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Unique Representations and Linear Independence
In this section of the Appendix, we discuss the concept of linear independence of the in-

put and output price functions used throughout this article. Let the Kx1 vector of input

price functions be a(w)=[a;(w)---ax(w)]" and the KX1 vector of output price func-

tions be A(p). For the supply equation to have a unique representation on R’ xR, , we

++0
need two conditions.

The first condition is that the output price functions, {/, ( p)},’le , must be linearly in-
dependent with respect to the K—dimensional constants. In other words, there can not ex-

istany ce RX, ¢ #0, such that ¢"h(p')=0 V p' € N(p) < R, over any open neighbor-

hood WV (p) of any point in the interior of the domain for p. The reason we must have this

condition is if it were not satisfied, then V d € R, if we add a/(w)"d[c"h(p)] =0 to the

supply equation, we do not change its value,

K K K
4= ah(p)+| T aond, || T e (p) |
K K
=Y )| h(p)+d X ehy(p) | (A1)
=a(w) (I +dc")h(p).
But then, since ¢ # 0, we can choose d to make @&(w) = (I + cd" )or(w) anything, and the

supply model is observationally meaningless.

The second condition we must have is that the elements of a(w) are linearly inde-
pendent with respect to the K—dimensional constants. For this property to hold, there can

be no ce RX, ¢#0, such that a(w') ¢ =0 Vw' e N(w), for N(w) a neighborhood



of an arbitrary point in the interior of the domain for w. We need this property because if
it is not satisfied, then V d € RX, if we add [a(w)" ¢]d"h(p) =0 to the supply equation,
we do not change its value,

g=aw) (I+cd h(p). (A.2)
But then, since ¢ # 0, we could choose d to make h(p) = (I + ch)h( p) anything, and

the supply model again has no empirical content.
These conditions are necessary and sufficient for the present purpose. If both are not
satisfied, then we can always reduce the number of both the input and the output price

functions by a linear combination of the original functions with no change in the model.
To illustrate, without loss of generality (WLOG), assume that 4, (p) = Zf:_ll ¢ h (p), so
that the supply equation is
4=y Wh (p)+ (WY ek (p)
= 3 [ () + g (W) () (A3)
=3 L awh(p).

Thus, the supply model can always be written with the Gorman structure as a sum of at

most K—1 products if the output price functions are linearly dependent. Alternatively,

again WLOG, assume that o (w) = Zf:_ll ¢, (w), so that now the supply equation is

4= Y i (p)+| X7 con(w) ()
= > o ) (p) + ey (p)] (A4)

=3 L (Wi (p).



Once again, the supply model can always be written with the Gorman structure as a sum
of at most K—1 products if the input price functions are linearly dependent.

A unique representation requires that no linear reductions of this type are possible.
Various ways have been developed to check for the linear independence of a K—vector of
functions. For example, in the case of the output price functions where there is a single

argument, p, if the Wronksian — which is the determinant of the KxK matrix whose first

row is the vector of functions, [h(p)---hg(p)], the second row is the vector of first-
order derivatives, [h{(p)---hi(p)], and so on through K—1 derivatives — does not vanish

at any point in an interval, then the K functions are linearly independent on that interval.
For vector-valued functions of several variables, such as the input price functions,
{og, (w)},[f:1 , the matter is significantly more involved. However, for each element of w, a
sufficient condition for the linear independence across the K—dimensional constants is
that each Wronksian made up of the KxK matrix of levels of the {ak(w)}f:] functions
plus the row vectors of their partial derivatives with respect to w; through order K—1 does
not vanish on any one-dimensional open interval, for each j=1,...,n. Interested readers are
referred to Gorman (1981), the appendix in Russell and Farris (1998) written by Robert
Bryant, Cohen (1933), or Boyce and diPrima (1977) for additional details on linear inde-

pendence of a vector of functions of one or several variables.

