another. In this case, u is required to take valuesin
the range [0, 1]. Note that x(1) is again allowed to take any value. Here it is ben-

eficial to do a little work with paper and pencil. The control variable u should
maximize the Hamiltonian

H(t,x, p,u) = 2x —%u + p(u — X).
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It is straightforward to see that this implies that if p(t) > % O u(t) = 1 and p(t) <
% O u(t) = 0. The simplest way of incorporating this fact into the problem isto
modify the functions defined in Excel. A simplelf ..., then ..., else ..., end state-

ment will accomplish this. The functions should look like this:

Function dP(t, x, p)
dP = -2 + p

End Function
Function F(t,x,p)
If p>=.5 Then
u =1

El se

u=20

End If
F=u-x

End Function

After doing this modification, the Solver box needsto look like Figure 6 again,
because x(1) is free. Then click OK, and the problem is solved. The solution is

presented in Figure 10.

One may graph the data using Excel’s extensive graphical possibilities. A
graph of t, x(t) and p(t) will look like Figure 11. Note that the graph shows akink
in x(t) when p(t) = % and that p(1) = 0.

A | B | C | O
=N xlt) plt)
4 0 0 126424145 u=1
| &5 005 00487706 1 2265183 u=1
B | 01 00951626 118686105 u=1
7 015 0139292 114517053 u=1
8 | 02 01812692 110134249 u=1
=N 025 02211992 105526733 u=1
10| 0,3 02591818 100682985 u=1
1 035 02953119 0955590893 u=1
12 04 03296793 0390237724 u=1
13 045 03623718 084610092 u=1
14 05 03934693 078693926 u=1
15 ] 055 04230502 072474431 u=1
16 | 06 04511833 0/5936055 u=1
7 0BS5S 04779542 05906245 u=1
18 | 0,7 05034147 051836428 u=1
19 0,75 04867897 044239919 u=0
20 08 046304587 03625393 u=0
21 085 04404555 027858489 u=0
22 09 04189838 0,19032606 u=0
23 0595 03985497 00975421 u=0
24 1 03791122 1E-06 u=0
FIGURE 10. Optimal paths for problem 3
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1.44

1.24

p(t)

0.8 4

0.6 ]

0.4 4 x(t)

0.2

0

0 0.2 0.4 0.6 0.8 1
t
FIGURE 11. Graphical representation of optimal p(t) and x(t) in problem 3.

Problem 4. A Salvage-Value Problem

Salvage-value problems are common in economics. The general form of asal-
vage-value problem is

max [3 f(t,x,u)dt + S[T,x(T)] 10
st %k g(t,x,u), x(0) = x°.

The maximum principle holds for this class of problems. The only modification
is that the transversality condition p(T) = 0 must be replaced with p(T) =
S, [T, x(T)]. The necessary modifications to the method are illustrated with the
following example:

m?xjégzx —%uz Edt —[x(l)]2
st xEu— X, x(0) =0, X(1) free.

This is the same as problem 1, with the addition of the term, -[x(1)]2, which
gives utility at time 1 derived from the stock of x. An interpretation of this term
may be clean-up costs associated with the shut down of a plant. The differential
equations for d [pare the same as in problem 2. The transversality condition
isp(1) = —2x(1). In Excel, define the following function as the derivative of the
salvage value with respect to x:

Function dS(t, x, p)

(11)
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dS = -2 O «x
End Function

After defining the derivative of the salvage value function as a function, enter
the expression p(1) — 2x(1) inacell asin Figure 12. The correct formulais shown
in Excel’s formula bar. The Excel Solver can now find the solution. Load the
Solver and instruct it to set cell C26 to 0 by changing cell C4. The result should
look like Figure 13. Note how the co-state develops. Firt, it is positive, reflect-
ing the state-variabl es contribution to instantaneous utility. After t = 0.8, it isneg-
ative reflecting the cost of x(1) because of the negative salvage value.

