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Integrability of incomplete demand systems is discussed. The concepts of weak
integrability, quasi-expenditure function, quasi-indirect utility function, and quasi-utility
function are defined. Their relationships to the expenditure function, indirect utility
function, and utility function are developed. The dual structure of the quasi-functions
permits exact welfare analysis and reveals the conditional preference structure for the
commodities of interest. New results relating the uniqueness and exactness of
consumer’s surplus to the structure of the expenditure and indirect utility functions are

obtained.
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The integration of demand systems continues
to be of considerable interest to applied econ-
omists. There are good reasons for this inter-
est. First, integrability conditions such as
Slutsky symmetry provide useful parameter
restrictions which may be incorporated into
the estimation of the system. Second, recover-
ing the underlying preference structure iden-
tifies the degree of flexibility of consumer
preferences implied by a demand model. Em-
pirical rejection of the integrability conditions
can be due to a restrictive maintained hypoth-
esis embedded in the functional form of the
demand system. Thus, the integrability condi-
tions can be used as a specification test in
demand modeling. Finally, knowing the direct
or indirect utility function permits the calcula-
tion of exact measures for the welfare effects
of changes in prices and income.

Two basic approaches are followed to gen-
erate formulas for demand systems. One ap-
proach specifies a direct or indirect utility
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function and derives the demand functions by
maximizing the direct utility function subject
to a budget constraint or by applying Roy’s
identity to the indirect utility function. The
other approach specifies demand functions di-
rectly. The advantage of the latter approach is
its simplicity. The disadvantage is that one
needs to check for the integrability of the de-
mand system (Lau).

In applied research, incomplete demand
models are the rule rather than the exception.
In most cases one is concerned with demands
for a group of commodities that form a subset
of the household’s budget. One may not care
about the consumer’s demands for other
commodities, or, even if one does, there may
be no data on the consumption of these other
commodities. In these circumstances the
analyst must deal with an incomplete demand
system.

Just as quantity data may be unavailable for
commodities not of interest, price data may be
incomplete as well. Often price information
for the commodities that are not of direct con-
cern is only available as an aggregated price
index. A theory of the integrability of incom-
plete demand systems can guide researchers in
the use of this information.

Incomplete demand systems allow a more
general class of functional forms than com-
plete demand models. This added generality
arises because the adding-up condition is not
an equality restriction but rather an inequality
restriction on the total expenditure for the
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goods of interest. For example, a complete
demand system cannot be linear in all prices
and income, but an incomplete system can be
linear in the prices of the goods of interest and
in total expenditure and still satisfy the condi-
tions for integrability (LaFrance).

This paper addresses the integrability of a
directly specified incomplete demand system.
The concept of integrability employed is called
weak integrability. Weak integrability is
shown to be sufficient to permit the usual tasks
of applied economic analysis. It is shown that
(a) the dual relationships between the recov-
erable parts of the expenditure, indirect util-
ity, and direct utility functions are analogous
to the dual relationships for complete demand
systems; (b) exact welfare measures can be
calculated from weakly integrable incomplete
demand systems; and (c) the conditional pref-
erence structure for the central commodities
can be recovered from the incomplete demand
system. Also, new results are presented relat-
ing uniqueness and exactness of consumer’s
surplus to the structure of the expenditure and
indirect utility functions, and it is demon-
strated that the necessary and sufficient condi-
tion for measuring the welfare effects of a
change in a nonmarket parameter through an
incomplete system of demand functions is not
a testable hypothesis.

The paper is organized as follows. First the
theory of weak integrability for an incomplete
demand system is developed. This concept is
then applied to practical concerns of welfare
measurement in incomplete demand systems.
The last section summarizes and concludes
the study. Proofs of the theorems are found in
the appendix.

Integration of Incomplete
Demand Systems

Let x = [x;, . . . , x,]' be the vector of con-
sumption levels for the commodities of inter-
estandp = [p,, . . . , P,]’ be the corresponding
price vector; let z = [z;, . . . , z,]" be the
vector of consumption levels of all other
commodities and q = [g;, . . . , qu]’ be
the corresponding price vector; let total ex-
penditure be y. Note that scalars are lower
case letters, x; vectors are boldfaced lower
case letters, y; matrices are boldfaced upper
case letters, A; sets are upper case script, 8; R
is the real number line; R% is the nonnegative
orthant of Euclidean n-space and R%. is the
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strictly positive orthant; C" is the set of func-
tions with continuous nth order derivatives;
x = 0 indicates x; = 0 for all /; x > 0 indicates
x; > 0 for all i; € indicates an element of a
set; C indicates a subset; &/ X % denotes the
product space of the sets &/ and B, o X B =
{(x, y): x € o, y € B}. The observed demand
functions are given by

n x = h(p, q, y).

The demand functions (1) are assumed twice
continuously differentiable (C?).

In addition, there is a set of demand func-
tions z = h(p, q, ), but these are not observed
and they do not necessarily have the same
functional form as the demands for x. When m
= 1, the demand function for z, can be derived
from (1) by exploiting the adding up condition,

Q) z,=h'(p, g1, ¥)
= .[y — p'h(p, gy, »1/as

and (1) and (2) constitute a complete demand
system. If m > 1, then (1) is an incomplete
demand system; and, because the demands for
the elements of z are not known, it is not
possible to recover the complete preference
relation.

If the demands in (1) are integrable, then
they satisfy Hotelling’s lemma,

(3) ode(p, q, u)/p = g(p, q, 4)
= h[p’ q, e(p, q, u)]’

where g(p, q, ) is the n-vector of compen-
sated demands for the elements of x, e(p, q, u)
is the expenditure function, and u is the con-
sumer’s level of utility. But (3) is a system of
n-partial differential equations, while e(p, q,
u) is a function of n + m + 1 variables. The
complete solution for e(p, q, #) is, therefore,
not obtainable from (3).

