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Abstract
Maximum entropy and Bayesian approaches provide superior estimates of a ratio of parame-
ters, as this paper illustrates using the classic Nerlove model of agricultural supply. Providing
extra information in the supports for the underlying parameters for generalized maximum
entropy (GME) estimators or as an anaytically derived prior distribution in Zellner’s mini-
mum expected loss (MELO) estimators and Bayesian method of moments (BMOM) estima-
tors helps substantially. Simulations illustrate that GME, MELO, and BMOM estimators with
"conservative" priors have much smaller mean square errors and average biases than do stan-
dard ordinary least squares or MELO and BMOM estimators with uninformative priors. In
addition, a new estimator of the structural agricultural supply model provides estimates of
parameters that cannot be obtained directly using traditional, reduced-form approaches.
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Maximum entropy and Bayesian approaches to the ratio problem

1. Introduction

We compare the estimates of a ratio of parameters using traditional methods, general-
ized maximum entropy (GME, Golan, Judge, and Miller, 1996), two Bayesian approaches,
minimum expected loss (MELO; Zellner 1978; Zellner and Park 1979) and the Bayesian
method of moments (BMOM; Zellner 1996, 1997). We use simulations to show that two
versions of the GME estimator and the Bayesian estimators with informative priors have
much smaller mean square errors (MSE) and average biases than do the traditiona techniques
or Bayesian estimators with uninformative priors.

The problem of estimating the ratio of two parameters appears frequently. The ratio
problem arises when one estimates market power (Bresnahan, 1982), the dose-response
relationship (Zellner and Rossi, 1984), the Keynesian savings rate in Haavelmo's model of
long-run supply response (Bewley and Fiebig 1990), the willingness-to-pay in contingent
valuation studies (Shen 1999), and the Nerlove model of agricultural supply response
(Nerlove and Addison 1958; Nerlove 1979; Diebold and Lamb 1997).

We compare various estimators using the Nerlove model of agricultural supply
response, one of the world' s most widely-used econometric models in development econom-
ics. Most of the literally hundreds of applications of this model that use ordinary least
squares (OLS) or nonlinear least squares suffer from two problems. First, because not al the
parameters of the structural model can be estimated using traditional maximum likelilihood

(ML) estimators, these studies estimate only the reduced-form model. Second, estimates of
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the key, supply-response parameter are extremely variable, as the survey by Askari and
Cummings (1977) illustrates.

We use GME and Bayesian methods to overcome these two problems. First, we can
estimate a structural model using either GME or BMOM, and hence estimate structural
parameters that cannot be estimated using standard, reduced-form methods.

Second, we can reduce the variability of OLS estimates of a ratio of parameters.
Zellner (1978) showed that the OLS reduced-form estimator of such a ratio possesses infinite
moments of all orders and may have a bimodal distribution. For example, in the model
below, the OLS reduced-form estimator of o (the slope of the supply curve) is & =
b/(1 - by - by), where the by, i = 2, 3, 4,, are least squares estimators for the reduced-form
equation coefficients b,. Unfortunately, & possesses infinite moments (hence OLS is
inadmissible relative to quadratic and other loss functions). Diebold and Lamb (1997)
demonstrate that a MELO estimate of o based on the reduced-form equation using an
uninformative prior (MELO-U) has smaller MSE than does OLS. We show similar improve-
ments for BMOM and GME estimators.

The GME approach requires that, for each parameter and realized error, we specify
support spaces. ranges within which each estimated parameter and realized error lies. The
support space is specified based on economic theory or other prior knowledge. Using
Bayesian terminology, imposing a support space means that the prior on a parameter is no
longer diffuse. We indicate below how the restrictions from the specification of a support
space on arealized error can be imposed with Bayesian estimators. We compare the estima

tors based on finite support spaces or informative priors (GME-R, GME-S, MELO-I, BMOM-
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1) to traditional (OLS) and other noninformative estimators (MELO-U and BMOM-U) to

demonstrate the role that prior restrictions play. We also conduct sensitivity analyses to
changes in the priors.

In Section 2, we describe the Nerlove agricultural supply model. In the next four
sections, we describe the OLS, MELO, BMOM, and GME estimators. In Section 7, we
describe the Monte Carlo simulation results. We examine how sensitive the shrinkage

estimators are to prior information in Section 8. We draw conclusions in the final section.

2. The Agricultural Supply Response Model

The standard structural Nerlove modd ist

At* = 0 + ocPte U, (1)
e e e
P =Py +v(Poq — Py, (2)
A=A g+ G(At* - AL, (3)
iid
2
u - [0,02). @

where for period t, A is the crop acreage under cultivation, A* is the desired acreage, P is the
crop price, P® is the expected price, and oy, 0., 6, v, and cﬁ are parameters.

According to Eq. 1, the desired acreage is a function of the expected price, where o >
0, the slope of the desired acreage (supply) curve, is the key parameter that we want to

estimate. The adaptive expectations Eq. 2 links P® to P. Muth (1960) shows that these

1 To facilitate comparison with Diebold and Lamb (1997), we use their specification of
the standard model. Indeed, the entire discussion in this section follows the first section of
their paper closely.



4

adaptive expectations are rationa if prices follow an integrated moving average process. EQ.
3 is a partia-adjustment mechanism relating A* to A, where y and 6 are expected to be
positive (and presumably between zero and one).

The structural model, Egs. 1-4 cannot be estimated by the usual OLS techniques
because P® and A" are not observable. Instead, the reduced-form equation is estimated. This
reduced-form specification is obtained by solving Egs. 1-4 for acreage as a function of

observable variables:

Ap = by + P+ baA g+ DA, v g, (5
where by = 0yY0
b, = ay0
b;=(1-v)~(1-86)
by = -(1 - )1 - 6)
g =0u, - [6(1 - V)]u_4.

