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The dynamic envelope theorem is presented for optimal control problems with nondifferential
constraints. Some of these constraints may switch from binding to nonbinding, or vice versa,
along the optimal path. Twice continuous differentiability of the optimal performance function
and intertemporal symmetry and reciprocity conditions are shown to follow from the envelope
theorem and twice continuous differentiability of the integrand, state equations, and constraints.
Conditions impiving convexity or concavity of the optimal performance function in the parame-
ters are derived. Dynamic versions of Hotelling's Lemma, Roy’s ldentity, and the Slutsky
equation are presented for an intertemporal consumption problem

1. Introduction

The envelope theorem is a powerful tool in static economic analysis
[Samuelson (1947, 1960a, 1960b), Silberberg (1971,1974,1978)]. Perhaps the
single most important implication of the envelope theorem is the straightfor-
ward elucidation of the symmetry relationships which result from maximiza-
tion subject to constraint [Silberberg (1974)]. This information is forthcoming
because the static envelope theorem gives three equivalent expressions for
the rate of change of a value function with respect to a parameter. These
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expressions are obtained by differentiating the objective function with respect
to the parameter after maximization and differentiating the Lagrangian both
before and after maximization. In all three cases the choice functions are
evaluated at their optimal solutions for the initial value of the parameter.

There is extensive literature on the existence, stability, and comparative
statics properties of steady state equilibria in optimal control problems le.g.,
Araujo and Scheinkman (1977,1979), Brock (1977, 1983), Brock and
Scheinkman (1976,1977), Cass and Shell (1976), Magill and Scheinkman
(1979), Rockafellar (1976), and Scheinkman (1976,1978)]. But the nature,
application, and practical implications of the dynamic analogue to the enve-
lope theorem are not nearly so well understood.

Oniki (1973) alluded to the dynamic envelope theorem. He suggested that
a simple expression for the rate of change of the optimal performance
function with respect to an exogenous parameter can be obtained by substi-
tuting the optimal controls and state variables into the integral functional
and differentiating with respect to the parameter. He also suggested that an
equivalent expression could be obtained in terms of the shadow prices and
costate variables for the optimal control problem. Hochman, LaFrance, and
Zilberman (1984) correctly applied the dynamic envelope theorem, but made
no attempt to demonstrate the validity of their heuristic argument.

Hadley and Kemp (1971) derived expressions for the partial derivatives of
the optimal performance function with respect to the limits of integration
and the fixed end points of the state variables in calculus of variations
problems. For optimal control problems, expressions for the partial deriva-
tives of the optimal performance function with respect to fixed end points for
the state variables and the limits of integration were obtained by Benveniste
and Scheinkman (1979, 1982), Seierstad (1982), and Seierstad and Sydsaeter
(1987). Seierstad and Sydsaeter also developed an expression for the partial
derivative of the optimal performance function with respect to an exogenous
parameter that is essentially the dynamic envelope theorem for optimal
control problems whose only constraints are the equations of motion. An-
other result along this line is the expression for the rate of change of the
optimal performance function with respect to a parameter obtained by
Epstein (1978).

Utilizing the Hamilton-Jacobi equation for autonomous current value
problems with static expectations, intertemporal duality for the firm has been
analyzed by McLaren and Cooper (1980) and Epstein (1981), and for the
consumer by Cooper and McLaren (1980). A dynamic generalization of
Hotelling /Shephard’s Lemma gives_the optimal controls and the equations
- of motion from the open loop with feedback solution for the first instant in
the planning horizon. Epstein and Denny (1983) generalized these intertem-
- poral duality results to expectations generated by linear first-order differen-
tial equations. : '
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This paper considers the dynamic envelope theorem in optimal control
problems with nondifferential constraints. Some of the constraints may switch
from a binding to a nonbinding condition along the optimal path, leading to
corners in the optimal path. Under conditions guaranteeing that the problem
is sufficiently well-behaved, it is shown that there are two, though nor three,
equivalent expressions for the rate of change of the optimal performance
function with respect to an exogenous parameter. The two equivalent expres-
sions are obtained by differentiating the integrand after maximization and
the Lagrangian before maximization, evaluating the choice functions of both
along their optimal paths, and integrating over the planning horizon. The
third expression, obtained by differentiating the Lagrangian after maximiza-
tion and integrating over the planning horizon, does not give the same value
as the other two, in contrast to the static case.

Twice continuous differentiability of the optimal performance function and
dynamic symmetry and reciprocity conditions follow from the dynamic enve-
lope theorem when the integrand, the state equations, and the constraint
functions are twice continuously differentiable. We obtain two results that
generalize the recent results of Caputo (1989, 1990) utilizing the primal-dual
methodology adapted for dynamic optimization. For parameters that only
affect the integrand, convexity of the optimal performance function in the
parameters follows from convexity of the integrand in the parameters. Con-
versely, the optimal performance function is concave in the parameters if the
equality constraints and the equations of motion are jointly linear and the
integrand and the inequality constraints are jointly concave in the state
variables, control variables, and parameters. Also, the added structure of
infinite horizon, autonomous current value problems is considered, and the
special case of time-variant parameters which can be represented by first-
order differential equations is discussed.

Finally, an application to an intertemporal consumer problem produces
~dynamic versions of Hotelling’s Lemma, Roy’s Identity, and the Slutsky
equation. These dynamic duality results are contrasted to their static counter-
parts. Properties such as symmetry and negative semidefiniteness for the
price effects in a system of dynamic compensated demand functions hold
over the entire planning horizon, but not necessarily at a given point in time.
A compensated own-price effect may be positive at a given point in time, but
it must be negative in integral form over the entire planning horizon.
Similarly, compensated cross-price effects may not be symmetric at a point in
time, but an integral version of Slutsky symmetry must hold.

The paper is organized as follows. In section 2 a dynamic optimization
problem containing exogenous parameters, nondifferential equality con-
straints, and nondifferential inequality constraints is developed, and the
dynamic envelope theorem is stated and proven for this class of optimal
control problems. A simple example illustrates the main arguments, and the
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special cases of time-variant parameters and autonomous current value
problems are discussed. An application to an intertemporal consumer choice
problem is presented in section 3. Section 4 contains a summary and

conclusion.

2. The dynamic envelope fheorem

The problem of interest is to
. T L -
maximize J=f flx(e),u(t), a,t] dt, (P1)
0

subject to
x(t) =g[x(t),u(t),a,t], Vie[0,T],

x(0) =x,, fixed,
h[x(t),u(t),a,t] =0, | vie[o,T],
wlx(t),u(t),a,t] >0, Vie[0,T],

where x € R" is a vector of state variables, u € R™ is a vector of control
variables, a € &#CR” is a vector of parameters with values in an open,
bounded, and convex set, h: R" X R™ X R’ X R » R* and w: R” X R™ X R” x
R — R'. Let the Hamiltonian be defined by

CH=f[x(1),u(t),a,t] +A(e)g[x(¢),u(t), @ 1], (1)

where A € R" is an n-vector of costate variables for the state equations and a
prime () denotes vector transposition. The optimal control solution maxi-
mizes H with respect to u subject to A =0 and w > 0 for each ¢t €[0, T]. The
Lagrangian for the constrained maximization problem is

L=flx(t),u(t),a,t] +A(t)g[x(1),u(t),a,t]
+u()h[x(t),u(t), a,t] + () w[x(r),u(t),a,t], (2)

where p € R* is a «-vector of Lagrange multipliers for the nondifferential
equality constraints and ¢ € R, is an l-vector of Lagrange multipliers for the
nondifferential inequality constraints. \

In problems of this type, the possibility exists that some of the inequality
constraints will be nonbinding for part of the planning horizon and that the
set of binding constraints will change along the optimal path. Such changes
produce corners in the optimal path. and the solution may not be differen-
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tiable in the parameters a at those corners. Nevertheless, many economic
problems include inequality constraints. Examples include nonnegativity con-
straints on variable input use, capacity constraints in production due to a
finite stock of physical capital, and budget constraints in consumption. It is
- therefore essential to incorporate inequality constraints in the analysis and to
account for changes in the set of binding constraints along the optimal path.