It is well known that maximizing an increas-
ing, quasiconcave utility function, u(x, z), sub-
jecttox = 0, z = 0, and the budget constraint,
p'x + q'z = y, is equivalent to the following
properties for a complete system of demand
functions: (a) the demand functions are 0°
homogenous in prices and income; (b) the de-
mand functions are positive valued; (c) total
expenditure is exhausted by the sum of the
expenditures on the individual demands; and
(d) the matrix of Slutsky substitution terms is
symmetric, negative semidefinite. Properties
(a)-(d) are also equivalent to the existence of
an expenditure function, e(p, q, ), that is
continuous and increasing in (p, q, u), 1°



264 May 1989

homogenous and concave in (p, q), and
satisfies Hotelling’s lemma (Hurwicz and
Uzawa). For an incomplete demand system,
(a)-(d) imply that (a’) the demands in (1) are
0° homogenous in prices and income; (b') the
demands in (1) are positive valued; (c¢') in-
come is greater than the total expenditure on
the demands in (1); and (d') the (n X n) sub-
matrix of Slutsky substitution terms for the
demands in (1) is symmetric and negative
semidefinite.

Denote the set of all complete demand mod-
els satisfying (a)-(d) by <, and the set of all
complete demand models with the subset of
demands in (1) satisfying (a’')-(d") by &. It
follows that &/ C % and not () C not («). A
rejection of & is also a rejection of «/. Fur-
thermore, (a')-(d’) is a complete listing of the
properties implied by the utility maximization
hypothesis on the incomplete demand model.
That is, utility maximization implies a specific
set of refutable hypotheses. For complete de-
mand models these are (a)-(d), for incomplete
demand models they are (a’)-(d’).

We are naturally led to consider the implica-
tions of properties (a')-(d') for incomplete
demand models. Specifically, we demonstrate
that properties (a’)—(d’) are equivalent to the
existence of a function, €[p, q, 6(q, )], that is
increasing in (p, #), 1° homogenous in (p, q),
concave in p, and satisfies Hotelling’s lemma
(3). We also show that the properties of €[p, q,
6(q, u)] are equivalent to the existence of a
function, w(x, s, q), that is increasing, and
quasiconcave in (x, s), where s = y — p’'xis a
composite commodity representing expendi-
ture on all other goods. This is the weakest
concept of integrability for incomplete de-
mand models that also exhausts the implica-
tions of utility maximization.

Epstein (1982) considers integrability of in-
complete demand models in terms of a solu-
tion to (3) which gives an expenditure func-
tion that is increasing, 1° homogenous, and
concave in all prices (p, q). In this context, he
shows that there are some important differ-
ences between the integrability of complete
and incomplete demand systems as well as an
important distinction between what he defines
as local integrability and global integrability of
incomplete demand systems. .

Let  C R"%"*! be the domain of (h, h) and
¥ X ¥ C R™:™ be the range. The open interior
of Q, denoted Q°, is assumed nonempty.
Global integrability is defined as the existence
of an increasing, quasiconcave utility func-
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tion, u(x, z), defined on Zx ¥ such that (h, h)
maximizes u#(x, z) subject tox = 0,z = 0, and
p'x + q'z = y, for each (p, q, y) € Q. Local
integrability is defined as the existence of a
well-behaved utility function that generates
(h, h) in an open neighborhood & of the point
%, q°% )°) € .

For an incomplete demand system, Epstein
(1982) shows that for (1) to be locally integra-
ble, conditions (a’')-(d"') must be strengthened
to include negative definiteness of the n X n
matrix S = [s;;], where the s;; are the Slutsky
substitution terms defined as

(4) si; = 03h'(p, q, ¥)/9p;
+ hi(p, q, y)oh(p, q, y)/dy,
ihj=1,...,n.

In general, sufficient conditions for global
integrability of an incomplete demand system
are quite complex. We elaborate on this point
below, but the root of the problem is that there
is insufficient information about the structure
of the expenditure function with respect to the
prices of the other goods, q, contained in h(p,
q, y). We are integrating a subset of n demand
functions to recover an expenditure function
defined over n + m prices and the utility in-
dex, so the solution includes a constant of
integration which is an unspecified function
over m + 1 variables, 6(q, u).

Epstein (1982) shows, however, a situation
where local and global integrability for incom-
plete demand systems are essentially equiva-
lent. Normalizing all prices by g, to obtain
zero degree homogeneity, he demonstrates
that if h(p, q, y) is otherwise independent of q,
then we can construct an expenditure function
which is well behaved in (p, q) from the inte-
gration of h(p, q, v) alone. We present a gener-
alization of Epstein’s result, employing an ar-
bitrary price index for the other goods, 7(q),
to normalize p and y. This deflator function
7(q) is defined over any nonempty subset of
the elements of q. Some examples are 7(q) =
g1, m(q) = 2iL,a,q;, and 7(q) = II},g5 with
a; = 0and 22,0; = 1.

THEOREM 1 (Epstein) If the demand func-
tions (1) satisfy the following conditions for all
(P, q,y) € Q:

(1.1) h E C?

(1.2) his 0° homogenous in (p, q, ¥);
(1.3) h(p,q,y) =0;

(1.49) p'h(p, q,y) <y;
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(1.5) S is symmetric, negative definite;
(1.6)

there is a price index 7: R, — R, such
that w € C?% is increasing, 1° homoge-
nous, and concave in q, and h(p, q, y)
= h[p/7(q), y/m(q)];

then there is an expenditure function, e: RTt"
X R— R, ., such that e € C?is increasing, 1°
homogenous, and concave in (p, q), and
satisfies Hotelling’s lemma (3) for all (p, q, y)
€ Q.

Theorem 1 gives one set of sufficient condi-
tions for a C? system of incomplete demands
to be globally rationalized by the utility
maximization hypothesis. These conditions
are that the demand functions are positive val-
ued, 0° homogenous, do not exhaust total ex-
penditure, possess a symmetric negative def-
inite submatrix of Slutsky substitution terms,
and depend upon the prices of other goods
only through a price index that deflates the
prices of the goods of interest and total expen-
diture.