3. Ordinary Least Squares

Traditionally, OLS (or nonlinear least squares) is used to estimate the reduced-form,
Eqg. 5. Doing so may not be appropriate because of the potentially serially-correlated distur-
bance and lagged dependent regressors. As OLS is virtually the only approach actually used,
we follow Diebold and Lamb (1997) and use the OLS approach as the "straw man" base case.
As they note, OLS is appropriate if farmers adapt their expectations quickly (y is close to

one) so that the reduced-form disturbance is approximately white noise. Similarly, if the
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supply-response equation’s disturbance is approximately first-order autoregressive with
parameter 1 - v, the reduced-form disturbance is also approximately white noise.
Using Eg. 5, the key parameter o can be expressed as the following function of the

reduced-form parameters:

o =_° (6)

where § = 1 - by - b,. The usual OLS estimator for o, & = by/§, is the ratio of the least
sguares estimator, 62, divided by § = 1 - 63 - 64 least squares estimators using Eqg. 5 and thus
does not possess finite moments. As Zellner (1978, 1985, 1986), Zellner and Park (1979),
Zaman (1981), and Diebold and Lamb (1997) observe, ratios or reciprocals of unbounded
random variables do not have finite moments. Marsaglia (1965) shows that, if two random
variables are normally and independently distributed, their ratio can be expressed as a
function of severa bivariate normals or as a Nicholson’s V function. He also provides
conditions under which the ratio’s distribution is bimodal or unimodal (see also Zellner,
1978). Lehmann and Popper Shaffer (1988) show that the distribution of reciprocals or ratios
may be bimodal for more general distributions. The nonexistence of moments and the multi-

modality may contribute to substantial variability in estimates of agricultural supply response.

4. Minimum Expected L oss
To avoid the problems from using ordinary least squares, Diebold and Lamb (1997)

suggest using Zellner's (1978, 1986) minimum-expected-loss (MELO) approach to estimate
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0.2 The MELO estimator for o has finite first and second moments and finite risk with

respect to generalized quadratic loss in small and large samples and is consistent, asymptoti-
cally efficient, and asymptotically normal.

The MELO approach minimizes the expectation of a generalized quadratic loss
function,

L = (b, — 86)% = 8%(a — &)>,

where & is an estimate of the true o.. This loss function contrasts with the standard quadratic
loss function, (o — (x)z, which specifies the same loss for a given absolute error regardless of
the value of .. As Diebold and Lamb show for the Nerlove model, the MELO shrinkage

estimate (which minimizes the posterior expected 10ss) is

E(by) 1+ cov(by, 8)/[E(R)EQ)] _ E(by .

: (7)
E (3) 1 + var(8)/ E 2() E (3)

where F is the shrinkage factor, E(-) denotes a posterior expectation, var(-) indicates a
posterior variance, and cov(:) is the posterior covariance. Thus, the MELO estimate is the
product of the posterior mean ratio and the shrinkage factor, which depends on higher
posterior moments of b, and 6.

To estimate the parameters in Eq. 5, Diebold and Lamb (1997) assumed a normal
likelihood function, a diffuse prior, and a reduced-form disturbance that is approximately

white noise. Thus, their marginal posterior density for the coefficients in Eq. 5 is a multi-

2 Seetheir article for details on this estimator. Diebold and Lamb also note that one
could estimate a reduced-form model with a lagged dependent variable and serially correlated
errors using the method of Zellner and Geisel (1970) or BMOM.
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variate Student-t distribution that was employed to evaluate the moments in Eq. 7. Hence-
forth, we refer to such estimates as MELO-U, where the U indicates that the priors are
uninformative or diffuse. Given the above assumptions, the Bayesian posterior conditional

density of b given the data and ¢ (the standard deviation) is a multivariate normal density:
{blo,X,A} ~ MVN((X/X)’lx/A, (x/X)*l/zcs), (8)

where Xisa T x 4 (where T is the number of observations) matrix of regressors in the
reduced-form regression, Eq. 5. The posterior density of ¢ given the data is the inverted

gamma distribution

2
F(o|X,A) o« 1 expl -5 | 9)
GV+1 262

where the degrees of freedom [given four regressors in the reduced-form Eq. 5] isv =T - 4,
the variance of the residuals is s* = & &v.

The MELO-I estimates are similar to the MELO-U estimates except that we use
informative priors for the parameters b = (by, b,, bg, b,)". Since the exact posterior distribu-
tion of b given an informative prior given inequality constraints is difficult to derive
analyticaly, we use Geweke's (1986) numeric method to compute the posterior distribution.
To do so, we start by generating values of 62 us ng Eq. 9. We then generate the vector b
using Eq. 8 conditional on the generated values of o2 Next, we reject the drawn b’s that fail
to satisfy the prior restrictions. The remaining observations represent a pseudo-random

sample from the actual posterior distribution of b that are consistent with the prior restric-
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tions. The MELO-I shrinkage estimator is of the same form as Eq. 7 where we evaluate
moments in Eq. 7 using the generated values of the b’'s.

For comparison with the GME estimators, we sometimes also want to restrict the
realized errors to lie within a certain range. In traditional Bayesian approaches, no priors are
placed on the realized error terms (except through the choice of a likelihood function). For
the purposes of comparison, we use the Geweke method to restrict the realized errors, which
are a function of the b and of the left-hand-side variable. That is, we generate a vector of the
residuals as &) = A - Xb® and then reject those observations for which £ fail to satisfy the

prior restrictions.®

5. Bayesian Method of Moments

We also use Zellner's (1996, 1997) Bayesian method of moments (BMOM) with and
without informative priors to obtain estimates of the reduced-form Nerlove model in our
experiments. BMOM allows researchers to compute post-data densities for parameters and
future observations when not enough information is available to estimate a satisfactory likeli-
hood function. BMOM differs from traditional Bayesian analyses in that it is based on two
weak assumptions about moment conditions of data without specifying the prior density and

the likelihood function.