Proof of Proposition 1
Proposition 1: Let the supply function take the Gorman form, q= Zf:]ak (w)h, (p),

with K smooth, linearly independent, functions of input prices, w, and K smooth, linearly



independent, functions of output price, p. If q is 0° homogeneous in (w, p), then each
output price function is either: (i) p®, with €€ R; (i) p®(Inp)/, with €€ R,
je{l,...,K}; (iii) p®sin(rlnp), p®cos(rlnp), with ee R, 7€ R,, appearing in
pairs  with the same {e,7} for each pair; or (iv) p°(Inp)’ sin(zlnp),
pE(n p) cos(tln p), with ec R, je{l,..,[.K]}, e R

and K =4, appearing in

+9
pairs with the same {€, j,T} for each pair, where [/2K] is the largest integer no greater
than /2K If K € {1,2,3}, then the supply of q can be written as:
(a) K=1
q=[p/ay(w)]";
() K=2
i q=[p/ew]" +[p/er(w)]*;

ii. q=[p/oy(w)]" In(p/ey(w)); or

iii. q=[p/og(w)]" [sin (zIn(p/e(w)))+cos(zIn (p/az(w)))];

(¢c) K=3
i q=[p/layw)]" +[p/ay(W)]* +[p/eos(w)]*;
ii. g= [17/051(“’)]'gl + [17/0‘2(”’)]62 In(p/os(w));

iii. q=[p/oy(w)]’ {az(w) +[ In (p/%(w))}z}? or

v. q= [p/oq(w)]e1 + [p/alz(w)]g2 {sin(rln [p/og(w)]) + cos(rln [p/%(w)])}.



In each case except (c) iii, where o,(w) is homogeneous of degree zero, each o;(w) is
positively linearly homogeneous for i =1,2,3.

Proof: The Euler equation for 0° homogeneity is:

i 924 () why(p) + i o (w)h (p)p =0. (A.5)
o ow' k=1

If K=1 and A4/(p) =0, this reduces to aal(w)/awTw =0, so that 4 (p)=c and o;(w) is
homogeneous of degree zero. Absorb the constant c into the price index and set £ =0 to
obtain a special case of (a) i. If either K=1 and A{(p)# 0 or K>2, then neither sum in

(A.5) can vanish without contradicting the linear independence of the {ax(w)} or the

{hi(p)}." Write the Euler equation as

KZZ; ak(w)h,;T(mp . w6
[ da(w)/ow” w ()

Since the right-hand side is constant, we must be able to recombine the left-hand side
to be independent of both w and p. In other words, the terms in the numerator must re-
combine in some way so that it is proportional to the denominator, with —1 as the propor-

tionality factor. Clearly, if these two sums are proportional, identically in (w, p), then the

functional forms of the two sums must be the same.

' Note, in particular, that the terms aak(w)/ ow'w are constant with respect to p, and that the terms

hi(p)p are constant with respect to w.
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To see this, for any we R’ ,

let /(w) be an open neighborhood of w. Fix K unique

vectors, w, € N(w), { =1,---,K, and define the KxK matrices B = [(Zk(wf)]k o and

D= [aak(wc)/ ow'w, ]H E The linear independence of the input price functions

L=

implies that we can choose {w,} such that B is nonsingular, and therefore write (A.5) in
the form
H(p)p=—B"'Dh(p) = Ch(p). (A7)
Now, since both #’(p)p and h(p) only depend on p and not on w, the KxK matrix C
also must be independent of w, i.e., each of its elements must be constant.
Thus, the linear independence of {/(p)...., hx(p)} and {oq(w),---, 0 (w)} implies

that each /4, (p)p is a linear function of {A(p),..., hx(p)} with constant coefficients:

(PP =3 coh(p) k=1:-K. (A8)
This is a complete system of K linear, homogeneous, ordinary differential equations
(odes), of the form commonly known as Cauchy’s linear differential equation. Our strat-
egy is the following. First, we convert (A.8) through the change of variables from p to
x =1In p to a system of linear odes with constant coefficients (Cohen 1933, pp. 124-125).
Second, we identify the set of solutions for the converted system of odes. Third, we re-
turn to (A.5) with these solutions in hand and identify the implied restrictions among the
input price functions for each K=1,2,3.
Since p(x)=e* and p’(x)= p(x), defining l;k (x)=h(p(x)), k=1,..,K, and ap-

plying this change of variables yields:



