
A foundation for the solution of consumption-saving

behavior with a borrowing constraint

and unbounded marginal utility

Eugenio S.A. Bobenrieth H.,

Departamento de Economı́a, Universidad de Concepción,

Concepción, Chile.

Juan R.A. Bobenrieth H.,
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Eugenio S.A. Bobenrieth H., Juan R.A. Bobenrieth H., and

Brian D. Wright

1. Introduction

The individual and aggregate effects of income shocks in the presence of borrowing con-

straints are issues in the study of economic implications of precautionary saving for the

macroeconomy. (See for example Deaton 1991, Krusell and Smith 1998, Lucas 2003). If

unemployment induces an atom at zero in the distribution of income realizations, and the

marginal utility is infinite at zero consumption, then expected marginal value of saving in the

invariant distribution is infinite. Standard strategies1 for numerical solution of the marginal

value function do not apply.

We prove ergodicity and the Strong Law of Large Numbers in a model of saving that

extends the model of Deaton (1991) to cases in which marginal value is unbounded. Based on

a uniform continuity argument, we show that a model of saving with bounded marginal value

can approximate the unbounded marginal value function and the quantiles of its invariant

distribution (but not its moments2), arbitrarily accurately, apart from any numerical error.3

Our results offer a foundation of a strategy for numerical solution of marginal values in cases

where they are unbounded, and for numerical derivation of the distributional implications

of precautionary savings in cases of this type.

1See for example Gustafson (1958), Wright and Williams (1984), Marcet (1988), Taylor and Uhlig (1990),

Judd (1998), Christiano and Fisher (2000), Miranda and Fackler (2002).
2Santos and Peralta-Alva (2005) obtain results on approximation of moments under additional restrictions

that include boundedness of the corresponding dynamical system.
3Our focus is on the convergence of the marginal value function and of the quantiles of its invariant

distribution in a sequence of models, rather than on the numerical approximation of the marginal value or

the quantiles of its invariant distribution, for a given model. Santos and Vigo-Aguiar (1998) and Santos

(2000) address numerical approximation with respect to a given model under strong assumptions regarding

concavity and interiority of the solution.
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2. The model

We address a standard model of intertemporal utility maximization by individuals with

income in the form of a single storable consumption commodity. Time is discrete.

The utility function of the representative individual U : R+ → R+, is continuous, once

continuously differentiable, strictly increasing and strictly concave, and satisfies U(0) =

0, U ′(0) = ∞, and limc→∞ U(c) < ∞. Define f ≡ U ′. Note that U(c) =
∫ c

0
f(υ) dυ.

Individual income is the exogenous i.i.d. sequence of random variables {ωt}t∈N with finite

mean µ. The support of ωt is either bounded, or unbounded above. Specifically, ωt has a

mixed discrete-continuous distribution with an atom at 0, and its support is either K ≡ [0, µ̄],

with 0 < µ̄ < ∞, or K ≡ [0,∞). The distribution of ωt is of the form αLd + (1 − α)Lc,

where α ∈ (0, 1), Ld is a discrete distribution that has an atom at 0, and Lc is an absolutely

continuous distribution, with continuous and strictly positive derivative m on the interior

of K. We denote by (S,F , P ) the underlying probability space for the random variables

{ωt}t∈N.

The individual has rational expectations and has a constant one period discount factor

δ, 0 < δ < 1. The total amount saved is x ≥ 0. Accumulated balances depreciate at rate

d, 0 ≤ d < 1. Given savings x, total resources available to the individual in the next period

are z′ ≡ (1 − d)x + ω′, where ω′ is next period’s income.

Given an infinite horizon, the Bellman equation for the surplus problem is:

ν(z) = max
x

{U(z − x) + δE[ν(z′)]}, (1)

subject to

z′ = (1 − d)x + ω′,

x ≥ 0, z − x ≥ 0,

where E[.] denotes the expectation with respect to next period’s income ω ′.

Standard results imply that ν is continuous and strictly increasing, and that the optimal

policy function x(z) is single valued, strictly increasing, and continuous. By Bobenrieth,

Bobenrieth and Wright (2006), ν is strictly concave. Consumption and marginal value are

given by the functions c(z) ≡ z − x(z), p(z) ≡ f(c(z)).
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The policy function satisfies the Euler condition:

p(z) ≥ δ(1−d)E[p((1−d)x(z)+ω′)], with equality if x(z) > 0 (2)

Given initial available resources z > 0, condition (2) implies that z ′ > 0 and x(z′) > 0,

and this arbitrage condition holds with equality in the current period and for the indefinite

future. Note that p(0) = f(0) = ∞.