3 In an autocorrelation problem where a variable is regressed on its lags, Zellner and Tiao
(1964) and Geweke (1986) suggest treating the presample values of the left-hand-side variable
as either fixed or as unknown with a diffuse prior so that the form of the posterior distribu-
tion remains unchanged. If we could view A is this manner, this method would follow
immediately from Geweke's work. As it is, we present these results for comparison purposes
with the GME results only. In Section 8, we examine the sensitivity of our results to such
restrictions.
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To derive the BMOM estimator of the standard multivariate linear regression model, y
= XB + u, Zellner (1996) made the following two assumptions about moment conditions of
the data. The first moment condition is that the error term is uncorrelated with the regressors
X given the data D = (y, X), so that (X X)'1X' E(u|D) = 0. The second moment assumption is
that the post-data variance-covariance matrix for the realized error vector u given the data and
62, the variance of the parameter, is Var(u | 62, D) = 62X(X' X)X’

Zellner (1996) explained how to use maximum entropy (maxent) to compute the
BMOM posterior density function given these two moment conditions. The maxent post-data
density for b = (by, b,, by, b,)’ in the Nerlove model given the data and the two moment

restrictions is in the following multivariate normal density:
{blo,X,A} ~ MVN((X/X)’lx/A,(X/X)’l/ZG).

Zellner showed that, when the first moment of o2 is used as a side condition, the proper

maxent posterior distribution for 62 is an exponential distribution with a mean equal to s**

1
S

4 When more moments are used, this approach leads to other post-data densities for the
coefficients and o2 (Zellner and Tobias, 1997).
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Our MELO and BMOM estimates use the same objective function but vary due to

5

differences in estimating procedures.”> Minimizing the generalized quadratic loss function,

we obtain our BMOM-U estimate of o

E(b,) 1 + cov(b,,8)/[E (by)E (3)]

(10)
E () 1 + var(8)/E2(8)

We use Geweke's (1986) method to impose prior restrictions that b and the realized
errors lie within certain ranges to obtain the BMOM-I estimates. Alternatively, one could
introduce bounds on the parameters and realized error terms — which implies a bound on the
c? parameter — and derive maxent densities for parameters that incorporate these bounds as

side conditions.)

6. Generalized Maximum Entropy
We now introduce a GME approach to estimate both the structural and reduced-form
agricultural supply models. We start by briefly reviewing the maxent approach and then

discuss its application in our model.

6.1 Maximum Entropy

The traditional maxent (ME) formulation is based on the entropy-information measure
of Shannon (1948). It is developed and described in Jaynes (1957a, 1957b), Kullback (1959),
Levine (1980), Jaynes (1984), Shore and Johnson (1980), Skilling (1989), Csiszar (1991), and

Golan, Judge, and Miller (1996). Shannon’s (1948) entropy measure reflects the uncertainty

5 An alternative BMOM estimator could be obtained by using the balanced loss function
(Zellner 1994) instead of the quadratic loss function.
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(state of knowledge) we have about the occurrence of a collection of events. Letting x be a
random variable with possible outcomes x, s =1, 2, ..., n, with probabilities o, such that X

d¢ = 1, Shannon (1948) defined the entropy of the distribution § as

= -) 3 Indq, (11)

where 0 In 0 = 0. The function H, reaches a maximum of In(n) when 6, =6, =... =6, =
In. Itis zero when 64 = 1 for one value of s.

To recover the unknown probabilities  that characterize a given data set, Jaynes
(19573, 1957b) proposes maximizing entropy, subject to sample-moment information and
adding up constraints on the probabilities. The intuition behind this approach is that the
frequency that maximizes entropy is a reasonable estimate of the true distribution when we
lack any other information. If we have information from an experiment, such as the sample
moments, or nonsample information about the random variable such as restrictions from
economic theory, we use that information to alter this estimate. Out of all the possible

estimates or probability distributions that are consistent with the sample and nonsample data,

the ME method picks the one that is most uninformative: closest to a uniform distribution.

6.2 GME Estimator

The GME objective maximizes the joint entropy of the parameters (o, o, v, 6 in the
structural model or b,, b,, by, b, in the reduced-form model) and the error terms (u,,
structural, or €, reduced form). We weight the two entropies equally; however, by varying

the weight placed on the entropy of the parameters or the error terms, we can tradeoff
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between precision and predictive power. By putting relatively more weight on the entropy
from the parameters, we improve the accuracy of estimation (decrease the MSE of the
estimates of the coefficients) at the cost of predictive power. If we put more relatively more
weight on the error terms entropy, we predict better. The ME estimator is a specia case of
the GME, in which no weight is placed on the noise component.

We start with a GME estimate of the reduced-form model, Eg. 5, which we call
GME-R. We egtimate by, b,, by, and b, (rather than the more natural o, o, bs, and b,) to
facilitate comparisons with previous papers.

Because the arguments of the entropy measures must be probabilities (Golan, Judge,
and Miller, 1996; Golan, Judge, and Perloff, 1997), we reparameterize the coefficients to be
proper probability distributions that are defined over some support. For example, for each
reduced-form coefficient, b;, we start by choosing a support space, which is a set of discrete
points Z = [z, Zy, ..., Zy]" Of dimension M > 2 that are at uniform intervals and that span
the possible range of the unknown coefficients. Where we do not have knowledge about the
coefficients from economic theory, we specify the supports to be symmetric about zero with
"large" negative and positive bounds. We use M = 3 because we find little if any gain from

using larger M such as 5 or 7.