Assumptions (1.1)—(1.3) are standard; there
is little difference between complete and in-
complete demand systems in this respect. As-
sumption (1.4) is part of the definition of an
incomplete demand model; expenditures on x
must be less than income, or the demand
system would not be incomplete. Negative
definiteness of S is a stronger condition than
that required for integrability of complete de-
mand systems, but Epstein (1982) provides a
counterexample when assumption (1.5) is re-
laxed to negative semidefiniteness of S.

The implication of the use of a general price
deflator 7 (q) in assumption (1.6) is not trivial.
The expenditure function constructed in the
proof of theorem 1 is characterized by separa-
bility of q from (p, u),

(5 e(p, q, u) =7w(q)e[p/7(q), ul.
Equivalently, q is separable from (p, y) in the
indirect utility function,

6 v(p,q,y) = ¢lp/7(q), y/7(q)].

Blackorby, Primont, and Russell show that the
dual structures (5) and (6) are equivalent to a
homothetically separable utility function,

@) u(x, z) = ifx, f(z)],
where f is 1° homogenous (theorem 3.8, pp.
94-97).

The proof of theorem 1 is constructive,
however, and relies on the arbitrariness of the
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constant of integration permitting the defini-
tion 6(q, #) = u. More generally, the hypothe-
ses of theorem 1 imply that the constant of
integration is 0° homogenous in, but may de-
pend upon, q. The expenditure function then
has the form e(p, q, u) = w(q)e[p/7(q), 0(q,
u)], the indirect utility function has the form
v(p, q, y) = ¥[q, p/7(q), y/m(q)], and we
cannot prove that the utility function is always
homothetically separable. Nevertheless, (1.6)
is a very restrictive property, and it is desir-
able to characterize the conditional preferences
underlying incomplete demand models with-
out having to resort to such a strong assump-
tion.

As a result of these considerations, we de-
part from Epstein’s (1982) approach to the in-
tegrability of incomplete demand models,
which requires the recovered expenditure
function to be well behaved in all prices. One
reason for this departure is that the Epstein
conditions are not implied by utility maximiza-
tion. Recall that the set of all demand models
satisfying (a)-(d) is given by &/, and denote
the set of all demand models in & such that the
subset of n demands in (1) also satisfy the
added conditions for global integrability by %.
It follows that ¥ C &, and not (&) C not (%).
A rejection of F does not imply a rejection of
s. Global integrability does not arise from a
theoretical construct and, consequently, does
not generate any additional testable restric-
tions on demand functions.

We focus on the properties of the expendi-
ture and indirect utility function with respect
to p for given q, and the properties of the
utility function with respect to x for given z.
Focusing on these attributes of the underlying
dual preference functions offers several ad-
vantages. First, in practical situations the ex-
penditure, indirect utility or utility function is
usually not required to be well behaved in the
noncentral prices or goods. Second, (a’)-(d")
can be verified in practice; this is not the case
for global integrability. Finally, under (a')-
(d") the conditional preference structure for
the commodities of interest is recoverable
from the demand equations (1), and this condi-
tional preference map is well behaved.

Denote expenditures on all other goods by s
= q'z =y — p’'x > 0. By its definition s is 1°
homogenous in (p, q, y). We focus on cases
where s > 0 to avoid a technical continuity
issue and define weak integrability as follows.

DEFINITION: The incomplete demand sys-
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tem (1) is weakly integrable on Q if for all (p,
q, v) € Q, there is a function w: R™Z™' - R
that is continuous, increasing and quasicon-
cavein (x,s),andx = h(p,q,y),s = o(p,q,y)
=y — p'h(p, q, y) are the solutions to
max{w(x, s, q): p'x + s =y, x =0, s > 0}

A utility function for (x, 5) is w(x, s, q) with q
acting as a vector of shift parameters, while
the price of s has been normalized to unity.
Thus, we can follow essentially the same line
of argument as in the case of a complete de-
mand system; weak integrability is equivalent
to the existence of an expenditure function,
e(p, q, u), that is increasing and concave in p,
1° homogenous in (p, q), satisfies the adding
up condition

(8) p'hlp, q, e(p, q, u)]
+ olp, q, e(p, q, ¥)] = e(p, q, u),

and Hotelling’s lemma (3). Our fundamental
result on weak integrability of incomplete de-
mand models is the following.

THEOREM 2. Given h € C?, the incomplete
system of demand equations (1) is weakly in-
tegrable throughout € if and only if for all (p,
q,y) € Q:

2.1
(2.2)
(2.3
2.4

Furthermore, e € C3in p, and for all (p, q,y)
€ O:

9 asij/ay = asji/ay’

h is 0° homogenous in (p, q, y);
h(p,q,y) = 0;
p'h(p, q,y) <y;

S is symmetric, negative semidefinite.

ihyj=1,...,n;

(10) 9sy;/dpx = 3551/ Opis
iLhjk=1,...,n.

Theorem 2 shows that weak integrability al-
lows us to treat an incomplete demand system
in virtually the same manner as a complete
system. If we add the composite commodity, s
=y — p'x > 0, to the incomplete system (1)
and act as if the augmented system were com-
plete, then the restrictions on the incomplete
demand system implied by utility maximiza-
tion are necessary and sufficient for our in-
complete problem to have a well-defined solu-
tion.

In addition, theorem 2 provides a way to
approach the problem of identifying what the
symmetry conditions mean in practice. The
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expenditure function inherits the smoothness

_properties of the demand functions plus an

additional degree of differentiability due to in-
tegration. When the demands are twice con-
tinuously differentiable, the symmetry condi-
tions are identities that can be differentiated.
This often gives the information needed to
identify the parametric restrictions embodied
in symmetry.

Suppose that the hypotheses of theorem 2
are satisfied. Then (3) can be integrated with
respect to p, and upon integrating we obtain a
solution that has the form
(a1 e(p, q, u) = €[p, q, 8(q, u)],
where 6(q, «) is the arbitrary constant of inte-
gration for the partial differential equation sys-
tem and is a function of the prices of the other
goods, q, and the level of utility, «, but not p.