COMPARATIVE DYNAMICS

Comparative dynamicsis one of the most challenging aspects of OC. To grasp
the analytical techniques, the student must be proficient in some relatively com-
plicated mathematics. | show now how to visually inspect the effects of parame-
ter changes by using Excel’s graphical capabilities. By examining such figures,
the student can gain valuable insights about the effect of changes in parameters
before acquiring the mathematical skills needed to perform the mathematical
analysis. Consider the following generalized version of problem 1

10 1,0
max ——u [t
o3 H (12)
st *Eu- X, x(0) =0, X(1) free.
The term ax may be thought of as a production function translating the stock
of capital into instantaneous production. If | want to examine the effect of let-

ting a vary, | can do so by comparing solutions. The first step is to rewrite the
code for the defined functions in problem 1. The differential eguation for the

File Edit Wiew [nsett Format Tools Data Window H
NEEERAY sB2BRS 9. &= f
C26 = =| =C24-dS(A24;B24,C24)
A B | C |
20 03 1438776944 3,22054084
21 0,85 1 528700949 3 33964R753
22 IR 1 B199455951 3 455603001
23 0,95 1712743203 3 585709537
24 1 1,807 321655 3718281693
28
26 | { 7 ,332925["]2!
a7
FIGURE 12. Entering the transver sality condition for problem 4.
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A | B | C |
| H x )
4 0 0 0553287971
& 0,05 0 0254 25665 0 530384557
B | 0,1 0050416887 0 50630686
[ 014 0072033657 0,480994673
8 | 02 0,0913320029 0,454384702
9 | 0,25 0108354252 0426410409
A0 03 0123148896 0,297001843
A1 0,35 0, 135750957 0, 3FE0B5465
gl 0.4 0,146191945 0,333583976
13 0,45 01544597968 0299416098
14 05 01606859796 0263496395
15 055 0164782911 0, 22573505
16 | 0E 0166787549 0186037639
A7 065 0166708722 0,144304898
15 | 07 0164546233 0100432475
19 0,75 0160294675 0054310664
20| (s 0153943416 0005824137
21 0,85 0145476575 -0,045148347
22 0s9 0,13487 2581 -0,0987 34246
23] 095 0122106118 -0,155067552
24 | 1 0,107 144065 -0,214289129
24
26 Transversalty condition | -1E-05l
e
FIGURE 13. Optimal paths for problem 4.

co-state in this problem is given by @z a — p. To make the changes in a easier
to implement, | find it beneficial to define a as a constant in Excel’s macro lan-
guage. This is particularly useful with more complex models. The analytical
expressions with the appropriate symbols can then be written and easily
changed, even if the same symbol is evaluated several timesin the calculation.
To define aconstant, | can use aConst statement.* The code for this problem
is then

Public Const a as single =1
Function dP(t, x, p)

dP = -a + p

End Function

Function F(t,x,p)

F=p-x

End Function

Solving the problem repeatedly while letting the constant a take the values 0.5,
1, and 2, | get different solutions. These values may be copied to a different
spreadsheet and graphed.® In this particular case, the result will ook like Figure
14. Figure 14 displays no surprises. The higher the value of a, the higher is p(t)
for al t less than 1, and the higher is x(t) for al t larger than 0.
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TECHNICAL HINTSAND NOTESFOR EXTENDING THE TOOL
Increasing Computational Speed

Defining functions in Excel’s macro language, Visual Basic, has a significant-
ly adverse effect on computational speed. The option exists to enter the required
formulas directly in the cells of the spreadsheet. In addition to increasing speed,
this has the benefit of avoiding some of the quirks of Excel’s macro language.
Occasionally, when an UDF function returns an error such as “ divide by zero” or
the number exceeds the limitations imposed by the double-precision floating-
point format, Excel gets stuck (see below) and refuses to recalculate even if the
arguments of the function are changed. The file must be closed and reopened
before Excel reports a new answer in the cell. The drawback of entering formu-
las into cells directly is that it requires more work and makes re-use of the
Spreadsheet for new problems more cumbersome.