M
The parameters are by = Z PimZims wherei = 1,...,4 and the p,,, are probabilities
m-=1

that correspond to the M-dimensional support vectors of weights with the restriction that
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M J
mzl Pim = 1 fori =1, ..., 4. Similarly, we reparameterize the errors so that e = .Zl Wy Vj
- e

J
where Z Wy = 1 for @l t, and v is a support space of dimension J> 2 and is symmetric
j=1

about zero.
Having reparameterized the unknowns, we maximize the sum of the entropies of p' =

(01, By, P3's Py') and W = (Wy, ..., Wy)':

Inp" -w Inw (12)
subject to®

M M M
Av= Y PimZm* Y PomZmPi1* Y PamZmAr1
m=1 m=1 m=1

M J
) PamZaimA2 t Y, WiV
m=1 j=1
M M M M J
> Pim= Y Pom= X Pam = Y Pam= X Wy = 1.
m-=1 m-=1 m-=1 m-=1 j=1
Having obtained the optimal values p and W, we can compute the GME-R coefficient

M
estimates as b, = E PimZm-
m=1

6 As LaFrance (1999) notes, these GME conditions are restrictions on the means of the
parameters and the error terms. We impose no conditions on higher-order moments (as, for
example, may be used in the BMOM approach).
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The GME structural-model estimator (GME-S) is handled similarly (Golan, Judge,
Miller, 1997). We reparameterize the coefficients of the structural model, Egs. 1-3, in terms
of probabilities. The probabilities g, correspond to o, g, to o, g, t0 v, gy to 6, and @, to the
realized error terms u,. Let g = (a5, 4, gy’, dy’)- The supports are defined analogously.

We maximize the joint entropies of the signal and noise:
Ing - o' Ine’, (13)
subject to

M M J
* e
A = E QomZm * E domZamPt * E O Vi
m-=1 m-=1 j=1

M
e e
=Pyt Elqymzym(Ptl - Py)
m =

e

P,
M *
Ap=A g+ X_:lqemzem(At—l - A1)

M M M M J
E Jom = E Qom = E OGym = E Gom :_E O = 1.
m=1 m=1 m=1 m-=1 j=1

Solving the problem in Eq. 13, we obtain our GME-S estimates of o, o, v, 6, and P{ and A%

for al t.”

! Similarly, using the Bayesian estimation procedures, we obtain densities for the
parameters and hence could derive densities for P§ and A%.
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6.3 Supports and Prior Restrictions

We specify the structural GME support spaces for o, o, v, and 6. Because we
assume no overshooting, we specify that the support of y and 6 ranges from 0 and 1. [If we
wanted to allow for overshooting, we would require only that the support be positive.]

In the reduced-form methods, MELO-1, BMOM-I, and GME-R, we place supports (or
prior restrictions) on the reduced-form parameters b,, bs, and b, that are consistent with the
supports for the structural parameters. o = b,/[1 - b - b,]. From theory, we know that bs €
(0,2) and by € (-1, 0).

In the Appendix, we show that, if b, ~ Uniform(-d, d) for some given d, b; ~
Uniform(0, 2), and b, ~ Uniform(-1, 0), the analytical prior density function of f(c:), given

that b,, by, and b, are independent is

=, if -d<20<d

flo) =)
i{d_z :

o
w

] , otherwise

Figure 1 shows the prior distribution of o given d = 10, the value we use in the following
experiments. (It also shows several posterior distributions that are discussed later). Thus,
even if al the reduced-form parameter are distributed uniformly, the prior distribution of o is
not uniform. For a larger d (a more diffuse prior on b,), the variance of the prior distribution
on o increases. This distribution approaches a uniform, uninformative prior as t becomes

infinite.
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7. Experiments

To compare the sampling properties of OLS, MELO-U, MELO-I, BMOM-U, BMOM-
|, GME-R, and GME-S estimators, we use smulations. We confirm Diebold and Lamb’s
result that the MELO-U estimator has smaller MSE than OLS in small samples. We also
show that the shrinkage estimators based on informative priors, MELO-I, BMOM-I, GME-R,

and GME-S, dominate OLS, MELO-U, and BMOM-U in terms of MSE and average bias.

7.1 Experimental Design

To facilitate comparison with Diebold and Lamb (1997), we use their experimental
design. We generate 1,000 samples of data for each of various sets of parameters. In all
experiments, © = 0.5 (moderate adjustment speed), o = 2, oy = 0.25 (subsistence farming).
We vary the other parameters:8

v =0.5and 1 (where OLS is appropriate)

p=05and 0.9

c,=123o0r5

c. =123 0r5

where

8 Diebold and Lamb (1997) report some additional intermediate parameter values. As
the results tend to vary smoothly in those parameters, we only report the extreme cases to
save space. We also tried varying o between 1 and 10 and found results that are qualitatively
identical to our other experiments with o = 2, so we do not report these experiments to save
Space.
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(P, - 100) = p(P, ; - 100) + &, & ~ ID N(O,02), t=12,.T,

is the price generating process. The initial conditions are set at their expected values: P =
100, Ag = A1 = 0y + aE(P), which equals 200.25. Because E(P) = 100, the supply elasticity
is approximately 1.

Unless otherwise stated, the sample size is T = 25, which is typical of most empirical
work that uses annual time series of acreage and price. For a sample size of T = 25, we
generate 27 observations and use the last 25 observations to estimate the reduced-form Eq. 5,
which has a right-side variable with two lags. The structural model, Egs. 1-3, involves only a
single lag, so we use the last 26 observations. Thus, one advantage of using the structural
model is that we gain an observation. The difference in performance between GME-S and
OLS or MELO-U, however, has little to do with this extra observation. As we show below,
the performance of GME-S is not very sensitive to the number of observations and not sub-
stantialy different from GME-R, which only uses 25 observations.

We use the GAMS software program to obtain the GME estimates and Matlab to
estimate the MELO and BMOM models using the same randomly generated samples. Each
estimate takes only a few seconds of computer time.

We specify the structural GME support spaces as [-20, 0, 20] for o, [-10, 0, 10] for
o, and [0, 0.5, 1] for v and 6. The supports for o and oy contain the range of the OLS
estimates in most of our experiments. We force y and 6 to be elements of [0, 1] based on
economic theory. (Additional unreported experiments indicate that allowing these supports to

be [0, 2] dightly improves the GME results)) We follow Golan, Judge, and Miller (1996) in
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using a "three sigma’ rule to determine the support for the error term in each sample. That
is, we set the support bounds at £36, where 6 is sample standard deviation of the left-hand-
side variable (for example, the sample standard deviation for A in our simulations range from
4 to 6). Below, we discuss the sensitivity of our results to this restriction.