~, K ~

hk(x)zzyczlck,fhf(x)’ k:L“'aK- (A9)
In matrix form, this system of linear, first-order, homogeneous odes is ﬁ'(x) - Cﬁ(x) =0,
and the characteristic equation is |C Al | =0. This is a K™ order polynomial in A, for

which the fundamental theorem of algebra implies that there are exactly K roots. Some of
these roots may repeat and some may be complex conjugate pairs. Let the characteristic

roots be denoted by 4, k=1,---,K .

The general solution to a linear, homogeneous, ode of order K is the sum of K linearly
independent particular solutions (Cohen 1933, Chapter 6; Boyce and DiPrima 1977,

Chapter 5), where linear independence of the K functions, {f,, -+, fx} of the scalar x
means that no non-vanishing vector, [a,,--,a, ", satisfies a, f, +---+ay fx =0 for all

values of the variables in an open neighborhood of any point [x, f;(x),--, fx (x)]. Cohen

(1933), pp. 303-306 contains a statement of necessary and sufficient conditions.

Let there be R>0 roots that repeat and reorder the output price functions as necessary
in the following way. Label the first repeating root (if one exists) as A; and let its multi-
plicity be denoted by M;>1. Let the second repeating root (if one exists) be the M;+1%

root. Label this root as A, and its multiplicity as M>>1. Continue in this manner until there
are no more repeating roots. Let the total number of repeated roots be M = Z,LM i

Label the remaining K — M >0 unique roots as A; for each k=M +1,---,K. Then

WLOG, the general solution to (A.9) can be written as



)= 20| D e [+ D et k=1 K (A10)

(=M +1

Now substitute (A.10) into the supply of ¢ to obtain:

q= Zle “k(w)[Zle ZZI d/ccpﬂ" (Inp)“~V+ Zf:]\;,ﬂ d/ccpﬂ[}
=2 T S duen ) [ n ) AT S dye ) [ o7 A
=3 S & np M p) VY G (w)p
The terms in the first double sum give cases (i) and (ii), and case (iv) when K>4 and at
least one pair of complex conjugate roots repeats, while the terms in the sum on the far
right give cases (i) for unique real roots and (iii) for unique pairs of complex conjugate
roots, completing the proof of the functional form of the output price terms.
Turn now to the representation of the supply function for K=1,2, or 3.
K=1: qg=o,(w)h(p). (A.12)
Equation (A.8) simplifies to
h(p)p = e (p). (A.13)
Direct integration leads to 7, (p) = d,,;p“"" . The Euler equation then reduces to
doy(w)/ ow'w = —c 0 (w). (A.14)
Hence, the input price function must be homogeneous of degree —c,,. Set & =¢,,, ab-

sorb the multiplicative constant dj; into the homogeneous price function, and omit the
subscripts to obtain the expression found in (a) of the proposition.
K=2: q=oy(w)h(p)+ o, (w)h, (p). (A.15)

The characteristic equation for (A.9) is
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A% - (c11 +cp)A+(cpcan —€pcy) =0. (A.16)

The characteristic roots are

A, Ay =y +czz)i1/2\/(c11 — ) +4epey (A.17)
Three cases are possible:
(1) unique real roots, 4 # 4,, 4,4 € R, and (¢;, — ¢y ) +4¢pp¢y; > 0;
(2) one real root, 4 = A, ="(c;; +¢5) € R, and (¢ — ¢5y)” +4cppcy =0 0r

(3) complex conjugate roots, 4 =x+17, L, =k—17, kK ="(c;, +¢5),

T= 1/2\/ | (1) = €30)” +4eppcyy | and (¢ —¢yy)? +4eppey) <0.
With unique roots (whether real or complex), the general solution is
b (x) = dye™™ +d ™, k=1,2. (A.18)
Substituting these expressions into the supply of ¢ yields
q=[d,1eq(w) +dp05(w)] P+ [dy104(w) + dyy 0 (w)] p*
(A.19)
= G (w)p™ +a(w)p™.
If the roots are real, then the Euler equation is
[a&l (w)/ow'w+ A&, (w)] Pl [a&z(w)/awTw + ﬂz&z(w)] P2 =0.  (A20)
Linear independence of the output price functions implies that the term premultiplying
each output price function vanishes. Hence, ¢;(w) must be homogeneous of degree —4,
for i=1,2. Relabel terms so that ¢, = 4 and o;(w) = 07,.(w)_1/€", i=1,2, for case (b) i.