Thus, V(a, t) € & X [0, T], let the optimal controls be u*(a, t), the optimal
levels of the state variables be x*(a,t), and the set of binding inequality
constraints be E(a,t)={j: w[x*(a,1),u*(a,t),a,t]=0}. Define a switch
point in the optimal path as a time s, 0 <s<T, when the set E(a,t)
changes. That is, as the optimal path passes through a switch point s, at least
one inequality constraint becomes just binding or just nonbinding. Let the set
of all switch points be S(a) and the set of all other times in the planning
horizon be T(a)=[0,T] ~ S(a). The following structure is imposed on the
problem:

f, &, h, w are twice continuously differentiable.
A2. H is strictly quasiconcave in u, and ¥(x, a,t) € R" X &/ X [0,T],
Ulx,a,t) ={ucR™: h(x,u,a,t) =0, w(x,u,a,t) =0},

is compact, convex, and 3u € U(x, a, ) such that w(x,u,a,t)> 0.
A3. The optimal path, {x*(a, 1), A*(a, 1)}, is unique Va € .

A4. For each a € s/ there is a finite number of distinct switch points
s{a) € S(a), j=0,1,...,q, and without loss in generality, ‘

0=sy(a) <s;(a) <s(a) < --- <s;(a) =T

Before proceeding, assumptions A1-A4 and their relationship to previous
research warrant some discussion.

There is a rapidly growing literature in mathematical programming focus-
ing on nonsmooth analysis [Clarke (1975, 1983), Clarke and Loewen (1986),
Clarke and Vinter (1986), Gauvin (1979), Rockafellar (1981, 1985), and Vin-
ter (1988)]. Most of these studies replace hypotheses like Al-A4 with
Lipschitz continuity conditions, nonempty compact convex-valued differential
inclusions to describe the dynamics, and the assumption that a feasible
solution exists. Generalized gradients are then utilized to characterize condi-
tions under which the optimal performance function is Lipschitz-continuous,
admits directional derlvatxves or is actually differentiable [Clarke and Loewen

(1986)].



360 J.T. LaFrance and L.D. Barney, The dynamic envelope theorem

Although the solution to problem (P1) will often be nonsmooth at the
switch points,. there are several reasons why we adopt Al-A4 and follow
the standard approach of optimal control theory rather than approach the
problem with these newer methods. First, and perhaps foremost, the calculus
of generalized gradients takes the form of set inclusions. The main thrust of
this paper is to demonstrate the equivalence of different algebraic expressions
for the rate of change of the optimal performance function with respect to
parameters affecting the optimal control problem. In terms of generalized
gradients, such equivalences cannot be obtained for such elementary opera-
tions as finite sums, chain rules, or product rules [Clarke (1983, pp. 38-50)).
Since the equivalence of the different algebraic expressions for the rate of
change of the optimal performance function generates all of the interesting
qualitative results, the methods of nonsmooth analysis and generalized gradi-
ents are neither applicable nor relevant to the envelope theorem in dynamic
optimization problems.

Second, the recent results that have been obtained with nonsmooth analy-
sis, including the generalized maximum principle [Clarke (1983, theorem
5.2.1)] and the results on the generalized gradient of the optimal perfor-
mance function [Clarke and Loewen (1986)], do not carry over to problems
where the set of feasible controls depends explicitly on the state variables
[Clarke (1983, p. 212)]. This is clearly the case in the current problem, and
many if not all economic problems are characterized by precisely this sort of
dependence. For example, outputs are produced with variable inputs and
capital assets. The feasible combinations of the control variables, i.e., the
rates of output that can be produced with a given set of variable input use
rates, depend on the state variables, i.e., the stock of productive capital
assets, through the firm’s technology.

Third, although Lipschitz continuity is less restrictive than twice continu-
ous differentiability, it is well-known that Lipschitz-continuous .functions are
continuously differentiable almost everywhere, that convex functions are
twice differentiable almost everywhere, and that the twice differentiable
convex functions form a dense subset of all proper convex functions
[Alexandroff (1939), Clarke (1975), Rockafellar (1970)]. Furthermore, most
economic problems are characterized by convexity due to such considerations
as decreasing returns to scale and diminishing marginal rates of substitution.
Thus, assumption Al merely amounts to a strengthening of twice differen-
tiability almost everywhere to twice continuous differentiability everywhere.
Moreover, the full strength of this assumption is really only needed to obtain
the twice continuous differentiability of the optimal performance function.

Fourth, rather than assert that a solution exists, for obvious reasons we
prefer to identify properties which ensure that such a solution exists. It is
clear that a feasible solution to (P1) exists if and only if a feasible control, u,
exists given (x,a,t). And this is precisely what the conditions on the set
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U(x, a,t) guarantee. Combining the conditions on U(x, a,t) with the prop-
erty that H is strictly quasiconcave in u then implies that the Arrow,
Hurwicz, and Uzawa (1961) constraint qualification is satisfied and that the
first-order Kuhn-Tucker conditions for a constrained maximum are neces-
sary and sufficient for identifying the unique closed-loop optimal control.

Fifth, it is well-known that uniqueness of the optimal path is a sufficient
condition for the differentiability of the optimal performance function, and
usually a necessary condition, including cases where nonsmooth analysis
and generalized gradients are used [Clarke and Loewen (1986), Seierstad and
Sydsaeter (1987)]. Oniki (1973) pointed out that twice continuous differen-
tiability of f, g, h, and o and uniqueness of the optimal path are sufficient
for the state and costate variables and their time derivatives to be continuous
on [0, T] and continuously differentiable on T(a), and for the switch points to
be uniquely defined and continuously differentiable in a. If the maximized
Hamiltonian,

H*(x,/\,,a,t)Emax_{H:uER’",h=0,w20}, ‘ (3)

is strictly concave in x, then it is well-known that the optimal path is unique
[Arrow and Kurz (1970), Epstein (1978)]. Moreover, existing sufficiency
theorems require concavity of H* in x [Arrow and Kurz (1970), Clarke
(1983), Seierstad and Sydsaeter (1987)], and most economic problems possess
this property and therefore also satisfy condition A3.

Finally, at most a countable number of distinct switch points is a condition
that will be satisfied by any problem of practical interest. This property is
essential when we interchange the role of differentiation and integration in
evaluating the partial derivative of the optimal performance function with
respect to a parameter. Strengthening this to a finite number is a very mild
simplification that will be satisfied by most problems, since the number of
switch points, although finite, can be very large. Therefore, properties Al-A4,
or very similar properties, appear to be crucial to the existence, proof, and
qualitative implications of the dynamic envelope theorem presented in the
sequel. :

We define the optimal performance function by'

j*(a’)=/()Tf[.r*(a,t),u*(a,t),a,t]dt. (4)

With these preliminaries, we now state and prove our main result, which

'7* also depends on xg and T. Our focus is on the relationship between J* and parameters
other than the initial values of the state variables or the limits of integration, and these
arguments have been omitted to reduce the notational burden.
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gives two equivalent ways of expressing the marginal effect of a change in the
parameters on the optimal performance function.