In the reduced-form methods, we place supports (or prior restrictions) on the reduced-
form parameters b,, b;, and b, that are consistent with the supports for the structural
parameters. The prior restrictions in MELO-1, BMOM-I, and GME-R are derived from the
structural supports using Eq. 5: [-20, 20] for by, [-10, 1Q] for by, [0, 2] for bs, and [-1, O] for

b,

7.2 Results

The following tables and figure summarize our experimental results.’ To examine
the relative efficiency of the seven estimators, OLS, MELO-U (uninformative), MELO-I
(informative), BMOM-U (uninformative), BMOM-I (informative), GME-R (reduced form),
and GME-S (structural), we use the mean-squared error (MSE) criterion. We also examine
the relative out-of-sample predictive power of the four estimates using the correlation between

the actual and predicted values of A.

9 These tables replicate the qualitative results of Diebold and Lamb for the OLS and
MELO estimators. Our quantitative results, however, differ from theirs. Russell Lamb
graciously discussed this issue at length with us. Even after that discussion, however, we are
unsure why our results differ as much as they do. Presumably, much or all of the difference
is due to how the random numbers were generated. We use random numbers generated by
GAMS or Shazam (which produced virtually identical results). Diebold and Lamb used a C
program to generate their random numbers.
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Table 1 compares the MSEs of the seven estimators for T =25, o = 2, y =1, and
various 6, and 6. Although OLS has infinite MSE in the population, its sample MSE is, of
course, finite. This table replicates Diebold and Lamb’s finding that the MSEs for MELO-U
are smaller than for OLS. The estimators based on informative priors, MELO-I, BMOM-I,
GME-R, and GME-S have MSEs on the order of 102 to 10", whereas the MSEs of OLS and
MELO-U are many times larger (on the order of 10° or 101). The structural shrinkage
estimator, GME-S, tends to have dightly smaller MSEs than do the reduced-form shrinkage
estimators, MELO-I, BMOM-I, and GME-R.

Tables 2 (p = 0.5) and 3 (p = 0.9) describe the empirical distributions of the estimated
supply response coefficient, o, for o= 2; 6, = 1, 6,=5; T = 25, 50, and 100; and y = 0.5
and 1. When y equals 1, the OLS approach is appropriate — and it performs better than
when y = 0.5. Asyincreases or T increases, the advantage of MELO-U over OLS in terms
of MSE decreases, as Diebold and Lamb noted. As T increases, the MSE and the average
bias for both OLS and MELO fal. As MELO-I, BMOM-I, GME-S, and GME-R estimates of
o are virtually "perfect” — having ailmost no bias and little variance — even with small
samples, there is little room for improvement with larger sample sizes 10
Figure 1 shows the posterior distribution for the various Bayesian estimators with and

without informative priors for one sample drawn from the first experiment in Table 2 (o = 2,

10 These results could reflect overfitting due to using many parameters, as Zellner (1999)
notes. If so, adding prior information may improve the fit of the GME and BMOM-I, but
could result in worse predictions. However, the following prediction experiments do not
indicate an obvious problem.
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6, =1,0,=57=16=05p =05 and T = 25). The figure shows that the uninformative

posteriors have larger variance than the informative posteriors.

Figure 2 illustrates the superiority of the shrinkage estimators by comparing the
histograms of the various empirical distributions of & for the first experiment in Table 2. The
frequency scale for the GME-R, GME-S, MELO-I, and BMOM-I is compressed relative to
that for the other estimators so that al the distributions fit on the same figure. As the
distributions for GME-S and GME-R are virtually identical mass points at the true value of o
= 2, the figure shows a single distribution for both of them (and similarly a single line is
shown for MELO-U and BMOM-U and another for MELO-I and BMOM-I). The MELO-I
and BMOM-| distributions are only dlightly wider than the GME ones, and much smaller than
the OLS, MELO-U, or BMOM-U distributions.

These experiments are fairly benign ones where OLS does not perform extremely
badly. The OLS sample distribution is single peaked and only a small fraction of o estimates
are negative. The OLS estimates are likely to be much less precise when the denominator,
0, of the ratio in Eq. 6, o = b,/6 = b,/(y9), is nearly zero. We experimented with values of
v and 6 where vy was close to zero and found that the variance of the empirical distributions
of & for OLS and MELO-U were very large in absolute value, as we would expect, but the
MELO-I, BMOM-I, GME-R, and GME-S estimates were still tightly bunched around the true
parameter value.

Table 4 shows the recovered reduced-form estimates of o, and o and the GME-S
structural estimates of o, o, v, and 6. As with o, the shrinkage estimators, MELO-I,

BMOM-I, GME-R, and GME-S, have much smaller MSEs for o than do OLS, MELO-U, or
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BMOM-U. The structural estimator, GME-S, has the smallest MSEs by orders of magnitude.

This table also shows the GME-S estimates for y and 6, which cannot be directly recovered
from the reduced-form estimates. In our experiments, the GME-S estimates of y have smaller
MSEs than those for 6. (Especialy when vy is close to 1, we get better estimate of y and 6 if
we use the support [0, 1, 2] instead of [0, 0.5, 1], as in this table.)

All of the methods predict the crop acreage under cultivation, A. In addition, the
GME-S approach provides estimates of the expected acreage, A*, and the expected price, P€.
Table 5 shows the in-sample correlations between the predicted and actual values for each
method where o. = 2, 6, =1, 06,=5 vy=050r 1, and p = 0.5 or 0.9. We expected that the
maximum likelihood techniques, OLS, MELO-I, MELO-U, would predict acreage dightly
better than do BMOM-U, BMOM-I, GME-R, and GME-S (where the objective is a balance
between prediction and accuracy of estimation). However, MELO-I and BMOM-I perform as
well or better than do OLS, MELO-U, and BMOM-U. GME-R does amost as well as the
other estimators; however, the correlations for GME-S are lower than for the reduced-form
models.