Three issues concerning the nature of 6(q,
u) warrant a brief discussion. First, a constant
of integration is unrelated to an empirical con-
stant: q is not a vector of constants. If it were,
the matrix of independent variables would be
singular, and no estimate of the demand pa-
rameters associated with q could be obtained.
We simply cannot recover the structure of f(q,
u) from the incomplete demand model.

Second, one might think 6(q, «) is a vector-
valued function of (q, #), but this is impossi-
ble. The constant of integration ties down the
solution to the partial differential equation sys-
tem as an initial condition, and only one initial
condition exists for a scalar-valued function.
The class of functions of the form €[p, q, 0(q,
u)] completely exhausts the set of solutions to
partial differential equation systems of this
type.

The third issue is the most important, be-
cause it relates the properties of the unobserv-
able function 6(q, «) to global integrability of
the incomplete demand system. Global inte-
grability requires that an expenditure function,
e(p, q, u), can be found from the partial solu-
tion (11) which is increasing in (p, q, ), 1°
homogenous and concave in (p, q). This is
equivalent to the existence of an appropriate
function 6(q, ) such that €[p, q, 0(q, «)] is
increasing in (p, q, #) and 1° homogenous and
concave in (p, q).

With the exception of 1° homogeneity, weak
integrability does not address the joint regular-
ity of e(p, q, u) with respect to (p, q). There
are good reasons for this. For e(p, q, #) to be
increasing in q, we must be able to choose 6(q,
u) such that for all (p, q, y) € Q,
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de _ Oe€ de ad demands for x generated from this expenditure
(12) = + 20. oo
aq aq 36 aq unction are
—a'n — ha — . ’ ' + '
(16) x=a+ (CP + Dq) + ,.(y a’p — b'q — S@'Cp+2p'Da+q Fq)/w(q))'
m(q) r'p+s'q

Similarly, for e(p, g, 4) to be concave in q, the  Equation (16) is invariant to generalizations of
m X m matrix of second-order partial deriva- the expenditure function that replace ¥ with an

tives, arbitrary function a(q, «) that is 0° homoge-
o%e 9% 90 o2 nous in q. All expenditure functions of the
W) T d ~ 07 (aq) (806q') form
9 \ q . 2 (17) e(p,q,u) =a'p + b'q
Jde a%0 626 d ) ’ ’ ’
+ + - p'Cp + 2p'Dq + q'Fq
(60) (aqaq’) (602) (3q) (3q + '5( 7@

must be negative semidefinite. Finally, for e(p,

q, ) to be jointly concave in (p, q), them X n + (r'p + s'q)al(q, u),

matrix of Slutsky substitution terms, and all indirect utility functions of the form
_ [ (y—ap—bq—.50pCp+ 2p'Dq + q'Fq)/7(q) )]
(18) v(p, q, ) w_q,( rp +5q
% 0% a6 3% generate the same demand functions for x.
(14) 3qgop. _ 9q9p’ ( aq ( a0op’ ) This is a fundamental property of incom-

plete demand models. There is an entire class
must be such that the full (n + m) X (n + m) of expenditure functions that generate identi-
matrix of Slutsky substitution terms is also cal demand functions for a given subset of the
negative semidefinite. goods consumed. In contrast, there is one and
Here is the main difficulty with the notion of only one expenditure function for a complete
global integrability. We simply do not have demand model. A complete demand system
sufficient information about the structure of reveals all of the structure of the underlying
6(q, u) to conclude that this complex set of preferences, while this is impossible for an
conditions will be satisfied. Even if a specifica- incomplete demand system.
tion for 6(q, u) satisfying (12)—(14) is found, The demand functions in (16) are 0°
there is no reason to believe that it is the true homogenous in (p, q, y), and for all 7(q) and
specification. Consequently, global integrabil- «(q, «) the remaining necessary and sufficient
ity does not provide any additional insight into  conditions for weak integrability are

(El) a+ (Cp+ Dq) + r(y —a’p—bq- -5(13 Cp+,2qu + qu)/”(q))zo,
7(q) rp +s'q

, ,(Cp + Dq) ) (y —a'p—b'q— .5(p'Cp + 2p'Dq + q'Fq)/#(q))
E2) a'p + p'([——) +r - - <y,
E2) a'p+p ( 7(q) P r'p + s'q

(E3) C symmetric, negative semidefinite.

(E4) q'oa(q, u)/dq = 0.

the underly.ing preference functiqn. To solve Hotelling’s lemma, we apply the
These points are demonstrated in the follow- integrating factor
ing example. Let the expenditure function be

given by (19) exp { J (____—r )'dp
rlp + s'q
(15) e(p,q,u) =a'p + b'q
v SRt 2p'Dq + % — exp [ [ (FAlnte + 5o J dp]
7(q) P
+ (r'p + s'q)u, _ ( 1 )
where 7(q) > 0 is 1° homogenous in q. The r'p + s'q
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to (16) and obtain the solution for the expendi-
ture function as

(20) €[p, q, 6(q, v)] = a'p + b'q
+ .5(p’Cp + 2p'Dq + q’Fq)
7(q)
+ (r'p + s'q)0(q, u),

where 6(q, u) = a(q, u) is the unrecoverable
part of the expenditure function.

For global integrability, we require a set of
parameter values and a functional form for
6(q, ) such that €[p, q, 6(q, #)] is increasing
in (p, q, #) and 1° homogenous and concave in
(p, q). In general, this cannot be obtained from
(16) because the structure of 6(q, u) is not
revealed by that subset of demands. The best
we can hope for is a set of sufficient conditions
for global integrability given some assump-
tions about the true structure of a(q, u). For
example, if a(q, #) = u, then given (E1)-(E4)
the remaining conditions for global integrabil-
ity are
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essary nor sufficient for the expenditure func-
tion to be well behaved. In general, (E5)-(E7)
have little to do with utility maximization ex-
cept as a possible solution to global integrabil-
ity for this incomplete demand model.

There is no practical reason to employ this
or any other set of conditions sufficient for
global integrability. Such conditions are not
implied by utility maximization, do not gener-
ate additional insights into the true preference
structure, and result in considerably less gen-
erality than arises from conditions (E1)-(E4)
and recognition of the fact that 6(q, #) cannot
be recovered.