Theorem 1. If problem (PI) satisfies conditions AI-A4, then J*(a) is twice
- continuously differentiable in a, and

) () (e

=/(')T a_f)+(?i”’—,.)/\*+(a—h’-)u*+(ai go*}dt

[\ da Ja

-

t. (5)

fraL(x*,u*,/\*,u*,qa*,a,t) g
0

Ja

Proof. The first-order conditions for a constrained maximum are

aL  df dg’ A ah’' o' 0 ¢
—=—+|—fa+|—|p+|{—]e=0,

du du (au) (au)# (6u )¢ (6)
aL

— =h(x,u,a,t) =0, (7
op

aL

5—=w(x,u,a,t)_>_0, >0, ¢w(x,u,a,t)=0. (8)
7]

By Al and A2, the closed-loop solutions for the control variables and the
Lagrange multipliers, 4(x, A, @, 1), fi(x, A, a,1), and &(x, A, @, t), are unique
and continuous in (x, A, @, ) on [0, T'] by the maximum theorem and continu-
ously differentiable on T(a) by the implicit function theorem. Furthermore,
the first-order conditions for a constrained maximum with respect to u are
necessary and sufficient. In addition to (6)-(8), the optimal control solution
requires that along the optimal path, A and x must satisfy the following
conjugate differential equations on [0, T], [Hestenes (1965, 1966), Pontryagin

et al. (1962)]:
af (dg’ on' de’
(o e (e (5 )

A= -
dx

, AM(T)=0, Vae s,

(9)

x=g(x,u,a,t), x(0)=x, fixed Vae . (10)
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It follows from Al, A3, and Oniki (1973) that x*(a,t) and A*(a,t) are
continuous functions on [0, T] and continuously differentiable on T(a) and
that the switch points s;(e) are uniquely defined and continuously differen-
tiable. Substitute x*(a, t), A*(a,t) for x, A in a(x, A, a,t), filx, A, a,t), and
&(x, A, a,t) to obtain the open-loop controls and Lagrange multipliers as
continuous functions on [0, T] and continuously differentiable on T(a),

u*(a,t) =i[x*(a,t),A*(a,t),a,t], . (11)
p*(a,t) =a[x*(a,t),A*(a,1),a,t], | (12)
e*(a,t) =¢[x*(a,t),A*(a,t),a,t]. | (13)

Along the optimal path the state equations can be written as

ix*(a,t)

T mgxt (@), w (@) @], F(@0) =x.  (14)

Since g, x*, and u* are continuously differentiable on T(a),

3%x* dg \(dx* dg \(du* dg ,
(e ) )G )
dtda dax’ da dou Jda Jda

exists and is continuous on T(a). Now, rewrite (4) as

i=1

q
J*a)=Y [/s’(a)f[x*(a,t),u*(a,t),a,t] dt}. (16)
s5i—- (a) : _
Apply Leibnitz’ rule to the right-hand side of (16),

e B ERE) -Ge)G) (Go )

]=

. Is(a
+ Zf(x*(a,sj(a‘)),u*(a,S,-(a))""Sf(“)) S;(a )

ji=T1

P (ans,- (@) w5, (@), @55, (a)

™M=

j=1

ds;_(a)
X —
Jda

N e
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by the continuity of f, x*, wu* and ds(a)/da, Vj=0,...,q, and since
sol@) =0 and s (a) =T. The integrand in the last expression for the right-
hand side of (17) is piecewise continuous, with at most finite jumps at the

switch points. Therefore dJ* /da exists and is continuous. From (7) and (8)
the following conditions hold on [0, T']:

h[x*(a,t),u*(a,t),a,t] =0, . (18)
e*(a,t)w[x*(a,t),u*(a,t),a,t] %O. (19)

Partially differentiate (18) with respect to a', transpose and take the vector
product with u*(a,?), Vi € T(a),

()22 () 22 o=

Now partially differentiate (19) with respect to a, V¢ € T(a),
de™ Ix* \(dw' du*\ (dw’ dw’
w + — |+ — |+
[ )5 )5 )+ (5w ) + ()
Now, Vj=1,...,/,Vte T(a), if w;> 0, then ¢* =0 and d¢p* /da = 0; other-
wise w; = 0. The control variables, state and costate variables, and Lagrange
multipliers pass through the boundaries of the inequality constraints continu-
ously, and their derivatives with respect to a are piecewise continuous, with
-at most finite jumps at the switch points. Therefore, (d¢* /da)w =0, Vi €
[0 T']. Integrate (20) and (21) and add the results (which equal zero Va € &)

to (17),

*=0. (21)

aJ*

E- LN (e
N e (2

(el ()

Jda |\ da 5;
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Substitute for df/du from (6) and cancel common terms,
aJ* = .r(({dx* of dh' dw’

= —_— + —_— * + — *
da «/(; {( Ja )[(ax) dx )”’ ( dx )qa J

du*' \(dg’ A+ af oh' . ‘w' q
~ — A+ |+ [— |u*+ | — |o*} dt.
(aa )(au) 8a) (3a)“ (aa)«’}

(23)

Solve (15) for (dg/du’Xdu* /da), substitute the result into (23), and regroup

terms,
aJ*  .p[{ox*\[[3f\ (g’ o [P E
= —— + - *+ —_— *+ - *
Ja /O (aa)(ax) (ax) (ax)“ (ax)“’

2 b*r '
(5 )

dtia- Ja Ja

oh’' *‘ dw’ q ”
+=— |u*+ | — |e*} dr.

| 72 )u (aa )tp (24)

Since 8%x*' /3t da = d’x* /da dt, ¥Vt € T(a), by Young’s theorem, the second
expression in (24) can be integrated by parts, which gives

r{ *x*(a,t)’
fr ——(———— A*(a,t)d:
0 da dt
ax*(a,t)’ T dx*(a,t) A (a,t
=( ( ))A*(a,t) _/T (a,1) ( )dt
da 0 0 Ja at

7ox*(a,t) 0A*(a,t) ‘
/(‘) da at b , (25)

since A*(a, T) =0 and x(e,0) =x,, Va € &. Substitute the open-loop solu-
tion {x*(a, 1), u*(a,t), A*(a, 1), u*(a,t), ¢*(a, t)} for {x,u, A, p, ¢} in (9),

e L (e o] o
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Combine (24)-(26) and réarrange terms,

aJ* | of ag' ok’ dw'
= — |+ |— A+ | — |u*+ [ —]*|d
Jda ‘/;)[(aa) (8(1) (80)# (aa)¢} !

TOL(x*, u*, A*, u*, 0%, a,t)

=/0 ”aa’ ’ dr.

Finally, by nearly identical arguments to those above, the integrand on the
right-hand side is continuously differentiable in @ on T(a) with at most finite
jumps in the derivatives on S(a). Hence J*(a) is twice continuously differ-
entiable. Q.E.D.