The GME-S provides estimates of the predicted price, P, and desired acreage, A%, as
Table 6 shows.™! In our experiments, GME-S does a remarkable job of predicting P{ —
the correlations range from 0.767 to 0.975 — but is less impressive in its estimates of A —

the correlations range from 0.323 to 0.596.

1 The BMOM approach could be used to obtain estimates of the full structural model.
One could also use the moments from the GME-S estimates to derive a MELO estimator
(though we expect that the two estimates would be virtually identical in our experiments).
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To examine the performance of these estimated models in predicting out of sample, we
constructed a thousand replications of two paired data sets of 25 observations each generated
using the parameters in the upper-left cell of Table 2. We estimated parameters using the
first sample set and then compared our forecasts to the data in the second sample. The
average out-of-sample correlation for the predicted and actual acreage was 0.413 for the OLS,
MELO-U, and BMOM-U estimators. All of the reduced-form estimators with informative
priors had higher correlations (GME-R, 0.470; MELO-I, 0.487; BMOM-I, 0.487). The
structural model estimator, GME-S, did worse, 0.342 (perhaps due to overfitting).

Table 7 shows how the MSEs change if the distribution of the errors is nonnormal. In
particular, we draw the errors u and € from a 2 distribution or from at distribution with
either five or seven degrees of freedom. Asthe GME estimators do not depend on assump-
tions about these distributions, we expected the GME to perform better. Indeed, the MSEs
for the GME estimators are orders of magnitude smaller than for even the MELO-I or
BMOM-I estimators. The MSEs of OLS, MELO-U, and BMOM-U are substantially larger

than those of the informative estimators.

8. Prior Information in Shrinkage Estimators

Our experiments indicate that the shrinkage estimators, MELO-I, BMOM-I, GME-R,
and GME-S have much smaller MSEs than do the OLS and the uninformative prior Bayesian
estimators. In general, we know that prior information can lower the MSE compared to
standard techniques provided the "prior information incorporated in the decision rule forecasts

is at least reasonably accurate” (Zellner 1963).
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One might ask, however, how sensitive our results are to our choice of prior informa-
tion. All four shrinkage estimators specify the supports for the coefficients and for the error
terms.

In Table 8, we show what happens to the MSE (for 100 replications) as the supports
become wider. If the supports on the reduced-form coefficients increase substantially (up to
40 times), the MSEs from MELO-I and GME-R tend to increase but remain below those of
OLS and MELO-U. [Because the GME-S estimates different coefficients and has more sup-
ports, we cannot directly compare the effect of increasing supports to the reduced-form
estimators, though the qualitative effects are similar.]

The GME estimators use a support of [-36, 0, 36] for the error term. Table 8 shows
the change in MSE if we widen the supports for the GME estimators or the prior restrictions
for MELO-I and BMOM-I by a multiple of sigma. The MSEs for MELO-I, GME-R, and
GME-S tend to increase. The three-sigma rule for the GME estimators works reasonable well
in obtaining alow MSE. Even with much wider supports (such as 200c), MELO-I, GME-R,
and GME-S have substantially smaller MSEs than do OLS or MELO-U.

Based on these results, we conclude that the MSEs are relatively insensitive to changes
in the error support, and are only moderately sensitive to the support of the coefficients.

Even with very large supports — for example, the largest support on o is [-400, 400] —
these shrinkage estimators perform substantially better than do the estimators that are not
based on informative priors. Therefore, one could impose "conservative" priors and still

benefit significantly from using shrinkage estimators.
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9. Conclusions

Generalized maximum entropy and two Bayesian methods perform substantialy better
than traditional approaches in estimating ratios of random variables in Monte Carlo experi-
ments involving the Nerlove model of agricultural supply response. Diebold and Lamb
(1997) showed that the variability of estimates of the key parameters in the Nerlove model
was partially due to the problem of estimating a ratio regression parameters by using the ratio
of their respective ordinary least squares estimates, as is commonly done. They further
demonstrated that Zellner’s minimum expected |oss approach with an uninformative prior
(MELO-U) produces less variable estimates. We show that Zellner’s Bayesian method of
moments estimator with an uninformative prior (BMOM-U) performs similarly to MELO-U.

Our simulation experiments demonstrate that informative shrinkage estimators — the
minimum expected loss approach with an informative prior (MELO-1), the Bayesian method
of moments estimator with an informative prior (BMOM-I), and our generalized maximum
entropy reduced-form and structural approaches (GME-R and GME-S) — have much lower
average bias and mean square errors in small samples than do OLS, MELO-U, or BMOM-U.
Moreover, in our experiments, the benefit of these informative shrinkage estimators occurs
even when fairly unrestricted priors (little additional information) are used. The informative
Bayesian estimators (and to a lesser extent the GME-R) perform particularly well in out-of-
sample prediction.

We also use the generalized maximum entropy approach to obtain point estimates of
the full structural agricultural supply response model (so that we obtained estimates of more

parameters than with reduced-form models). Although we did not do so, one could estimate
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the posterior densities for these extra parameters using the Bayesian methods by sampling
from the reduced-form coefficients' posterior densities and solving the nonlinear relations
connecting the reduced-form and structural parameters for each draw.

The GME has two advantages over classical and Bayesian approaches. First, the GME
approaches performed much better than did the other methods when the underlying error

distribution was nonnormal in our simulations.1?

Second, imposing inequality restrictions
(such as bounding the adjustment parameters between 0 and 1) is easy in the GME approach
and in Bayesian analyses (using Geweke's method). Possible future lines of research will

show whether there is a gain to using higher-order moments and generalized entropy criterion

functionals in GME and BMOM.