Increasing Reliability

When an UDF is given an argument that leads to an error such as “divide by
zero,” a negative number raised to the power of a negative number, or a number
that is too large, the defined functions will return a #VALUE message. This is
fatal to the Solver application and makes it stop, which may be a problem, even
if along the optimal paths x and p should behave nicely. Two things may go

1.4 .
p(tla=2)
1.2 4
14
0.8
p(tla=1)
0.6
041 p(tla=0.5) X(tla=2)
0.2 4 X(tla=1)
x(t]a=0.5)
0 T T T T a s
0 0.2 0.4 0.6 0.8 1
t
FIGURE 14. Compar ative dynamics for changesin a.
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wrong. First, if x(t) or p(t) a some point along the optimal path is close to zero,
that is, if x(0) = O, then the x argument for k,, k;, or k, may take values that are
less than zero. Also, when the Solver looks for an optimal path, it may occasion-
ally make guesses that lead to values that are negative. If the differential equa-
tions include terms like x(@™1 or In(x) the result will be a#VALUE message, and
the Solver does not recover from these errors. One can avoid this problem by
using Excel’s Goa Seek feature instead of the Solver. Goal Seek uses an algo-
rithm that is sturdier and more forgiving than the Solver. However, it is slower
and will only work for problems with one state variable. Also, Goal Seek tends
to deliver results that are numerically less accurate, although not significantly so.

Dealing with Saddle Points

Long-run steady states in OC are often saddle points, which are a source of
numerical instability. If onetriesto use the method presented in the previous sec-
tion with a time horizon that is too large, this instability may produce strange
results. Judd (1999) recommends a method called Reverse Shooting, which is
straightforward to apply with the technique presented above. The method above
makes guesses about p(0) to satisfy the transversality conditions. Reverse Shoot-
ing does the exact opposite. One starts out with the correct transversality condi-
tion and varies x(T) until x(0) is correct. For this to work, one must alter the
Runge-Kutta algorithm so that it works backward instead of forward. The modi-
fied algorithm looks like this:

Xi_e = % — &6k, + 2k, + 2Kk, + k) (13)
where k; is given by
k, = f(tx) k, = f(t — &2, x, — k,&/2) (14)

k,=f(t— &2, x —kel2) k,=f(t+ & x — k).

Be aware, however, that if the steady state is not a saddle point but an attrac-
tor, there may be numerical instability if one applies reverse shooting. Straight
shooting is then the appropriate algorithm. The stability properties of the steady
state should therefore be considered before writing the spreadsheet. For short-
time horizons, this issue usualy does not arise.

Numerical Optimization of the Hamiltonian

All examples in this article are such that the optimal control as a function of
state and costate variables can be found with pencil and paper, and the resulting
function u(t, x, p) can be inserted into the expressions for d @Occasionally,
thisisnot possible, and the Hamiltonian must be maximized numericaly. In prin-
ciple, these problems can be solved with Excel. In practice, the increase in the
number of computations and Visual Basic's limitations as a programming lan-
guage implies that this task requires considerable effort. Also, the increase in
computational effort is huge. For each Runge-Kutta iteration, one must find val-

114 JOURNAL OF ECONOMIC EDUCATION



ues of u that maximizesthe Hamiltonian: once at timet, twice at timet + /2, and
once a timet + €. Although the number of iterations needed for each optimiza-
tion should be small if previously computed values of u are used as guesses, it
should be clear that the program execution time increases substantially. There-
fore, there are considerable benefits from choosing functional formsto find ana
Iytical expressions for u(x,p).

USING NUMERICAL OPTIMAL CONTROL IN THE CLASSROOM

Optimal-control theory is taught in a variety of courses in different pro-
grams. Some are plain math courses, typically in dynamic optimization. In
such courses, OC theory is usually presented rigorously with proofs of the rel-
evant mathematical theorems. In economic theory courses, OC (and/or its pre-
decessor calculus of variations) is typically taught as a part of resource eco-
nomics and macroeconomics courses. OC is less often taught in courses in
public economics and cost/benefit analysis, although OC surely belongs in
such a context. Use of the methods presented here should be tailored to the syl-
labus of the specific courses. In arigorous course in dynamic optimization, the
instructor may want to derive the Runge-Kutta method explicitly before pre-
senting the shooting algorithm. A rigorous presentation of the fundamental s of
Runge-Kutta and other algorithms for the solution of ODESs may be found in
Judd (1999).