In one respect, Theorem 1 is precisely the result we would expect for the
dynamic envelope theorem. The static envelope theorem states that the rate
of change of an indirect objective function with respect to a parameter in
constrained optimization is equal to the partial derivative of the Lagrangian
with respect to the parameter, evaluating the choice variables at their optimal
levels for the initial value of the parameter and taking the derivative prior to
maximization. Similarly, Theorem 1 states that the rate of change of the
optimal performance function with respect to a parameter is the integral of
the partial derivative of the Lagrangian function with respect to the parame-
ter, evaluated along the optimal path for the initial value of a. This
derivative is obtained by partially differentiating the Lagrangian with respect
to the parameters prior to finding the constrained maximum with respect to
the control variables, substituting the open-loop solutions.for the control,
state and costate variables, and the Lagrange multipliers into the resulting
expression for dL /da, and integrating over the planning horizon. An equiva-
lent expression is obtained by substituting the optimal solutions for the state
and control variables directly into the objective function, partially differenti-
ating with respect to the parameters, and interchanging the operations of
differentiation and integration. This is also analogous to the static case.

But there is an important difference between the dynamic and static
envelope theorems. In static problems, substituting the optimal solutions for
the choice variables into the Lagrangian and then differentiating with respect
to the parameters gives the same result as reversing these steps. In dynamic
problems, substituting the optimal solutions into the Lagrangian, differenti-
ating with respect to the parameters, and then integrating gives a different
result than when the first two steps are reversed. This is because the optimal
performance function for the interval (¢,T],J*(a,t), satisfies the partial
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differential equation
—dJ*(a,t) /ot |
=H[x*(a,t),u*(a,t),r*(a,t), a,t]
=f[x*(a,t),u*(a,t),a,t] +A*(a,t)'g[x*(a,t),u*(a,t), a,t]
=flx*(a,t),u*(a,1),a,t] +2*(a,t)g[x*(a,t),u*(a,t), a,1]
+p*(a,t)h[x*(a,t),u*(a,t),a,t]
+e*(a,t)w[x*(a,t),u*(a,1), a,1]
=L[{x*(a,t),u*(a,t), A (a,t), u*(a,t),¢*(a,t),a,t]
=L*(a,1), (27)
as well as the ordinary differential equation
—dJ*(a,t)/dt=f[x*(a,t),u*(a,t), a,t]
=H[x*(a,t),u*(a,t),A*(a,t),a,]
—A*(a,t)i*(a,t)
=L*(a,t) —A;‘(a,t)'x*(a,t). (28)
Differentiating f[x*(a,t),u*(a,t),a,t] = L*(a,t) — A*(a, t)%*(a,t) with re-

spect to a, integrating over the planning horizon [0, T'], and applying Theo-
rem 1 gives

0J*(a) —fT( 8L*(a,t.) )d
0

[ OA* dx*  3%x*
Jda Jda j;)

+ ~A* | dt
Jda Jt dtia

7{x* dA*  AA* dx*
f - dr. (29)
o \ da dt da Jt

Another important difference between the envelope theorem for static and
dynamic optimization problems is the nature of the symmetry conditions that
result. As a simple consequence of Theorem 1 and Young’s theorem, the
matrix of second-order derivatives of the optimal performance function,
3% *(a)/da da’, is symmetric. As a result, the following complex set of terms:
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are symmetric Vi,j=1,...,r:
% *(a) | #%f d%g 3%h ’w
=/ +/\*l *? ¢*I
da; da; 0 | da;da; da;da; da; da; da;da;
[ 3%f d’g ah ’w | ox*
+ - * -+ u* + @™
da;0x da; dx da;dx’ da; dx’ | da;
o*f ‘g 3°h ’w | du*
+ -+ A* -+ u* - + ¥ .
da;du da,du da;du da,;du’ | da;
dg’' dA*  dh’ du* I’ de* v
d:. (30)

+ +
da; da; da; da; Jda; da;

Note, in particular, that symmetry in dynamic optimization problems holds
only in integral form, not at a given point in time. Indeed, since the integrand
will often not be continuous in the parameters at the switch points, at those
points there will certainly not be any sort of temporal symmetry. It is only
because of the smoothing process of integration that we obtain continuity of
the second-order derivatives of the optimal performance function. This result
generalizes the symmetry result obtained by Caputo (1990) applying
primal-dual methods to optimal control problems with no inequality con-
straints. : '

Caputo (1990) also obtained an important curvature result for optimal
control problems with nondifferential equality constraints. This result is that
if the integrand, f(x,u, a,t), is locally convex in the parameters, a, and the
equations of motion and equality constraints are independent of a, then the
optimal performance function is locally convex in a.

Curvature properties such as convexity of indirect profit functions in prices
or the concavity of cost functions in input prices, and their qualitative
implications, e.g., negatively sloped input demands or positively sloped out-
put supplies, are well understood in static economic analysis. However, this is
not the case in dynamic optimization. Moreover, some results regarding the
qualitative properties of optimal control problems are only forthcoming when
the optimal performance function is convex.

For example, the impact on the-initial rate of soil erosion of an increase in
the price of the cultivated crop is very difficult to determine unless the
optimal performance function is convex in the price of the crop. But given
this convexity and a comparative statics analysis of the long-run equilibrium
showing that the steady state level of crop production is a decreasing function
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of the price of the crop (which it will be under reasonable conditions), it
follows immediately that an increase in output prices accelerates the initial
rate of soil erosion. ' .

Thus, it is important to have an understanding of conditions which imply
that the optimal performance function is convex in the parameters. The
following result generalizes those of Caputo (1989, 1990) to optimal control
problems with inequality constraints and an integrand that is globally convex
in the parameters. This implies that the optimal performance function is
globally convex in the parameters.

Theorem 2. Given Al-A4, if f is convex in a, dg(x,u,a,t)/da=0,
" dh(x,u,a,t)/da=0, and dw(x,u,a,t)/da =0, then J*(a) is convex in a.

Proof. Let ay,a,€ &, and a,=0a,+ (1 —60)a, for arbitrary 6 €[0,1].
Let {x,, u,}, {x,, u,}, and {x;, u,} denote the optimal paths for the parameter
vectors a,, a,, and a,, respectively. Then a, € & by convexity of &, and
since none of the constraints depend on a, {x,, u,} is a feasible path for a
and a,. Therefore,

I*(az) = [ (s, u 1) At
sjor[ef(xz,uz,ao,n +(1=8)f(xy,uy,@,,)] dt

sj(‘)Y-[()f(x(,,uo,ao,t) +(1-0)f(x,u,a,,t)]dr

=0J*(ay) + (1= 0)J*(a,).

The first inequality follows from the convexity of f in a« and the second
inequality follows from the fact that {x,,u,} is feasible but may not be
optimal for either @, or a;. Q.E.D. |

This result covers a large number of cases, but it is unlikely that a general
statement concerning convexity can be obtained for parameters that enter
the functions g, h, or w in a nontrivial way. The reason is that the optimal
path for the convex combination of the parameter vectors a, and a,
a, =0a,+ (1 - 0)a,, must be a feasible path for @, and «,. When changes
in a either shift or rotate the boundaries of the feasible set, this condition
may not be satisfied.

An analogy to static problems is the fact that, without a cardinal choice of
the utility function, a consumer’s expenditure function may be concave,
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convex, or neither in the utility index. The analogy also illustrates an
exception to this concern. If f and w are jointly concave in (x,u,a), and g
and k are jointly linear in (x, &, a), then J*(a) is concave in a, as shown by

the next result.