Define available resources at time t as zt. Since x(zt) ≥ 0 and ωt+1 ≥ 0, a suitable

state space for available resources is Z ≡ [0,∞). Let B be the σ−field of Borel subsets

of Z. For the case where the support of ωt is bounded, let z̄ be the unique fixed point of

gµ̄(z) ≡ (1 − d)x(z) + µ̄.

If Ld has mass points of sizes {αk}k∈A with support {ak}k∈A (A ⊆ N), the transition

probability of available resources is given by:

Q = α
∑

k∈A

αkQk + (1 − α)Qc,

where:

Qk(z, B) ≡







1, if (1 − d)x(z) + ak ∈ B

0, if (1 − d)x(z) + ak /∈ B
for each k ∈ A, and

Qc(z, B) ≡
∫

B

m(z′ − (1 − d)x(z)) dz′, z ∈ Z, B ∈ B.

For t ∈ N, we define Qt(z, B) ≡
∫

B

Qt−1(y, B) Q(z, dy).

Let Φ be the Markov process of available resources, P(Z) the set of (Borel) probability

measures on Z, || · || the total variation norm on P(Z), and given any initial probability

measure γ0 ∈ P(Z), let

γ0Q
t(B) ≡

∫

Z

Qt(z, B)γ0(dz), B ∈ B,

so that γ0Q
t denotes the distribution of zt when z0 ∼ γ0.
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3. Results

We first establish ergodic properties of Φ, using definitions and results of Meyn and

Tweedie (1993) and Stachurski (2006).

Theorem.

(i) Φ is aperiodic and positive Harris recurrent. As a consequence, it is ergodic. Pre-

cisely, Q has a unique invariant probability measure γ∗, and for any initial condition

γ0 ∈ P(Z),

||γ0Q
t − γ∗|| → 0 as t → ∞.

(ii) Φ satisfies the Strong Law of Large Numbers. That is, if h is a Borel measurable real

valued function on Z and
∫

Z
|h(z)|γ∗(dz) < ∞, then

1

N

N−1
∑

t=0

h(zt) →
∫

Z

h(z)γ∗(dz) as N → ∞ P − a.s.,

where {zt}t≥0 is the process starting at z0 ∼ γ0.

Proof of the Theorem. Appendix A.

Let π∗ ≡ γ∗c
−1f−1 be the invariant probability measure for marginal value, and F∗ the

corresponding invariant distribution. Define pt ≡ p(zt).

Given a sequence of realizations {pt}t≥0, consider the empirical distributions:

FN(p, {pt}t≥0) ≡
#{0 ≤ t ≤ N − 1 : pt ∈ [0, p]}

N
, p ≥ 0, N ∈ N.

Given q, 0 ≤ q ≤ 1, define the empirical qth quantile corresponding to FN :

yq,N({pt}t≥0) ≡ min{p ≥ 0 : FN (p, {pt}t≥0) ≥ q},

and for the invariant distribution F∗, define the qth quantile:

yq,∗ ≡ min{p ∈ [0,∞] : F∗(p) ≥ q}.
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Consider a family of models parametrized by ε ≥ 0, the minimum of the support of income.

The income sequence {ω(ε)
t }t∈N is defined by ω

(ε)
t ≡ ωt + ε, with the common discount factor

δ and the common utility function U.

For the discussion that follows, it is convenient to use notation that recognizes the depen-

dence of the relevant elements upon given ε. Let x(ε) = x(ε)(z) denote the optimal policy

function in the corresponding Bellman equation (1), and c(ε)(z) ≡ z − x(ε)(z). For any given

s ∈ S, let {p(ε)
t (s)}t≥0 be the marginal value sequence induced by s. Furthermore, define

y
(ε)
q,N(s) ≡ yq,N({p(ε)

t (s)}t≥0).

For each ε ≥ 0, there is a unique stationary probability measure γ
(ε)
∗ , which is a global

attractor, and the corresponding Markov process of available resources Φ(ε) satisfies the

strong law of large numbers. π
(ε)
∗ ≡ γ

(ε)
∗ (c(ε))−1f−1 denotes the invariant probability measure

for marginal value, F
(ε)
∗ the corresponding distribution, and y

(ε)
q,∗ the qth quantile.