Economic theory classes will often put less emphasis on methodology tools
and only present analytical methods in sufficient depths so that economic
insights can be presented. For economic theory instructors who want to use the
methods described here, the following approach may be fruitful. First, the
instructor presentsthe resultsin an analytical framework. Thereafter, the students
may be given homework assignments in which they are asked to verify the ana-
Iytical results with a given parametric representation of the theoretical model.

| present three models below that, in addition to the investment problem
described above, are likely to be discussed in different types of courses. Sug-
gestions are given for exercises that present the students with economically
interesting challenges that should increase their understanding of the models. |
recommend that students be required to code the spreadsheets and set up the
Solver themselves rather than being given copies. Considerable insight can be
gained from the mental process of setting the problem up right, rather than being
given a completed spreadsheet that can be used as ablack box for crunching out
numbers.

Economic Growth—The Solow M odel

The first encounter many students have with dynamic analysis is Solow’s
model of economic growth, which is not an optimal control model but leadsto a
ordinary differential equation. However, as an introduction to dynamic optimiza-
tion, | often derive the golden rule of capital accumulation. The model is devel-
oped from the following three equations:

Spring 2003 115



X =F(K,L), (15)
KL sx K(0) = K,, (16)
L L L©O) =L, (17)

where X is aggregate production, determined by the inputs capital, K, and labor,
L. F(K,L) isaproduction function assumed to be homogeneous of degree 1. The
savings rate is s, and the relative growth in the labor force is A. Equations (15),
(16), and (17) are used to derive the following differential equation:

KL Sf(k) — Ak k() = k, = K,/L, (18)

Thevariablekisgiven by K/L and f(k) = f(K/L) = F(K/L,1). If F(K,L) isthe Cobb-
Douglas production function AKaL1-2, then f(k) = Ak?. Equation (18) may then be
written

KL sAka — Ak K(O) = k, = K, /Ly (19)

This differential equation can be solved using the Runge-Kutta method pre-
sented above with no need to use the Solver. However, the Solver can be used to
solve for the savings rate that maximizes the steady-state level of consumption,
the golden rule of capital accumulation. Analytically, one can find this expression
by solving

mex(1—5) t (k) st.: st (k) —Ak = 0. (20)

Solving problems like equation (20) is a standard feature of the Excel Solver
and is not discussed further here. The golden rule value of s can then be incor-
porated into the Runge-K utta algorithm, and consumption paths can be compared
with consumption paths using exogenous values of s.

Fisheries

The economics of fisheries is an important part of most courses on natural
resource economics. The standard model of fisheries is the Shaeffer harvesting
function. A good exposition of the economics of fisheries using the Shaeffer
function is found in Clark (1976). This function is given by

%E x(1 - X/K) — gxE. (21)

Here x is the stock of fish, K is the carrying capacity or the steady-state stock of
fish in the absence of harvesting, q is the “catchability” coefficient, and E is the
harvesting effort. Assuming that Ttis the constant price of fish and that harvest-
ing cost is a quadratic function of effort gives rise to the following model:

T 2y oIt
mngo (TOXE —cE*)e ™ dt, (22

subject to equation (21) and E = 0. An analytical solution for this kind of model
does not exist. Maximizing the Hamiltonian with respect to E gives the optimal
harvest rate as a function of x and the co-state p. E is given by E = (2¢) (1 -
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pet)gx. Coding the differential equations for the state and the costate variables
into Excel can be done as follows:

Function f(t,x,p)

E=1[(qOx)/c] O[Pi - p OBExp(r Ot)]

f=x0[1-(xXK] -—qgqOx OE

End Function

Function dp(t, X, p)

E=1[(qg Ox)/c] O[Pi - p OBExp(r Ot)]

dp = -Pi O0q ODOE OExp(-r Ot) + pO0gqOE-pO[1 -
(2 Ox/K]