Theorem 3. Given A1-A4, if f and @ are jointly concave in (x,u,a) and g
and h are jointly linear in (x,u, a), then J*(a) is concave in a.

Proof. Define ay, a,, a,, {xy, uy}, {x,,u,}, and {x,,u,} as in the proof of
Theorem 2. By the concavity of w in (x,u,a),

w[xg+ (1 -0)x,0uy+(1-8)u,a,,t] 20, Vee[0,T].

Therefore, {6x, + (1 — 8)x,,0u,+ (1 — 0)u,} is a feasible path for a,, and
* — T |
J*(a3) =f f(xz,uy, @5, 1) dt
0
T
2/ fl0xo+(1—8)x,,0uy+(1—0)u,,a,,t]dt
0

zj;T[Bf(x(,,u(,,a(,,t) + (1 -—B)f(x,,u,,a,,t)]‘dt

= 8J*(ay) +(1-6)J*(a,).

The first inequality follows since {0x,+ (1 — 8)x,,6u,+ (1 — 6)u,} is feasible
but not necessarily optimal for a, and the second inequality follows from the
joint concavity of f in (x,u,a). Q.E.D.

An example

We present a simple example to illustrate the effect of corners in the
optimal path and the differentiability and convexity of J* in a@. We seek to

max J = fz(ax +ut —0,54%) dt,
0

subject to

dx/dt=u, x(0)=0, ux<l, (31)
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where — < a < 3. The Lagrangian is
L=ax+ut—05u?+Au+oe(l—u), (32)

and the necessary and sufficient conditions for an optimal control are

oL /du=t—u+r—¢=0, . (33)
_'aL/a¢=1—u_>_0, >0, ¢(1-u)=0, | (34)
dL Jox =a = —dA/dt, A(2)=0., (35)
aL/aA=u=dx/d}, x(0) =0. | | (36)

Solving (—35) for A*(a, t) gives

A(a,t)=a(2-1t). | (37)
There is a unique switch point, s, given by

s(a) =(1-2a)/(1—a). (38)
Note that lim,_,, ,, s(a) =0, while lim, _, _,, s(a) =2, and that s(a) is con-

tinuously differentiable Ya & (— o, 3). For arbitrary a € (-, 3), the optimal
solutions for u*(a,t), x*(a,t), and ¢*(a,t) are

. _f2a+ (1 -a)t, 0<t<s(a),
“ (a”)_{l, | s(a) <t <2,
x*(a,t) = 2at+ (1 —a)t?/2, 0<t<s(a),

’ t—(1-2a)’/2(1-a), s(a) <t <2,

. _ {0, 0<t<s(a),

¢ (a’t)—{(l-—a)t—(l—-Za), s(a) <t <2.

As expected, u*, ¢*, and dx* /9t are not differentiable in a at the switch
point s(a), but all three are continuously differentiable in a for t€[0,2] ~
s(a). A simple calculation shows that x* and A* are continuously differen-
tiable in a on [0,2]. The optimal paths for x, 'u, A, and ¢ are depicted in
fig. 1. '
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Fig. 1. An optimal path with a corner.

Substituting the optimal solutions into (31), the optimal performance
function is given by

(1-2a)’

J*(a)=2a+l+m.

(39)
Clearly, J*() is twice continuously differentiable in @ on (-, 1), and the

derivative of (39) can be obtained directly as

dJ*(a) (1-2a2)) (1-2a)°
i =2- =2 +<X1—af' (40)
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Since dL /da = x, we can also obtain dJ*(a)/da using Theorem 1 simply by
integrating x*(a, t) over [0, 2],

dJ*(a)
da

j""’[zat +(1-a)r?/2] dt
0

+ 7 [1-(1-20)%/2(1 - a)] ds

sa)

_ (1 - 2a)’ . (1 —-Za)j
(1-a) 6(1 —a)®’

(41)

Also, for @ =0, a simple calculation shows that dJ*(0)/da =1, while

JJOL(x*, u*, A%, *,0,1) /da dt = 7, illustrating the fact that, in general, these
two expressions are not equal. '

We conclude our discussion of this example by noting that the hypotheses
of Theorem 2 are satisfied, while the hypotheses of Theorem 3 are violated
by the appearance of the interaction term ax in f. Therefore, J*(a) must be

convex in a. Indeed, differentiating J*(a) a second time,

dzj*(a)=4(1—2a)+%(1—-2a)3’ (42)

da? l—a l—-a

which clearly is positive Va € (-, 3).

Time-varying parameters

Dynamic economic problems frequently contain state variables which are
exogenous to the decision maker, i.e., are not subject to control, but are not
constant over the planning horizon. Examples include time-dependent prices
of inputs and outputs in a model of a competitive firm, a time-dependent
discount rate, the size of the labor force in a model of economic growth, or
prices faced by a consumer. If some of the state variables vary over time but
are not subject to control, it seems appropriate to assume that decision
makers form expectations abput the movement of these variables such that
the initial values are not necessarily expected to remain constant throughout
the planning period.

To introduce uncontrolled time-dependent state variables into the analysis,
let a(t) denote the vector of time-varying parameters, and augment problem

teEncC F
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(P1) with

da(s)/dt=¢[a(1),t],  a(0) =ay, (43)
and the following additional hypothesis:
AS5. |0§/9a| #+ 0 and £ is twice continuously differentiable.

Given AS, a unique solution to (43), ¢: & X [0, T] - &, exists such that
Ylay,t) =alt), Vt[0,T], Ylay,0) =ay, and ¢ is twice continuously dif-
ferentiable on &% [0,T]). In such a situation, it is natural to substitute
Y(ay, ) for a and consider the effect on the optimal performance function
due to a change in a,. It follows that A1-A5 are sufficient to guarantee the
existence of a twice continuously differentiable optimal performance func-
tion. Indeed, this is only one of many ways in which f, g, h, and w can
depend explicitly on . By replacing @ with ¥(a,,t) in f, g, h, and @ and
replacing a with a, in x*, u*, A*, u* and ¢*, the proof of Theorem 1 is
‘unaltered for the next result.

Theorem 4. If (PI) is augmented by (43) and satisfies AI-AS5, then
aJ*  r[{ax*\(of ou*'\(df oy’ \(of

= / — |+ ———) +|{— || —|]|dt
day o ||\ da, || dx day |\ du da, |\ da

LN e (2

Jday Ja Jda Ja

/‘T a!ll’ 3L(x*’u*9/\*a”*v¢*’¢at))d
= L.
0

44
da, Ja ( )

Autonomous current value problems

The following autonomous current value problem has been utilized to
study intertemporal duality by Cooper and McLaren (1980), McLaren and
Cooper (1980), Epstein (1981,1982), and Epstein and Denny (1983). Let

T =, and
f(x,u,a,t)=v(x,u,a)e™", (45)
dg(x,u,a,t)/ot=0. (46)

There are no nondifferential constraints, and the following assumption is
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satisfied [see Arrow and Kurz (1970, pp. 46-51), Halkin (1974), and Brock
(1977}

A6. A finite, unique, and globally asymptotically stable steady-state solu-
tion {x*(a), u™(a)} exists such that the transversality condition
lim, L, A¥(a, tYx*(a,t) = 0 is satisfied Va € .