Returning now to the main argument,
theorem 2 shows that conditions (a’)—(d’) are
equivalent to the existence of the function €[p,
q, 6(q, )] that is 1° homogenous in (p, q), and
increasing and concave in p. We now demon-
strate that the existence of €[p, q, 0(q, ©)] is
equivalent to the existence of the function w(x,
s, q) with the properties stated in the definition
of weak integrability. To facilitate the discus-

(E5) b+ (2’1’_+_F_‘!_) _ ,5(P'CP + 2p'Dgq + q’Fq) (avr(q))

7(q) 7(q)?

dq

+ (y —a'’p—b'q— .5(p'Cp + 2p'Dq + q'F‘l)/"(Q))s =0,

(E6)

€y Cou . . . .
PP "M symmetric, negative semidefinite,
o Cqq

where e,, = C/m(q),

g % (52
ey A 5
ey

5 5 - s3]
(E7) (r'p + s'q) > 0.

If in fact da(q, #)/dq = 0 and da(q, u)/ou >
0, then (E1)-(E7) are necessary and sufficient
for the complete demand system to be integra-
ble in the usual sense. Otherwise (E1)-(E4)
are necessary, but (E5)-(E7) are neither nec-

r'p +s'q

sion, assume the complete demand system (h,
h) is integrable, and C? expenditure, indirect
utility, and utility functions exist, but z is not
observed and the complete structure of the
dual functions with respect to q or z cannot be
recovered.

Following Hausman, €(p, q, 6) is the quasi-
expenditure function. It is related to the ex-
penditure function by the identity (11). By the
envelope theorem and the theorem of the max-
imum, de(p, q, u)/du is continuous and posi-
tive valued. Partially differentiating both sides
of (11) with respect to u and equating the re-
sults gives

1) ae(pa’uq’ u)

- (g 0] ) (30010

u

Since the sign of 6(q, u) can be freely chosen,
we adopt the convention that de/30 > 0, so
that 6(q, «) is a monotonically increasing
transformation of u.

Setting e€(p, q, ) = y and inverting with
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respect to 6, we obtain the quasi-indirect util-
ity function,

(22) 0=ep@ q)).

The indirect utility function, v(p, q, y), is re-
lated to ¢(p, q, y) by

(23)  v(p, q,y) = ¥[q, ¢(p, q, ¥)],

where u = {i(q, 0) is the inverse of 8(q, #) with
respect to 4. ¢(p, q, y) exists and can be ob-
tained from e(p, q, ) even when v(p, q, y)
does not exist. It is straightforward to show
that ¢ (p, q y) is decreasing and quasi-convex
in p and increasing in y, but ¢(p, q, y) is not
necessarily 0° homogenous in (p, q, ). The
composite commodity, s, is a numéraire good,
however, and this issue is not a problem. Also,
since v(p, q, y) is monotonic in y, partially
differentiating both sides of (23) with respect
to y and equating the results implies

(24) av(pa,yq, y)
= (6¢[q,¢(p, 9, y)]) (6¢(p, 9, y))> 0,
dp dy

from which it follows that dys/d¢ > 0 since
dp/dy = 1/(0e/30) > 0.

Finally, consider recovering the utility func-
tion, u(x, z), from the indirect utility function
as the solution to the minimization problem

(25 ulx, z) = min {v(p, g, ):
p=0,q=0,p'x+ q'z=y},
with x > 0 and z > 0 for a compact budget set.
The solution can be obtained in a two-stage
procedure. The first stage minimizes v(p, q, y)
with respect to (p, y) for given q. This is
equivalent to minimizing ¢(p, q, ¥) with re-
spect to (p, y) subjecttop =0,y > 0, and p'x
+ s <y, with x > 0, s > 0. The necessary
conditions for an interior solution are

(26) d¢/dp + x0¢p/dy = 0.

Solving (26) for p(x, s, q) and substituting this
into ¢(p, q, p'x + s) gives the quasi-utility
function,

27 w(x,s, q)
= ¢o[p(x, 5, Q) q, p(x, 5, q)'x + s5].

The utility function is related to w(x, s, q) by
(28) u(x,z) = min {[g, @(x, s, @]:
q=0,qz=s},
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with x > 0, z > 0, which is the second-stage
problem.

Accordingly, although we do not know ¥,
we can still obtain the quasi-utility function
o(x, s, q) from ¢. This reveals the individual’s
conditional preference ordering over x given z,
which follows from applying the envelope
theorem to (28),

dw/dx; _ du/dx;
dw/oxy  du/dx,’

(29) Lk=1,..

., n.

Thus, the structure of the conditional prefer-
ences for x given z is embodied in the proper-
ties of w(x, s, q). Since w(x, s, q) is obtained
from ¢(p, q, y), it is stralghtforward to show
that w(x, s, q) is increasing and quasi-concave
in (x, §) whether or not u(x, z) exists or can be
recovered from v(p, q, y). Consequently, con-
ditions (a')-(d’) and weak integrability are
equivalent.

The quasi-utility function is closely related
to the concept of a variable indirect utility
function (Diewert, Epstein 1975), defined by

30) v(x,s,q)= max {u(x, z):
2=0,q'z = s},

where x = 0, s > 0, and q > 0. Under very
weak conditions on u(x, z), Deiwert shows
that v(x, s, q) is (@) continuous in (x, q, 5); (b)
decreasing and quasi-convex in q; (c) 0°
homogenous in (q, s); and (d) increasing and
quasi-concave in (x, s). Epstein (1975) demon-
strates the duality of v(x, s, q) and u(x, z),

GD u(x, z) = min p(x, s, q):

q=0,5>0,q'z =< s},

with x > 0, z> 0. From the analysis above, we
have the identity

(32) ylq, o(x,s,q)] = v(x,s, q).

Equation (32) provides another view of the
information lost with incomplete demand
models. Since ¥ is the inverse of 6, we do not
recover its structure with respect to q. In prin-
ciple ¥ is quasi-concave in q, but we recover
only ®, which does not transmit all of the
information about q. Ultimately, we cannot
demonstrate that u(x, z) is increasing and
quasi-concave in (x, z), only that w is increas-
ing and quasi-concave in (x, s).