12 With the other estimators, if one suspects nonnormality one can use various transfor-
mation to account for departures from normality. One can also add higher-order moment
constraints in the BMOM approach to obtain asymmetric densities.
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Appendix: Derivation of the Prior Density of o
We derive the prior density of oo = b,/(1 - by - b,) = b,/d, where b,, b, and b, are
independent, uniformly distributed random variables: b, ~ Uniform(-d, d), b; ~ Uniform(0, 2),

and b, ~ Uniform(-1, 0). Using a Jacobian transformation, the density of o is

f (o) = f X f (x1) F30) dx, (A1)
where fo (*) and fs(+) are density functions for the numerator and denominator of o
2
respectively. These densities are:
1
_— -d<x<d
fi, () = {2d (A2)
otherwise
0 X< -1
1 -1<x<0
5 i (A3)
fs(x) = 1 0<x<1
2 - X 1<x<2
0 X2

The density function f5(-), 8 = 1 - b - b,, can be derived using Theorem 1 of Marsaglia

(1965). It is symmetric around 0.5.
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To derive f (-), we substitute Eq. A2 and A3 into Al

0
f—x(x +1)dx .
1 2d

1 2
fldx + fudx,
3 2d 1 2d

o] <

Egoc<dor—d<ocs_

N a

N o

o] > d

0 1 d/o
f () = de X dx de,
o) f 2d +f 7 f 2d
1 0 1
0 d/o
f Mdd + fidx
| /o 2d 5 2d
Simplifying this last expression, we obtain
2 ol <
3d
fulor) =]
2 3
i d_ - Ed_ , otherwise.
L2d o2 3 o3

Thus, f (o) is symmetric around O, is uniform between (-d/2, d/2), and asymptotically

approaches 0 as o goes to positive or negative infinity outside of that range.

d
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Table 2

Empirical distributions of estimated supply response coefficient o; o =2, 6, =1, 6,=5,p =05

v=05
T OLS MELO-U MELO-I BMOM-U  BMOM-I GME-R GME-S
Mean 1.38 1.06 1.97 1.08 1.98 1.99 2.00
SD 3.34 1.01 0.12 1.03 0.15 0.03 0.01
MSE 11.55 1.90 0.02 1.90 0.02 0.001 0.0002
25 Min -48.49 -2.43 0.91 -2.44 137 1.58 1.92
Max 74.36 7.09 2.81 7.61 291 2.48 2.08
Bias 1.37 1.16 0.09 1.16 0.11 0.02 0.01
Mean 1.33 1.24 1.93 1.24 1.95 1.98 2.00
SD 0.82 0.75 0.11 0.75 0.15 0.04 0.01
MSE 112 114 0.02 114 0.02 0.002 0.0002
S0 Min -1.46 -1.33 131 -1.34 1.46 1.30 184
Max 7.47 6.80 2.45 6.82 2.53 2.04 2.03
Bias 0.88 0.90 0.10 0.90 0.12 0.03 0.01
Mean 1.37 1.32 1.88 1.32 1.90 197 2.00
SD 0.55 0.53 0.10 0.53 0.14 0.04 0.02
MSE 0.70 0.74 0.02 0.74 0.03 0.003 0.0003
100 Min -0.35 -0.36 1.55 -0.36 131 1.29 1.88
Max 3.38 3.28 2.34 3.28 242 2.04 221
Bias 0.71 0.74 0.13 0.74 0.13 0.04 0.01
v=10
T OoLS MELO-U MELO-I BMOM-U BMOM-I GME-R  GME-S
Mean 1.79 1.56 1.98 1.58 1.98 1.99 2.00
SD 117 0.96 0.09 0.97 0.12 0.02 0.01
MSE 141 112 0.01 112 0.01 0.0004 0.0002
25 Min -3.24 -1.24 132 -1.34 1.45 1.76 1.96
Max 7.34 5.87 2.32 5.94 2.46 2.04 2.04
Bias 0.91 0.86 0.07 0.86 0.09 0.01 0.01
Mean 1.93 1.83 197 1.83 1.98 2.00 2.00
SD 0.76 0.70 0.08 0.70 0.11 0.02 0.01
MSE 0.59 0.52 0.01 0.52 0.01 0.0003 0.0001
S0 Min -0.44 -0.55 1.63 -0.54 1.49 1.89 1.94
Max 5.43 514 242 5.15 2.57 2.04 2.03
Bias 0.59 0.56 0.06 0.57 0.09 0.01 0.01
Mean 197 1.92 197 1.92 1.98 2.00 2.00
SD 0.54 0.53 0.10 0.53 0.12 0.02 0.02
MSE 0.29 0.28 0.01 0.28 0.01 0.001 0.0002
100 Min 0.78 0.77 164 0.77 157 1.89 1.90
Max 4.22 4,07 2.39 4.07 2.34 2.06 2.06
Bias 0.43 0.43 0.08 0.43 0.09 0.02 0.01




Table 3

Empirical distributions of estimated supply response coefficient o; o =2, 6, =1, 6,=5,p =09