It is straightforward to show that Theorem 1 remains valid in this infinite
horizon problem. Indeed, since there are no corners in the optimal path, the
optimal choice functions are continuously differentiable throughout the plan-
ning horizon, and the proof is greatly simplified.

As pointed out by Arrow and Kurz, the current value optimal performance
function for the interval [¢,«) does not depend explicitly on ¢,

V(ix*(a,t),a,t) =e"V*(x*(a,t),a,t)

= e"{[wv[x*(a,T),u'(a,f),a] e " dT}

t

=]
[ vlx*(a, 1), u(a,7),a] e dr
{

oo
Ef v[x*(a,s +t),u*(a,s+1),a)le " ds
0

=V(x*(a,t),a,0), (47)

where s =7—t and V*(x*(a,t),a,t) is the present value optimal perfor-
~ mance function for the interval [¢, ) starting with initial state vector x*(a,t).
It follows from (47) that '

aV/ae=0, Vie[0,x). : (48)

The Hamilton-Jacobi-Bellman equation at time ¢ is

_(aV*u*(:t;r);a,t) |

= max {U[x*(a,t), u,aje"
u

(aV*(x*(a,t),
+

. =) ),g[X*"(a,t),u,a]}- (49)
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Because V(x*(a, 1), a,t) =" V*(x*(a,t),a,t), it is a simple consequence of
(48) that rV*(x*(a,1),a,t) = -V *(x*(a,t), a,t)/dt. Partially differentiat-

ing (49) with respect to a then implies, by the static envelope theorem,
Vi &[0, ),

1)+ (Z)(2)
() (22 (22
)+ (E)E) (2

At t=0, x*(«,0)=x, and e "®=1, so that at the first instant in the
planning horizon, (50) reduces to

Jda r da’

oV *(xy,@,0) ( 1 )[(au[xmu*(a,O),al )

| ag[xy, u*(a,0),a]\ [V *(x,,a,0)
+( Jda ) ( dx )

?V*(x,,a,0)
+
da dx’

)g[xo,u*(a,.O),a]}. | (51)

Cooper and McLaren (1980), McLaren and Cooper (1980), Epstein
(1981, 1982), and Epstein and Denny (1983) employed (51) to obtain an
intertemporal analogue to Hotelling’s /Shepard’s lemma for producer and
consumer behavior. If V'* is quadratic in the variables, then (51) provides an
estimable relationship for the open-loop controls at the first instant in the
planning horizon. ) _

As pointed out by Epstein and Denny (1983, pp. 649-650): ‘Current
prices...are expected to persist indefinitely. As the base period changes and
new prices...are observed, the firm revises its expectations and its previous
plans. Thus only the ¢t =0 portion of the plan...is carried out in general.’
The implications are that the decision maker looks infinitely forward into the
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future when designing an optimal plan, but is totaliy myopic when forming

expectations.
To compare (51) with the dynamic envelope theorem, note that (45) and

(46) imply (5) has the form

o () ) () ) (e

___fo‘”.(:_g)e—u (Zia),\] . | (52)

The next result, which reveals the additional structure of infinite horizon,
autonomous, current value control problems, follows from (51), (52), and the
identities J*(a) = V*(x,, @,0) and A*(a,0) =9V *(x, @, 0)/9x:

Theorem 5. If (PI) satisfies A1-A4, A6, (45), and (46), then
aT*(a) o (0x*\ (v du*' \ (v v .
= —_ + —_ —_ —-ri
e fg_\éa)(&x) (6a)(6u)+(aa) ¢ d
w| (AU ag’
() ()]
0 |\da Ja

_ 1 [au[xo,u*(a,O),a] N 8g[x0,u*(a,0),a]"

"

da da A (a,O)

A*(a,0)’
+ S

P g[xo,u*(a,O),a]J.

3. A dynamic consumption problem

Like the static envelope theorem, the dynamic envelope theorem can be
applied to a variety of problems. In this section the dynamic envelope
theorem is applied to a problem of a consumer maximizing discounted utility
from consumption subject to a lifetime budget constraint. When applied to
this problem, Theorem 4 gives rise to intertemporal analogues of Hotelling’s
lemma, Roy’s identity, and the Slutsky equation from' the static theory of
- consumer choice.
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Let p(1) be an n-vector of expected prices which depends upon the initial
set of prices and time,

p(t) =1(pot).  p(0) =py. | (53)

The price path (53) might be generated by any form of smooth, deterministic
expectations process, such as static or adaptive expectations, or perfect
foresight. For example, static expectations results from (53) taking the form
n(pOa t) =p0, Vt € [09 w)-

Consider a consumer who wishes to choose the time path of a consumption
vector ¢(¢) to :

maximize W = fTw[c(t)]’e""dt, (54)
0

subject to the intertemporal budget constraint

dM(:)/de=n(po,tye(t)e™,  M(0)=0, M(T)=M",
| (55)

where p is the consumer’s personal discount rate, w is the instantaneous flow
of utility, r is the market discount rate at which the consumer can freely
borrow or lend, and M? is the present value of lifetime earnings.

The optimal consumption path can be written as c¢"™(py, M, 1), and the
optimal level of discounted utility flows is given by>

W*(po, M°) =fOTw[c"'(po,M°,:)] ePdr. (56)

Now consider the dual problem of choosing a consumption path ¢(t) to
minimize the present value of lifetime expenditures on consumption, subject
to the constraint that discounted lifetime utility is constant at some level, W0,

minimize E = [Tn(po,t)'c(t) e "dt, (57)

0

subject to |
dw(t)/dt =w[c(t)] e, W) =0, W(T)=w". (58)

*The optimal discounted utility flow and the minimum net present value of consumption
expenditures also depend on r, p, and T. Because our focus is on the initial values for the
commodity prices and the duality between W and E, the arguments r, p, and T have been
suppressed. '
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Denote this problem’s solution by ¢*(p,, W°,¢), and the minimal net present
value of consumption expenditures by

E*(py, W°) = /0 " Dort)'e( Do, WO, ) e~ dt. | (59)

Both of these problems can be represented as isoperimetric control prob-
lems by rewriting (55) and (58) in integral form,

T
[0 2(po,t1)c(t)e " dr=M", « (60)

fTw[c(t)] e P dr=w0 (61)
o L .

A well-known result from the calculus of variations is that, for isoperimetric
control problems, the solution to (54) is equivalent to the solution to (57) if
M =E* or equivalently W% =W* [Clegg (1968, pp. 117-121)}. Therefore,
we have the following identities:

c,W(pO,WO,i)sc'"[po,E*(po,W‘)),t], vee[0,T], (62)
¢™(pg, M, 1) =c*[ po, W*(py, M°),t], Vee[0,T], (63)
E*[py, W*(po. M")] =M°, (64)
W*[po, E*(po. W) = W". | (65)

These relations generate a complete set of intertemporal analogues to the
static duality theorems of consumer choice theory. To see this, first note
Theorems 1 and 4 remain valid for problems with both end points of the state
variable fixed. The only modification that is required in the proof is to show
that the first term on the right-hand side of (25) now vanishes because
x*(a, T) =x;, Va € o7. Therefore, applying Theorem 4 to (59) gives

dE*(py, W°)

T aﬂ(l’o»t)'
ap,

w(po, WO t)e "dt. 66
2o et .0 (66

0
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This is a dynamic analogue to Hotelling’s lemma. Next, we partially differen-
tiate (62) with respect to pj,

3c*(po, WO, t) _ 3c™[ po, E*(po, W), 1]
ap§ - apg

. ac'"[po,E*(po,Wo),t] IE*(py, W°)
oM aps ’

(67)

to obtain a dynamic version of the Slutsky equation. Combining (62), (66),
and (67) we see that the impact of a change in an initial price on the
consumer’s optimal consumption path at each point in time can be decom-
posed into two effects; a ‘utility-held-constant’ substitution effect and a
‘wealth’ effect. The wealth effect in this case includes the integral (66). Note,
however, that the cross substitution terms in (67) generally are not symmetric,
nor is the matrix of instantaneous substitution terms necessarily negative
semidefinite.