If the characteristic root repeats, the general solution is
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h~k(x)=dk1€/1x +dk2xeﬂx, k=1,2. (A.21)
Making the same substitutions as before yields:
q=a(w)p" +aw)p" Inp. (A.22)

The Euler equation now is

T T
w

Kag’l(”’) w+ Ad, (w) + a?z(w))+ [ag‘fv(w) W+ Z&z(w)jln p} PP =0. (A23)
Since p’1 >0 and {1,lnp} is linearly independent, ¢&,(w) must be homogeneous of de-
gree —A. Therefore, factor it and p’1 out on the right-hand side of (A.22),
q=,(w)p" [G(w)+Inp], (A24)
where & (w) = & (w)/d,(w) . The Euler equation then simplifies to
ao?l(w)/awTw=—l. (A.25)
Let f(w)=exp{-d&(w)} and note that B,B(w)/awTw = —,B(w)aéq(w)/awTw = B(w) if
and only if & (w) satisfies (A.25). Relabel terms so that & =4, o (w)=a,(w), and
o, (w) = S(w) to obtain case (b) ii.
When the roots are complex, we first require conditions on the input price functions

so that g is real-valued. From (A.19), we have
q=p"|@mWpT+aw)p ], (A.26)
while deMoivre’s theorem implies (Abramowitz and Stegun 1972)

P =cos(rIn p) +sin(z1n p). (A.27)
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Thus, complex functions & (w) = &, (w)+10,(w) and &, (w)= ,Bo(w) + lﬁl (w) are re-
quired if ¢ is real-valued. Substituting these definitions and (A.27) into (A.26) yields:

q=p"[ (G +16; + By +1B) cos(tIn p) + (16, — & —1fy + B)sin(zIn p) . (A.28)

We must have ,Bl(w) =—¢y(w) for the term in front of cos(z1n p) to be real-valued

and ﬁo(w) = ¢, (w) for the term in front of sin(zIn p) to be real-valued, so that the input

price functions are complex conjugates. Omitting the ’s and the subscripts and absorbing

the multiplicative constant 2 into the price functions for conciseness, we then have:

q = p* [a(w)cos(zn p) + B(w)sin(z1n p)]. (A.29)

The Euler equation now has the form:

{[aw(w)T w+ ke(w) + 7B(w) |cos(zIn p)

(A.30)
+] B, ()" w—10(w) + KB(w) |sin(zIn p)} p* = 0.
Define the smooth and invertible transformation
a(w) =a(w) [cos (Tln ,B(w)) —sin (rln B(w))},
(A.31)

B(w) = a(w) [sin (Tln ,[;’(w)) + cos (Tln B(w))},

for &(w)# 0 any smooth, homogeneous of degree —x function and S(w) >0 any posi-
tive linearly homogeneous function. A direct calculation then yields
o, (w)" w = —xa(w) — 7B(w),

B (W) w =10d(w) = KB(W),

(A.32)

as required.
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Relabeling with ¢ =«, oq(w) = o?(w)_l/’(, and o, (w) = ,B(w) yields:

q=[p/os(w)]" {[cos (rlno,(w))—sin(7ln a’z(w))} cos(z1n p)
(A.33)
+[sin (zlno, (w))+cos(7In az(w))}sin(z'ln p)}.