End Function

The constants must be defined with Public Const as shown above. Note that
the price of fish, 1, is coded as Pi. The fisheries model is highly nonlinear and
the steady state is a saddle point. If the Solver is used, it will often result in
#VALUE messages as described earlier. One should use the Goal Seek applica-
tion in Excel when solving this model. The students should be asked to examine
comparative dynamics. Also, it is straightforward to model open access fisheries.
Open-access fisheries are the most useful benchmark with which to compare
optimal policies. Open access without friction implies that profits should be O at
all times. Thisimplies that TgxE — cE2 = 0 0 E = mgx/c for x > 0. The differen-
tial equation for the stock of fish can then be written

*E X(1 — XIK) — TP, (23)

Equation (23) can be solved without any further optimization using the Runge-
Kutta method. This model assumes that fisheries are able to respond immediate-
ly to profit opportunities. An alternative is to assume that one can change effort
only gradually, that is, open access with friction, by letting effort be determined
by the following differential equation:

£l yV(TOXE — cE?). (24)

Here, E will increase if rents are positive and decrease when rents are negative.
Therate of changein E is determined by the parameter y. Equations (21) and (24)
form asystem of differential equations that may be solved with the Runge-Kutta
algorithm. Again, comparison with the optimally regulated fishery is beneficial.

A challenging problem for the students is how to adapt the textbook infinite
horizon model to a finite horizon model that can be used in practical regulation.
One approach is to calculate the steady state, X, in the infinite horizon model.
The students can then set up different models in which the finite time model
approaches the steady state in various ways. The most obvious way of doing this
isto specify an end constraint X(T) = x. Unfortunately, thisis usually incorrect.®
One approach is to choose atime horizon so large that X is close to xg, for a sub-
stantial part of the planning horizon and treat the solution as optimal for an ini-
tia time period. One way of doing thisis to find atime horizon T such that the
optimal solution for that time horizon obeys [x(t) — x /X, < & over an interval
[t,,t], where t, < T. & is some sufficiently small number, and [t,,t,] should be
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chosen so that t, —t, > 1/3T. Then let t* be defined in the following way: If x(0)
< X, then X' (t*) = 0 for some t* [t t,] or if x(0) > x then x"(t*) = O for t*
O[t,,t,] and let the mode! represent optimal planning in [O,t*].

Theideaisillustrated in Figure 15. The fisheries model is solved for parame-
ter values

x(0)=549g=1,1n=1r=04,c=2,K=20,and T = 13.

Note how x(t) is almost constant in the interval [t,,t,] = [3, 8]. Inthisinterval, the
behavior of the optimal solution closely mimics the steady-state behavior. At t =
t* = 6.8, the derivative of the steady-state variable changes sign. Until t*, the sys-
tem gets closer and closer to the steady state. After t*, the system goes further
and further away, although initially quite slowly. The optima path of this finite
time model will be ailmost identical to the infinite horizon model until t = 6.8.

Consumption and Saving

One of the first applications of dynamic optimization in economics was the
Ramsey model of consumption and savings (Blanchard and Fisher 1989).
Although originally phrased as a cal culus-of-variations problem, it is straightfor-
ward to phrase it as an optimal-control problem. Assuming that utility is loga-
rithmic, the standard model is

max [, In(c)e™'dt (25)

FIGURE 15. Approximating infinite horizon models.
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subject to & w(t) + rx — ¢, x(0) = X, and X(T) = 0. Here, x is wealth, ¢ is con-
sumption, p the subjectiverate of discounting, w(t) isinstantaneousincome/wage
rate, X is wealth, and r is the market interest rate. T can be normalized to unity.
Some familiar theorems may be illustrated in this model. The students may be
asked to show the following results:

1. By keeping r fixed and letting p vary, one can show that if r = p, then con-
sumption will be constant over time whereas p > r will lead to consumption pat-
terns skewed towards the present.

2. One can analyze the effect that different wage schedules have on saving
throughout the lifespan. For example, if wages peak in the middle of a lifespan
and are lower earlier and later, this can illustrate the process of dissaving early
and later in life and the accumulation of wealth in middle age. If time is normal-
ized to unity, letting w(t) = — 4t(t — 1) will give awage schedule such that w(0) =
w(1) = 0 and w(¥) = 1. One can take this exercise further by examining different
wage schedules with the same present value.