If 0 is concave in p,, then Theorem 2 implies that £* is also concave in p,
(since —E* is a maximum and ‘therefore convex). Combining the dynamic
envelope theorem with the intertemporal Hotelling’s lemma, it therefore

follows that

J2E* aln’ an' \ [ dc*
= [ e+ [ = || o= | | e (68)
dpedpy  Jo |\ dpyap} ap, |\ 9pg

is symmetric and negative semidefinite. But this does not imply that the
instantaneous Slutsky matrix (67) is symmetric or negative semidefinite. In
particular, a rejection of either in (67) does not imply a rejection of these
properties for (68).

These conclusions can be understood quite clearly by observing that there
is a static expenditure minimization problem embedded in the dynamic
problem (57). Indeed, the Hamiltonian for the maximum principle is

H=e;”p(t)'c(z) +A(1) e ?'w(c(1)], (69)

where p(¢) rather than n(p,,t) is being used for the moment to derive the
closed-loop optimal controls and develop the relationship between static and
dynamic symmetry conditions. The first-order conditions for an interior
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minimum of H with respect to ¢ are

o) = e a() 2, (70)

These are the same necessary conditions as for minimizing p(¢)c(¢) subject
to a constraint that w[c(¢)] > w(t), say. Note that the closed-loop optimal
controls, & p(¢), A(2), t], do not depend on the state variable W(¢). Also note
that A(t) <0 follows from eq. (70) so long as dwl[c(¢)]/dc > 0. Since there
are no nondifferential constraints for this problem, the necessary and suffi-
cient second-order condition for the existence of a unique optimal control is
that w is strictly concave in ¢. Therefore, assuming that w is twice continu-
ously differentiable and strongly concave in ¢, the static symmetry and
negativity conditions for the expenditure minimization problem are obtained
by substituting & p(z), A(¢), ¢] for ¢(¢) in (70) and differentiating with respect
to p’, '
aé

aZw -1 - .
— = —)—lglp=rx _ (71)
ap’' dedc’

Clearly, the closed-loop short-run compensated price effects are symmetric

and negative definite.
We now construct the open-loop solutions for ¢. The remaining conditions

for the maximum principle are

—-JdH

A= — =0 (72)
. 8H
W= e e "w(c), W(0)=0, W(T) = w0, (73)

Egs. (72) and (73) imply that A(¢) = A, a constant V¢ € [0, T], and the optimal
path for the discounted utility flow satisfies (61). Therefore, the open-loop
solution for the costate variable, A*(p,, W?), is the solution to the integral

equation
/Te“"‘w[é(n(po,t),/\,t)] de=w?°. - (74)
0

Thus, the open-loop solutions for the controls are defined by

c‘”(po,IWo,t) =¢&[n(po, 1), \*(po, W°),t]. | (75)
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Differentiating (75) with respect to p} gives

dc” [ dé\/[ o 3¢\ [ AN
-l 5 35 ] (76)
opy  \9p’ |\ dpg dr J\ dpg
and only the term d¢/dp’ is symmetric. This can be seen by using (70) to
evaluate d¢/dA and (74) to evaluate dA* /dp,

aé¢ 3w\ ow .
—— —A~| -1, : . (77)
dA dcac’ dc .

_ ow aé d

'fore_‘"(—,) — | [ |ae
ar” dc’ J\dp aps (78)
aph ow \ [ ¢
)
_ de’ |1 dA

Thus, even when expectations are static, it is clear from (76)-(78) that the
instantaneous substitution terms for the open-loop controls will not be
symmetric.

We conclude this section with a dynamic version of Roy’s Identity. This is
accomplished by differentiating (64) with respect to p,,

aE*[Po: W*(PO: MO)] )

dpy
JE* ,W* , w() IW * ,MO
[l )
oW ap(; ' .
and then with respect to M,
oE* L (o )] | (00,7 o
oW oM -

Combining (63), (66), (79), and (80) then gives a dynamic Roy’s Identity,

W *(py,M") /i, _f-r(an(po,t)'
0

- = m 0 —~ri .

(81)
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4. Conclusions

The envelope theorem has numerous applications in economics. In static
models, it can be employed to obtain factor demand and output supply
equations as partial derivatives of indirect cost and profit functions, greatly
simplifying estimation problems. It is also quite useful in conducting compar-
ative statics, in welfare analysis, and in providing the economic interpretation
of Lagrange multipliers. _ ,

We have shown that the solutions to dynamic optimization problems are
characterized by an exact intertemporal analogue to the static envelope
theorem. We have proven that, for a large class of optimal control problems,
the rate of change of the optimal performance function with respect to the
underlying parameters can be obtained by partially differentiating the
Lagrangian with respect to the parameters prior (o finding the constrained
maximum with respect to the control variables, substituting the optimal
solutions for the control, state and costate variables, and the Lagrange
multipliers into the resulting expression for dL /da and integrating over the
planning horizon. An equivalent expression is obtained by substituting the
optimal solutions for the state and control variables into the objective
function, partially differentiating with respect to the parameters, and inter-
changing the operations of differentiation and integration.

The results we have obtained are general enough to account for a variety
of nondifferential constraints, corners in the optimal path, dynamic processes
on the parameters affecting the intertemporal choice problem, and to encom-
pass the special cases in the recent literature. These results should prove to
" be useful in many applications of dynamic optimization.

Through the use of the dynamic envelope theorem we have also obtained
an intuitively appealing intertemporal analogue to each of the static duality
theorems in consumer choice theory. Further, the structure of these in-
tertemporal duality results does not depend substantially on the way in which
the expectations process is modeled, and therefore is a significant generaliza-
tion of results which rely on static expectations. Moreover, application of the
methods developed in this paper clearly illustrates the differences between
static and dynamic optimization problems.

References

Alexandroff. A.D.. 1939, Almost everywhere existence of the second differential of a convex
function and some properties of convex surfaces connected with it, Leningrad State Univer-
sity Annals. Mathematics Series 6. 3-35 (Russian).

Araujo. A. and J.A. Scheinkman. 1977, Smoothness, comparative dynamics, and the turnpike
property. Econometrica 45, 601-620.

Araujo. A. and J.A. Scheinkman, 1979, Notes on comparative dynamics, in: J.R. Green and J.A.
Scheinkman. eds., General equilibrium, growth, and trade (Academic Press, New York, NY)

217-226.



384 J.T. LaFrance and L.D. Bamey, The dynamic envelope theorem

Arrow, K.J. and M. Kurz, 1970, Public investment, the rate of return, and optimal fiscal policy
(Johns-Hopkins Press, Baltimore, MD). -

Arrow, K.J., L. Hurwicz, and H. Uzawa, 1961, Constraint qualification in nonlinear program-
ming, Naval Research Logistics Quarterly 8, 175-191.