Some tedious but straightforward algebra using the trigonometric identities (Abramowitz
and Stegun 1972, pp. 72-74):

sin(a + b) = sin(a) cos(b) + cos(a) sin(b) ;

cos(a + b) = cos(a) cos(b) —sin(a) sin(b) ;

sin(—b) = —sin(b) ; and

cos(—b) =cos(b);
with a=7In p and b =—7In o, (w) then gives the form in (b) iii of the proposition.
K=3: q=05(w)h (p)+a(W)hy(p) + a5 (W)hs (). (A.34)
In this case, the characteristic equation is a third-order polynomial in A, and by the fun-

damental theorem of algebra, there are four mutually exclusive and exhaustive cases:
(1) three unique real roots 4, # A, # A4y, 4,4, 4L € R;
(2) one repeated real root, 4, = 4, € R and one unique real root 4, € R;
(3) one real root repeated thrice 4, =4, =4, =1€ R; and
(4) areal root 4, € R and two complex conjugate roots A, = Kk +17, 43, =Kk —17.

First, if (1) holds, the argument leading to the representation in (c) i is identical to that of
the previous cases K=1 or K=2 when the roots are real and unique. Second, if (2) holds,

then we have the sum of one term of the form given in (a) and a second term of the form
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given in (b) ii of the proposition, leading to case (c¢) ii. Third, if (4) holds, then we have
the sum of one term of the form given in (a) and a second term of the form given in (b) iii
of the proposition, leading to case (c) iv.
Therefore, consider case (3), for which the general solution to (A.9) has the form:
b (x) = de™ +d,xe™ +dsxPe™, k=1,2,3. (A.35)
Rewriting this in terms of p and the {A(p)}, substituting the result into (A.34), and re-

grouping terms as before yields:
g=p* [ @ (w)+ & (w)In p+ G5 (w)(in p)” |. (A.36)
The Euler equation is:
P {[9610w) 0w+ 261 (w) + 5 () |
+[ad2(w)/awTw+/1&2(w)+2o73(w)]1n p (A.37)

+[a&3(w)/awTw+/1&3(w)](1np)2}= 0.
As before, p/1 > 0 and the linear independence of {l, In p,(In p)z} requires each sum

in square brackets to vanish. In particular, é;(w) must be homogeneous of degree —A4,

and we can factor it out of the term in square brackets in (A.36), yielding:
q=&(w)p*| & W)+ (w)In p+(in p)’ |, (A.38)
with & (w) = & (w)/;(w) and &, (w) = &, (w)/ o5(w).

Now the term in brackets on the right-hand side must be homogeneous of degree

zero, which implies:
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0, (w)/awTw =—a, (w);

(A.39)
adz(w)/awTw =-2.
Therefore, define the smooth and invertible transformation
& (w) = & (w) +[Ina, ()],
! ! ? (A.40)

o, (w)=-"2Ina,(w),

where ¢;(w) is an arbitrary homogeneous of degree zero function and &, (w) >0 is an
arbitrary positive linearly homogeneous function. A direct calculation shows that ¢&;(w)
and &, (w) satisfy (A.39) if and only if they are related to the two homogeneous func-
tions ;(w) and &, (w) by (A.40). Substituting (A.40) into (A.38), grouping terms, and
relabeling with € =4, oy(w) =05(w), o,(w)=0a;(w), and o5(w) =, (w) yields the
representation in (¢) iii of the proposition. ]
Proof of Proposition 2

Proposition 2: Let the supply of q take the form in Proposition 1, then homogeneity re-

quires profit functions of the following forms:

(a9 K=1 £>0

a(p,w)=—L [p j - B(w);

(I+&) aq(w)
() K=2

ia. £,& #-1

(I+&)\ o(w) (I+&)\ n(w)

w(p,w)=—L {p ]1+ . Lp Jz—ﬁ(W);



(©)

_p p P
”(p’w)‘(we])[al(w)] WZ(W)I“[ﬁ(w)j 7o)

D p ) p ) 1 | .
”(p’"’)’(wel)[al(w)) {m[%(w)) (1+el>} A

2
ﬂ(P,W)=‘/20!1(W){1n[ £ H - B(w);
(W)

iil.