The foregoing analysis is general; nothing
has been assumed about the functional struc-
ture of u(x, z), e(p, q, u), or v(p, q, y). The-
orem 2 can be applied to any incomplete de-
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mand model to discover the structure of the
conditional preference map for the goods of
primary interest. We augment the incomplete
system with a composite commodity repre-
senting total expenditures on all other goods
and act as if this augmented system is com-
plete. We cannot recover the structure of the
consumer’s preferences with respect to the
individual elements of this composite com-
modity, though in practice this should usually
be a relatively minor cost.

Incomplete Demand Systems
and Welfare Analysis

A common use of incomplete demand models
is to estimate welfare effects from a change in
the prices of the goods under study. This sec-
tion presents a set of new results relating in-
complete demand models to welfare analysis.
We show that (a) the exact welfare measures
of a change in p can be obtained directly from
any weakly integrable set of incomplete de-
mand functions, (b) the consumer’s surplus
line integral is a uniquely defined welfare mea-
sure if and only if p is separable from u in the
expenditure function and from y in the indirect
utility function, (c¢) consumer’s surplus is an
exact welfare measure if and only if p is addi-
tively separable from u in the expenditure
function and from y in the indirect utility func-
tion, and (d) the necessary and sufficient con-
dition for measuring the welfare effects of a
change in nonmarket parameters with observ-
able market demand functions is not a testable
hypothesis.

The first three results make it clear that con-
siderable additional structure on preferences
is required for consumer’s surplus to be a use-
ful estimate of welfare effects when several
prices change. Since the approximating argu-
ments for the use of consumer’s surplus (Wil-
lig) are based upon the existence of an under-
lying preference function, it is not necessary
to impose this structure to obtain the theoreti-
cally correct measures. The last result shows
that it is not generally possible to measure
welfare changes due to nonmarket effects
using demand functions.

Consider a change in prices from p° to p!,
with (q, y) held constant. Welfare analysis of
such a change is often measured by con-
sumer’s surplus, cs, defined by the line inte-
gral,
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G) e =" hep, g, dp.

P
The exact money measures of the welfare ef-
fects of the change in p are equivalent vari-
ation, ev, defined by

(B4 v(p’ q,y + ev) = v(p', q, y),
and compensating variation, cv, defined by

(35 v(p’ q,y) =v(p'.q,y — cv).

Equations (23) and (24) in the previous sec-
tion imply that ev is equivalently defined by

(36) @@’ q,y + ev) = o(p', q, ),
while cv is equivalently defined by

B7  e@’ q,y) =, q,y— cv).

Therefore, in general, the exact money mea-
sures of the welfare effects of a change in the
prices of the goods of interest can be calcu-
lated directly from any weakly integrable set
of incomplete demand functions.

Two issues are involved with the use of (33)
to estimate the welfare effects of a change in p:
(a) Does (33) give a unique measure of the
money equivalent for the change in utility due
to the change in prices? And (b) what is the
relationship between consumer’s surplus and
the exact welfare measures?

When several prices change, the consum-
er’s surplus line integral is path independent
and uniquely defined if and only if the ordinary
cross-price derivatives of the demands in (1)
are symmetric (Chipman and Moore, Dixit and
Weller, McKenzie and Pearce),

(38) 3hl(P, (l, y)/apj = ah](p’ q, y)/apn
ij=1,...,n.

This condition is equivalent to homotheticity
in the demands for x, i.e., all income elas-
ticities are equal,

G9) (FE22)

(;T(i,yTyT) =7(p, q,5),

j=1,...,n.

By applying the integrating factor exp{— [(y
(p, q, y)/y)dy} to (39) and integrating with
respect to y, we find that the demands for x
will be homothetic if and only if

(40)  h(p, q, y) = a(p, q)8(p, q, ¥),
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where B(p, q,y) = exp{/(v(p, q,y)/y)dy} and
a(p, q) is the n-vector of constants of integra-
tion (one for each element of x), which depend
upon (p, q) but not y. The following result
shows that path independence of consumer’s
surplus is equivalent to separability of p from
u in the expenditure function and from y in the
indirect utility function.

THEOREM 3. Consumer’s surplus (33) is
path independent if and only if p is separable
from u in the expenditure function,

41)  e(p, q, u) = £[f(p, @), q, ul;

equivalently, p is separable from y in the indi-
rect utility function,

42  v(p,q,y) =v[f(p,q),q,y]

Theorem 3 shows the dual structure leading
to a unique consumer’s surplus measure of the
change in prices from p° to p!. Also, if (39)
holds, compensating and equivalent variation
bound consumer’s surplus (Dixit and Weller),
suggesting that consumer’s surplus is a rea-
sonable welfare measure for changes in p
under homotheticity. But because homothetic-
ity is equivalent to (41), it is straightforward to
obtain the exact measures of welfare change
from the demand functions directly. To see
this, use (41) to write Hotelling’s lemma in the
form

a e(p9 q’ u)
ap;

- (af(;;,q) ) (af[f(p, ;}), 9 u]).

A natural integrating factor for (43) is
(8¢€/3f)* = 1/B, since solving (41) for f(p, q)
gives (at least implicitly)

(44) f(P, Q) = C[e(p, q, u)a q, u]9

where { is the inverse of ¢ with respect to f,
and

(43)

@s) @9
op;
E( alfe(p, %,yu), q, u] )( 33(1;,1’:1, u) )
- ( 6§Ilf(p,aqf), q, u] )“( ae(';’,,‘,” u) )

by the inverse function theorem. Integrating
(45), we obtain
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46) n(p, q) + 3(q) = {[e(p, q, u), q, u],

where f(p, q) = 1(p, q) + 8(q). Setting e(p, q,
u) =y, it follows that the equivalent variation

for a price change from p° to p! satisfies

47) v(p° q,y + ev) =v[f(p°, q), q,y + ev]
= V[f(Pl, Q)’ q, y] = v(pl’ q, y)

if and only if

48) 7(p% q) — 2(p', @)
={( + ev, q, u) — L, q, u).