3. Show anticipated versus unanticipated changes in w. An anticipated change
in income at some time s O (0, T) will not affect consumption from that point in
time because it has already been accounted for. An unanticipated change will per-
manently change consumption from the time it occurs.

4. Altruism to offspring can be analyzed as a salvage value function, taking x
as an argument.

More comprehensive models as well as alternative utility functions and addi-
tional results suitable for numerical optimal control are found in Blanchard and
Fisher (1989), in particular chapter 2.

SUMMARY

Optimal-control problems may be solved with the help of a spreadsheet. Sev-
eral different problems have been discussed and solved. The method presented is
probably the simplest way to numerically solve OC problems, and it has been
argued that teachers and researchers may benefit from adapting the method pre-
sented here when they teach OC theory.

APPENDIX
HOW TO WRITE USER-DEFINED FUNCTIONSAND SOLVE NONLINEAR
EQUATIONS N VISUAL BASIC FOR EXCEL

Writing User-Defined Functions

The main text relies heavily on the users providing the algorithm with their
own user-defined functions written in Excel’s version of the widely known pro-
gramming language Basic. The version in Excel is specially designed to be used
as amacro language, but it remains a full-featured programming language. For
my purposes, | only need to know how to write functions. For example, say that
| want to define a function f(x,y) = X2 + y2 and use this function to calculate f(2,2)
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APPENDIX FIGURE 2. Solving e = 1.

= 22 + 22in a spreadsheet. Start Excel, select Tools on the menu, find the item
Macro, and then select Visual Basic Editor. Alternatively, after starting Excel,
press <Alt> + <F11>. Thiswill start a new program that gives accessto all active
Excel macros. To define a function, one must create a module. This is done by
selecting the menu item Insert and then selecting the subitem Module. Take care
not to insert a Class Module, because that will not work. This will open an area
where text may be entered. After entering the function definition, the Visual
Basic Editor should look something like Appendix Figure 1. After doing this, we
can return to the spreadsheet by closing the Visual Basic editor. Entering =f(2;2)
into any cell returns the correct value 8.
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APPENDIX FIGURE 3. Solver dialog box for the problem e<= 1.

Solving Nonlinear Equationsin Excel

When solving OC problems as specified earlier, Excel, in fact, solves a high-
ly nonlinear set of equations. To give readers a feel for how such equations may
be solved in general, | solve here amuch simpler problem. Consider the equation
€<= 1, this eguation has the solution x = 0. Set up the problem in a spreadsheet
so that the formulas and values in the spreadsheet look like Appendix Figure 2.
Thevauein B2 istheinitial guess on x, and the valuein D2 is €2. Then load the
Solver. Simply tell the Solver that the cell D4 should be set equal to 0 by chang-
ing the cell B2. The Solver dialog box should look like Appendix Figure 3. Click-
ing Solve will make the Solver report the answer x = 0.

NOTES

1. Herel have used the option within Excel to display formulas rather than values. Check the Excel
manual for details.

2. Provided that one may explicitly find u as afunction of x and p.

3. Excel stores numbers as double-precision floating point. Small rounding errors often lead to
answers that should be zero but are reported as close to but not exactly zero.

4. Thereis another way of defining constants in Excel; by defining Names in cells rather than con-
stantsin the VBA code, one could do the changesin constantsin the spreadsheet rather than in the
code.

5. Theentire process of doing comparative dynamics can be automated and streamlined by using the
Excel add-in Comparétive Statics Wizard developed by Humberto Barreto and discussed in Bar-
reto (2001).

6. Itisan interesting exercise to try solving the problem with x(T) = x and comparing it to the cor-
rect procedure.
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We are saddened to report the death on January 30th of Kalman Goldberg,
Distinguished Professor of Economics at Bradley University. Kal was the
executive editor of the Journal of Economic Education from 1986 to 1989
and an associate editor from 1983 to 1986. Kal was a pioneer and ardent
advocate of economic education for programs ranging from elementary
through graduate school. Last year, Kal celebrated 50 years of teaching at
Bradley University. His passing is a loss to the economic education net-
work. He will be sorely missed.
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