) » » . p
PRSI R -

+(1+€1—T)COS[TII’1( P n - B(w);
(W)

K=3

iii.a. & #—-1

16

£ 2
7(p,w) = i +1’81)3 (alfw)] {1+(1+gl)2a2(w)+[(1+81)1n(a3}(9w)]—1} }—ﬂ(w);

iii.b. & =-1

3
7(p,w) = al(w)[az(w) 1n[ﬂf’w)] +%[ln(%fw)j) ]— y(w).
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In each case, B(w)and y(w) are positively linearly homogeneous functions of w.

Proof: Throughout the proof, omit the input prices as arguments to simplify the notation.

(@ K=1 £>0

&
g= (ﬁj : (A.41)
2
Direct integration leads to
&
=L || Z]| -5 (A.42)
I+ )\ o

q= (ﬁl . (ij B (A.43)
o @,

This is equivalent to the previous case with two power functions, so that

25 R SR
I+ )\ o I+& )\ o,

i. b. gli_l, 82:_1

&
g= (ﬁj + (ﬁ] . (A.45)
o p
Direct integration now leads to

() r)_
7[_[14‘81][051} +a21n(ﬂj V. (A.46)

Here, the constant of integration must take the form —(&, In S+ %), B,y 1° homogene-

ous if 7is to be 1° homogeneous.
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=% [ﬁl . (A.47)
p 45}
Once again, direct integration gives,
2
T =Y%e {m (iﬂ s (A.48)
o

which follows from

e e
e (g mloig])

Use the complex definitions for sine and cosine in Abramowitz and Stegun (1972, p. 71),

iii.

. 1 _
smx=—(elx —e ’x),
21

(A.51)
_ 1 x —Ix
Cos X —5(6 +e ),
where 7 =+/—1, to rewrite the supply function in the form
g
q= [ﬁ) |:l(en'ln(p/a2) _ e—n’ln(p/ocz))+ l(en'ln(p/az) + e—zrln(p/w,_))}
o 2 2 (A.52)

_ 1/20(1_81 [(1 _ l)az—n'pelﬂr +(1+ l)OtéTpgl —11]’

using the algebraic identity 1/1= — / 1 =—1 in the second line. Integrating yields
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7 =Y {(L] a,z—wp1+51+zr + (L] angel_”} _ B (AS53)

I+¢ +17 l+¢& —17

Now eliminate the complex terms in the denominator by using (a + tb)(a —b) = a* + b*,

B » ﬁgl o ﬁn’
7[_/{—(1+gl)2+12][0(1] [(l+g1 T z(1+gl+r))[azj

(A.54)
=T
+ (I+g-7-1(l+¢ +T))[£j ]—,B,
o
applying the algebraic identity 7 = —1. Group terms in , again using 7 = -1/,
&

= % L (1+& —7)cos| 7ln L

(I+g) +77 )\ o,
(A.55)

+ (1+¢ +T)sin(rln[0%]]}—ﬁ.
q:[gjl 0{2+[ln(0%nz | (A56)

Integrate the second term by parts twice, first using u = [ln (p/ey )]2 and v'=(p/es)",
& & 2
e\ 2) gy Y( 2 [ 2
I+ )\ o l+& )\ o 04
2 :
- L1 | L ap- B,
I+¢ o4 oy

and then using # =In(p/ey) and v' = (p/e,)",
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& 2
n:%{ﬁj 1+(1+81)2a2+{(1+81)1n(£)—1} ~ B (A58)

(I+&) o,

iii. b. & =—-1

2
g= [ﬁ] o +| In (ﬁj . (A.59)
P 28
Distribute the first term on the right-hand-side of the supply function and integrate,

3
r=aainp+ Y [m (aﬁﬂ "y (A.60)

3

which follows from

LSRG

The constant of integration must be such that the sum ¢, In p — ﬂ~ is 1° homogeneous.

Set ,3 =o,0, In B+ y, where [,y are arbitrary positive 1° homogeneous functions of w,

3
T=0;| o In (%j + (m [O%D —7. (A.62)

The remaining K=3 cases are linear combinations of the solutions for k=1 and 2. |
Remark: Sufficiency in each case can be shown simply by differentiating the profit func-
tion with respect to p.
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