The relevant structures of { with respect to y
and of f with respect to p are captured by
solving (43), and it is no more difficult to ob-
tain the exact welfare measures cv or ev than
to obtain the consumer’s surplus approxima-
tion for homothetic demands.

Consumer’s surplus equals compensating
and equivalent variation if and only if the in-
come effects are zero for the demands in (1).
Then Slutsky symmetry and symmetry of the
cross-price effects are equivalent. Both sets of
conditions hold if and only if there is a function
k(p, q) that is 1° homogenous in (p, q), in-
creasing and concave in p, and satisfies

(49 h(p, q, y) = dx(p, q)/3p.

The following result, previously known only
for m = 1 (Chipman and Moore), shows that
(49) holds if and only if p is additively separa-
ble from u in the expenditure function and
from y in the indirect utility function.

THEOREM 4. The demands in (1) are inde-
pendent of income and ¢cs = cv = ev for
changes in p, if and only if p is additively
separable from u in e(p, q, u),

(50) e(p, q, u) = «(p, q) + 6(q, u);
equivalently, p is additively separable from y
inv(p, qQ, ),

1) v(p,q,y) =¥lq,y — «(p, 9]

We conclude this section with a caveat con-
cerning the use of demand models to elicit
welfare effects from changes in a nonmarket
parameter 7. Suppose that the demands for x
depend upon 7 in addition to (p, q, y). Then
Hotelling’s lemma has the form

(52) ode(p, q, u, 7)/0p
= h[p, q, e(p, q, 4, 7), 7].

If (52) is integrable, then the solution has the
form
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(53) e(p,q,u,7)=¢€p,q, T, 0(q, u, 7)].

It follows that a necessary and sufficient con-
dition for h(p, q, y, 7) to reveal the welfare
effects of changes in 7 is

(59) 90(q, u, 7)/or = 0.

Recall that 6(q, 4, 7) is an arbitrary function
whose structure is not recovered from the par-
tial differential equation system (52). Conse-
quently, if we wish to obtain the exact welfare
effects of a change in 7 from market demand
functions, then condition (54) must be as-
sumed. But this assumption does not have any
behavioral consequences and therefore does
not lead to a testable hypothesis, and it is
generally impossible to measure unequivo-
cally welfare changes from nonmarket effects
using incomplete systems of market demand
functions.

Summary and Conclusions

We have outlined a procedure for discovering
the set of parameter restrictions and the under-
lying conditional preference structure implied
by weak integrability for an incomplete system
of demand equations. By artificially augment-
ing the incomplete demand system with a
composite numeraire commodity representing
total expenditure on all other goods, we can
proceed as if the augmented system is com-
plete. This procedure can be applied to any
system of demand equations.

We have shown that the use of incomplete
demand systems and the associated quasi
functions for the conditional preferences does
not result in a loss in generality in several
respects. Weak integrability exhausts the im-
plications of the utility maximization hypothe-
sis on incomplete demand models. Also, the
dual structure of the conditional preferences
for the commodities of interest is revealed by
the demand functions. Finally, recovering the
structure of the quasi functions permits the
calculation of exact welfare measures for
changes in the prices of the commodities of
interest. Therefore, weak integrability of in-
complete demand models can be used in
nearly all practical applications.

We also obtained several new results in the
theory of welfare measurement. Consumer’s
surplus is unique if and only if p is separable
from u in the expenditure function and from y
in the indirect utility function. Further, con-

Amer. J. Agr. Econ.

sumer’s surplus is exact if and only if p is
additively separable from « in the expenditure
function and from y in the indirect utility func-
tion. Finally, the necessary and sufficient con-
dition for measuring welfare effects due to a
change in nonmarket parameters with demand
functions is not a testable hypothesis.

[Received October 1987; final revision
received August 1988.]
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Appendix

Theorem Proofs

In this appendix we state and prove all theorems in the
main paper.

THEOREM 1. (Epstein) If the demand functions (1) sat-
isfy the following conditions for all (p, q, y) € Q:

(1.1)
(1.2)
(1.3)
(1.4
(1.5)

h € C%

h is 0° homogenous in (p, q, y);
h(p, q, y) = 0;

P'h(p, q,¥) <¥;

S is symmetric, negative definite;

de(p/m, u)
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Symmetry of 8 = [3hY/3(p,/m) + Woki/a(y/m)] follows
from (1.5), which implies that there is a function e: R —
R,, such that ¢ € C? and
(A.2) de[p/m(q), 6(q, u)1/o(p/7(q))

= hip/m(q), elp/7(q), 8(q, u))/7(@)}.
e[p/m(q), 6(q, u)] is increasing in p by (1.3) and strictly
concave in p by (1.5). The method of proof is by construc-
tion. Define e(p, q, u) by

(A.3) e(p, q, u) = w(q)e[p/m(q), ul,

where the arbitrary function 6(q, ) is chosen such that
d6(q, u)/3q= 0, and without loss of generality 6(q, u) = u.
Taken together, (A.3), (1.1), and (1.6) imply that e € C2.
Then,

(A.4) de(p, q, u)/3p = de[p/m, ul/d(p/m) =0,

om(q)

(a9 2L |eo/m, 1)~ oy (L

(A.6) p(%pq“)) + q,( 2. 9.4 )

Se(p/m, u) u)) + {G(P/ﬂ’, u) —

P

5w (7] ~ [sammerr) (2) (55)
@ H= (%) (a(p/wgze(p/w)') (%) (%) (?ag_)
) 8 ) ot R

(1.6) thereis a price index m: R, — R such that m € C*
is increasing, 1° homogenous, and concave in q, and h(p,
q, ¥) = h[p/7(q), y/7(q)]; then there is an expenditure
function e: RTi" X R — R, such that e € C?is increas-
ing, 1° homogenous, and concave in (p, q), and satisfies
Hotelling’s lemma (3) for all (p, q, y) € Q.