Benveniste, L. and J. Scheinkman, 1979, Differentiable value functions in concave dynamic
optimization problems, Econometrica 47, 727-732.

Benveniste, L. and J. Scheinkman, 1982, Duality theory for dynamic optimization models of
economics; The continuous time case, Journal of Economic Theory 27, 1-19.

Brock, W.A., 1977, The global asymptotic stability of optimal control: A survey of recent results,
in: M.D. Intriligator, ed., Frontiers of quantitative economics, Vol. 3A (Elsevier-North-Hol-
land, Amsterdam) 207-237. .

Brock, W.A., 1983, A revised version of Samuelson’s correspondence principle: Applications of
recent results on the asymptotic stability of optimal control to the problem of comparing long
run equilibria, in: H.F. Sonnenschein, ed., Models-of economic dynamics, Lecture notes in
economics and mathematical systems 264 (Springer-Verlag, New York, NY) 86-117.

Brock, W.A. and J.A. Scheinkman, 1976, Global asymptotic stability of optimal growth systems
with applications to the theory of economic growth, Journal of Economic Theory 12,
164-190. : '

Brock, W.A. and J.A. Scheinkman, 1977, Global asymptotic stability of optimal control with
applications to dynamic economic theory, in: J. Pitchford and S. Turnovsky, eds., Applica-
tions of control theory to economic analysis (Elsevier—North-Holland, Amsterdam) 173-205.

Caputo, M., 1989, Comparative dynamics via envelope methods in variational calculus, Mimeo.
(Department of Agricultural Economics, University of California, Davis, CA).

Caputo, M., 1990, How to do comparative dynamics on the back of an envelope in optimal
control theory, Journal of Economic Dynamics and Control 14, 655-683.

Cass, D. and K. Shell, 1976, The structure and stability of competitive dynamical systems,
Journal of Economic Theory 12, 31-70. _
Clarke, F., 1975, Generalized gradients and applications, Transactions of the American Mathe-

matical Society 205, 247-262. :

Clarke, F., 1983, Optimization and nonsmooth analysis (Wiley, New York, NY).

Clarke, F. and P. Loewen, 1986, The value function in optimal control: Sensitivity, controllabil-
ity, and time-optimality, SIAM Journal of Control and Optimization 24, 243-263.

Clarke, F. and R. Vintner, 1986, On connections between the maximum principle and the
dynamic programming technique. in: J.-B. Hiriat-Urruty, ed., Fermat Days: Mathematics for
optimization (Elsevier-North-Holland. Amsterdam) 77-102.

Clegg, J.C., 1968, Calculus of variations (Interscicnce, New York, NY). _

Cooper, R.J. and K.R. McLaren, 1980, Atemporal, temporal and intertemporal duality in
consumer theory, International Economic Review 21, 599-609.

Epstein, L.G., 1978, The Le Chatelier principle in optimal control problems, Journal of
Economic Theory 19, 103-122. '

Epstein, L.G., 1981, Duality theory and functional forms for dynamic factor demands, Review of
Economic Studies 19, 81-95. :

Epstein, L.G., 1982, Comparative dynamics in the adjustment-cost model of the firm, Journal of
Economic Theory 27, 77-100.

Epstein, L.G. and M.G.S. Denny, 1983, The multivariate flexible accelerator model: Its empirical
restrictions and an application to U.S. manufacturing, Econometrica 51, 647-674.

Gauvin, J., 1979, The generalized gradient of a marginal function in mathematical programming,
Mathematics of Operations Research 4, 458-463.

Hadley, G. and M.C. Kemp, 1971, Variational methods in economics (Elsevier-North-Holland,
Amsterdam).

Halkin, H., 1974, Necessary conditions for optimal control problems with infinite horizons,
Econometrica 42, 267-272.

Hestenes, M.R., 1965, On variational theory and optimal control, Journal SIAM Control 3,
23-48.

Hestenes, M.R., 1966, Calculus of variations and optimal control theory (Wiley, New York, NY).



J.T. LaFrance and L.D. Barney, The dynamic envelope theorem 385

Hochman, E., J.T. LaFrance, and D. Zilberman, 1984, Solar energy and hydroelectric power
generation in the Dead Sea: A dynamic analysis, Water Resources Research 20, 1469-1476.

Magill, M.J.P. and J.A. Scheinkman, 1979, Stability of regular equilibria and the correspondence
principle for symmetric variational problems, International Economic Review 20, 297-314.

McLaren, K.R. and R.J. Cooper, 1980, Intertemporal duality: Application to the theory of the
firm, Econometrica 48, 1755-1762.

Oniki, H., 1973, Comparative dynamics (sensitivity analysis) in optimal control theory, Journal of
Economic Theory 6, 265-283.

Pontryagin, L., V. Boltyanski, R. Gamkrelidge, and E. Mishchenko, 1962, The mathematical
theory of optimal processes (Interscience, New York, NY).

Rockafellar, R.T., 1970, Convex analysis (Princeton University Press, Princeton, NJ).

Rockafellar, R.T., 1976, Saddle points of Hamiltonian systems in convex Lagrange problems
having a nonzero discount rate, Journal of Economic Theory 12, 71-113,

Rockafellar, R.T., 1981, Proximal subgradients, marginal values, and augmented Lagrangians in
nonconvex optimization, Mathematics for Operations Research 6, 424-436.

Rockafellar, R.T., 1985, Extensions of subgradient calculus with applications to optimization,

. Nonlinear Analysis, Theory, Meithods and Applications 9, 665-698.

Samuelson, P.A., 1947, Foundations of economic analysis (Harvard University Press, Cam-
bridge, MA).

Samuelson, P.A., 1960a, An extension of the Le Chatelier principle, Econometrica 28, 368-379.

Samuelson, P.A., 1960b, Structure of a minimum equilibrium system, in: R.W. Pfouts, ed., Essays
in economics and econometrics: A volume in honor of Harold Hotelling (University of North
Carolina Press, Chapel Hill, NC).

Samuelson, P.A., 1965, Using full duality to show that simultaneously additive direct and indirect
utilities implies unitary price elasticity of demand, Econometrica 33, 781-796.

Scheinkman, J.A., 1976, On optimal steady states of n-sector growth models when utility is
discounted, Journal of Economic Theory 12, 11-30.

Scheinkman, J.A., 1978, Stability of separable Hamiltonians and investment theory, Review of
Economic Studies 45, 559-570.

Seierstad, A., 1982, Differentiability properties of the optimal value function in control theory,
Journal of Economic Dynamics and Control 4, 303-310.

Seierstad, A. and K. Sydsaeter, 1987, Optimal control theory with economic applications
(Elsevier-North-Holland, Amsterdam).

Silberberg, E., 1971, The Le Chatelier principle as a corollary to a generalized envelope
theorem. Journal of Economic Theory 3, 146-155.

Silberberg, E.. 1974, A revision of comparative statics methodology, or, How to do economics on
the back of an envelope, Journal of Economic Theory 7, 159-172.

Silberberg, E.. 1978. The structure of economics: A mathematical analysis (McGraw-Hill, New
York, NY).

Vinter, R., 1988, New results on the relationship between dynamic programming and the
maximum principle, Mathematics of Control, Signals, and Systems 1, 97-105.