v=05
T OLS MELO-U MELO-I BMOM-U BMOM-I GME-R GME-S
Mean 1.46 1.49 1.95 1.50 197 1.99 2.00
Sb 5.28 0.89 0.11 0.90 0.15 0.03 0.01
MSE 28.10 1.05 0.01 1.06 0.02 0.001 0.0002
25 Min -129.95 -2.14 1.45 -2.20 0.88 1.68 1.95
Max 13.44 5.66 242 5.76 2.63 2.03 2.04
Bias 1.10 0.80 0.09 0.80 0.11 0.02 0.01
Mean 177 171 1.92 172 1.93 1.99 2.00
Sb 0.57 0.54 0.12 0.54 0.13 0.02 0.01
MSE 0.38 0.38 0.02 0.38 0.02 0.001 0.0002
%0 Min -0.93 -0.79 147 -0.80 141 1.84 1.95
Max 4.10 3.80 2.35 381 2.40 2.04 2.03
Bias 0.47 0.47 0.11 0.47 0.11 0.02 0.01
Mean 184 1.82 1.89 1.82 1.90 1.99 2.00
Sb 0.33 0.33 0.13 0.33 0.14 0.03 0.02
MSE 0.14 0.14 0.03 0.14 0.03 0.001 0.0003
100 Min 0.74 0.73 1.60 0.73 145 1.88 192
Max 3.62 3.38 2.35 3.39 242 2.06 2.04
Bias 0.29 0.30 0.14 0.30 0.14 0.02 0.01
v=10
T OoLS MELO-U MELO-I BMOM-U BMOM-I GME-R GME-S
Mean 187 1.75 197 1.76 1.99 2.00 2.00
Sb 0.88 0.77 0.09 0.77 0.10 0.02 0.01
MSE 0.79 0.65 0.01 0.66 0.01 0.0003 0.0002
25 Min -1.07 -0.73 1.39 -0.73 1.63 187 1.95
Max 6.80 522 2.55 5.34 2.56 2.04 2.04
Bias 0.67 0.63 0.07 0.63 0.08 0.01 0.01
Mean 1.96 1.92 197 1.92 1.97 2.00 2.00
Sb 0.49 0.48 0.10 0.48 0.12 0.02 0.01
MSE 0.24 0.23 0.01 0.23 0.01 0.0004 0.0002
%0 Min 0.06 0.04 1.63 0.04 1.59 1.89 194
Max 3.81 361 231 3.62 2.38 2.04 2.03
Bias 0.37 0.37 0.08 0.37 0.09 0.01 0.01
Mean 1.98 1.96 1.96 1.97 1.97 1.99 2.00
Sb 0.29 0.28 0.12 0.28 0.12 0.02 0.02
MSE 0.08 0.08 0.02 0.08 0.02 0.0004 0.0003
100 Min 0.98 0.96 164 0.96 1.68 1.92 192
Max 3.27 325 2.32 325 2.36 2.05 2.04
Bias 0.22 0.22 0.10 0.22 0.10 0.02 0.01




Table 4

Estimates of the structural coefficients; 6, =1, 6,=5, & =2, 05 =025, p =05,7=05,6=05T =25

O o
Mean D MSE Mean D) MSE
True 0.25 2
OLS 62.67 333.45 115,077 1.38 3.34 11.55
MELO-U 94.39 100.66 18,657 1.06 1.01 1.90
MELO-I 3.24 11.94 143.91 197 0.12 0.02
BMOM-U 77.62 192.93 4,290 1.08 1.03 1.90
BMOM-I 2.06 15.06 226.28 1.98 0.15 0.02
GME-R 1.56 3.04 10.98 1.99 0.03 0.00125
GME-S 0.14 0.53 0.29 2.00 0.01 0.00017
Y 0

Mean D MSE Mean D MSE
True 0.5 0.5
GME-S 0.39 0.12 0.0272 0.89 0.04 0.1548

Note: OLS, MELO-U, MELO-I, and GME-R do not provide estimates of y and 6.



Table 5

Correlations between A and A; o = 2, 6,=1,0,=5p=057y=056=05T=25

T Y p OLS MELO-U,
BMOM-U* MELO-I BMOM-| GME-R GME-S
05 05 0.578 0.614 0.655 0.546 0.528
0.9 0.703 0.726 0.747 0.687 0.692
2 1.0 05 0.623 0.633 0.665 0.608 0.572
0.9 0.736 0.744 0.767 0.725 0.709
05 05 0.593 0.614 0.648 0.582 0.500
0.9 0.766 0.770 0.785 0.764 0.736
>0 1.0 05 0.644 0.649 0.663 0.640 0.558
0.9 0.796 0.796 0.808 0.794 0.764
05 05 0.608 0.620 0.649 0.603 0.459
0.9 0.814 0.813 0.822 0.813 0.775
100 1.0 05 0.656 0.654 0.665 0.654 0.523
0.9 0.835 0.834 0.839 0.834 0.795

* The OLS and MELO-U correlations are very close but not identical.



Table 6
GME-S correlations between P® and P® and between A* and A*; 6, =1, 6,=5,p =05, y=056=05T
=25

T Y P P® and P° A* and A
0.5 0.5 0.748 0.347
0.9 0.834 0.472
2 1.0 0.5 0.737 0.388
0.9 0.838 0.485
0.5 0.5 0.858 0.337
0.9 0.938 0.528
>0 1.0 0.5 0.805 0.389
0.9 0.903 0.549
0.5 0.5 0.900 0.320
0.9 0.966 0.578
100
1.0 0.5 0.844 0.378
0.9 0.941 0.595




Table 7
MSE for o when the Distributions of 6, and o, are Not Normal; T = 25, oo = 2, y = 0.5, p = 0.5, number of
samples = 100

18 1 5 7
OLS 0.120 0.162 1.96 0.096
MELO-U 0.107 0.113 0.101 0.083
MELO-I 0.026 0.041 0.030 0.027
BMOM-U 0.106 0.114 0.106 0.082
BMOM-I 0.032 0.051 0.032 0.034
GME-R 0.00005 0.00013 0.00005 0.00006
GME-S 0.00007 0.00006 0.00004 0.00003



Table 8

MSE for o for Various Supports, 6, =1,6,=5,p=05,7=05,6=05T=25

Changes in the support for only the reduced-form coefficients

MELO-I BMOM-I GME-R

original 0.009 0.020 0.007

5x larger 0.453 0.492 0.142

10x larger 0.911 0.958 0.469

20x larger 1.075 1.185 0.898

40x% larger 1.041 0.986 1.160

Change of the support for only the errors
MELO-I BMOM-I GME-R GME-S

c 0.0094 0.0199 0.00071 0.00017
2c 0.0169 0.0280 0.00011 0.00011
K'o) 0.0260 0.0437 0.00010 0.00011
4o 0.0269 0.0768 0.00010 0.00011
56 0.0430 0.1214 0.00010 0.00011
100 0.0353 0.6173 0.00009 0.00011
200 0.0424 1.6837 0.00009 0.00011
1000 0.0490 1.9794 0.0099 0.0116
2000 0.0499 1.9257 0.115 0.132

Note: MSE of OLS is 1.283, and the MSE of MELO-U is 1.098.
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