Proof. Substituting e(p, q, ¥) = y into h(p, q, y) =
h[p/m(q), y/m(q)], and partially differentiating with re-
spect to py, the Slutsky terms have the form

¥
(A.D) sy = k[P, q, e®, 4, W] 4 pigp,

q, e(p, q, ¥)]
AP

« ok’[p, q, e(p, q, u)]
dy
_ (al-z’{p/rr, e(p, q, u)/7]
+ h¥[p/=, e(p, q, u)/7]

(py/ ™)
ahi[p/m, e(p, q, w)/m]
X 3(y/m) ) (

Y

I

)20,

iq

de(p/m, u)
a(p/m)

am(q)
aq

) <t

by (1.3), (1.4), and (1.6). Therefore, e(p, q, #) is increasing
and 1° homogenous in (p, q). Since 7, h € C?, the hessian
matrix exists and is defined by

/| ) = e(p, q, u)

The upper left block of H is negative definite by (1.5).
Maximizing the quadratic form Q = [r’s']l-l{:] with re-
spect to r for arbitrary fixed s, whererisn X 1 and sis m

x 1, gives a unique maximizing vector, r* = s'(37/dq)p.
Substituting r* into Q gives
] k=

Q.E.D.

THEOREM 2. Given h € C?, the incomplete system of

demand equations (1) is weakly integrable throughout Q if
and only if for all (p, q, y) € Q:

%
dqoq’

wn o] fis

by (1.4) and (1.6).

2.1) his 0° homogenous in (p, q, y);
(2.2) h(p, q,y) = 0;

(2.3) p'h(p, q,y) <y;

(2.4) S is symmetric, negative semidefinite.

Furthermore, e € C® in p, and for all (p, q, y) € Q:
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®
(10

9sy;/9y = 9s5/dy, i,j=1,..

884;/9py = 9s;/dpx,

.y h;
iyj,k=1,...,n.

Proof. Set e(p, q, u) = y. Then, by the arguments in
Katzner, chapter 4, symmetry of S is necessary and
sufficient for the existence of a solution to the partial
differential equation system (3), and S negative semi-
definite is necessary and sufficient for the solution to (3) to
be concave in p. e(p, q, u) increasing in p is equivalent to
(2.2). (2.3) is necessary and sufficient for the existence of
o(p,q,y)=y - p'h(p,q,y) > 0,and by (2.1) o (p, q,y) is
1° homogenous in (p, q, y). It follows that

(A.9) e(p, q,u) = p'hlp, q, e(p, q, 4)]

+ alp, q, e(p, q, u)]
is 1° homogenous in (p, q). To demonstrate that e € C3 in
p, partially differentiate (3) with respect to p to obtain

(A.10) L";l_’vq;_") _ _9oh[p, q, e(p, q, ¥)]

pip ap’
+( dh(p, q,;y(p, q, 4)] ) (

Partially differentiating an element of (A.10) with respect
to u,

de(p, q, u)
ap’ ’

3%(p, q, 1) _ thi[p’ q, e(p, q, 4)]
A.11 =
(A.11) ap.dpu opQy
+ (7P, q, e(p, @, u)]) ohilp, q, e(p, q, 1)]
( dy ay

2hi
+ (a #Ip. q;;(p’ % )] )h’[p, q, e(p, q; u)]}

« ( ae(p(;uq, u) )

Each term on the right-hand side is continuous, and 3%e(p,
q, 4)/dp:dp;ou exists and is continuous. It follows that

2hi i j 2hi
(Aqzy B o FH oW oK o,
ay ap;0y dy ay ay?
_ oW LA dht 92k i o= 95y
apdy ay 9y ay* ay

Partially differentiating an element of (A.10) with respect
to pk)

(A.13)
93¢ _ azhi aht . ohi azhi Wi
dp:dp;0px dp;0pk ay apy dyopx
" ( a%hi oh' 3K 3% j) de
ap;dy dy ay ay* op

Each term on the right-hand side is continuous, and d3e(p,
q, 0)/3p:dpAp; exists and is continuous. The terms in
parentheses are symmetric. It follows that

(A.14)
dsy; _ o%h ant ok 32hi W
3. PP« dy  Op dyopy
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= o + oK oK 9%h! hi o= 985 i
0p:dpy oy  op aydp, opy
Q.E.D.

THEOREM 3. Consumer's surplus (33) is path indepen-
dent if and only if p is separable from u in the expenditure
function,

41 e(p, q, u) = ¢[f(p, q), q, u];

equivalently, p is separable from y in the indirect utility
function,

(42) v(p, q, y) = v[f(p, @), q, y].

Proof. Sufficiency is obvious from Hotelling’s lemma
applied to (41). Equations (41) and (42) are dual functional
structures, hence equivalent. Necessity is proven as fol-
lows. If (40) is integrable, then from Roy’s identity we
have

_ _ov(p, q, y)/9p;
av(p, q, y)/dy

= a!(pv Q)B(Py q, )’), _I = 1, ...y N
Because the cross-price effects are symmetric,

(A.15) = hi(p, q,y)

ah’ da B
(A.16 = ( ’) + (_)
) opy opy g opy “
- aak) B ) ah*
= (—X + = .
( ap; p ( op; o ap;
jk=1,...,n.

Partially differentiating (A.15) with respect to p, gives, by

Young’s theorem,
2.
e |l + e )
0p 0Py px APk y

(A.17)

Il
{
—_—
—_——
S5
<=
~——
w
+
—_——
sl

| &)

3%
apudp;

Taken together, (A.15), (A.16), and (A.17) imply that

9 (av/ap,) =0,

A.18
( ) dy \av/ap,

Lhk=1,...,n,

and (42) follows immediately. Q.E.D.

THEOREM 4. The demands in (1) are independent of
income and cs = cv = ev for changes in p, if and only if p
is additively separable from u in e(p, q, u),

(50)
equivalently, pis additively separable fromy in v(p, q, y),

e(p, q, u) = k(p, q) + 6(q, u);

(51 v(p, 4, y) = ¥lq, y — «(p, @]
Proof. Again, sufficiency is obvious. Necessity is
proven by integrating (49) directly.
Q.E.D.