Standard results imply that the correspondence (z, ε) 7→ x(ε)(z) is continuous. There-

fore, given any sequence of positive numbers {εn}n∈N that converges to zero, {x(εn)(z)}n∈N

converges uniformly to x(0)(z), for z in any compact subset of R.

Define the inverse marginal value function z(ε) : (0,∞) → R+, z(ε)(p) ≡ (c(ε))−1(f−1(p)).

From the continuity of x(ε)(z) in (z, ε), for any sequence {εn}n∈N ↓ 0, the corresponding

sequence {z(εn)(p)}n∈N converges uniformly to z(0)(p) in [p,∞), for any p > 0. For ε > 0,

the Euler condition (2) allows for the possibility that savings are completely depleted, and

sup{z : x(ε)(z) = 0} > ε.

Using the continuity of (z, ε) 7→ x(ε)(z) we conclude that for any given sequence {εn}n∈N ↓
0, the corresponding sequence {p(εn)(z)}n∈N converges uniformly to p(0)(z) in [z,∞), for any

given z > 0. Further, we have the following Proposition regarding the convergence of the

empirical quantiles of the marginal value distribution to the quantiles of the corresponding

invariant distribution with ε = 0.

Proposition 1. Assume that the support of ωt is bounded. Given any β > 0 and any

q0, q1, 0 < q0 < q1 < 1, there exists ε = ε(β, q1) > 0 and a set Sε ⊆ S, with P (Sε) = 1 such

that given any s ∈ Sε there exists N1 = N1(β, ε, s, q0) ∈ N such that:

N ≥ N1 ⇒ sup
q∈[q0,q1]

∣

∣

∣
y

(ε)
q,N(s) − y(0)

q,∗

∣

∣

∣
< β.
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The same result holds if the support of ωt is unbounded, for d > 0.

Proof of Proposition 1. Appendix B.

Proposition 1 implies that it is possible to find ε > 0 such that a sufficiently large sample

of realizations of marginal values yields an empirical distribution with quantiles that approx-

imate those of the invariant distribution of the model with unbounded marginal value, with

uniform degree of accuracy β.

Note that the strong law of large numbers for Markov chains and the facts that for a given

ε > 0 the expectation of the invariant distribution, E
π

(ε)
∗

(p), is finite, and that E
π

(0)
∗

(p) = ∞,

imply that the sample average of {p(ε)
t }t≥0 does not converge on E

π
(0)
∗

(p).

Proposition 2. For any fixed ε > 0 there exists a set Sε, Sε ⊆ S, with P (Sε) = 1, such that

for any given s ∈ Sε, and for sufficiently large sample size N ∈ N, the difference:

∑N−1
t=0 p

(0)
t (s)

N
−

∑N−1
t=0 p

(ε)
t (s)

N
becomes arbitrarily large.

Proof of Proposition 2. Appendix B.

The continuity results presented above furnish a foundation for a strategy for the nume-

rical solution of the model with a mass point at 0 and f(0) = ∞. One can approximate

p(0)(z), x(0)(z), and c(0)(z) arbitrarily accurately on [z,∞), z > 0, for some ε > 0 as follows.

One can select a standard numerical specification of the model with a discretized version of

the income distribution, translated such that the first mass point is at ε > 0. To obtain a

numerical solution for p(0)(z), x(0)(z), c(0)(z), one can use the fact that the solution of this

model with ε > 0 approximates the solution of its counterpart with ε = 0. The solution is

arbitrarily exact, in the sense that the saving function x(0)(z) and the inverse marginal value

function z(0)(p) can be approximated uniformly, with arbitrary degree of accuracy, apart

from any numerical error associated with approximating the solution of the model for ε > 0.

By Proposition 1, simulation of a numerical model following the above strategy yields an

empirical distribution that approximates the quantiles of the invariant distribution of p(0)(z)

arbitrarily exactly.



7

By Proposition 2, for any fixed ε > 0, with probability one the difference

∑N−1
t=0 p

(0)
t (s)

N
−

∑N−1
t=0 p

(ε)
t (s)

N
becomes arbitrarily large for large N ∈ N. However, the expectation E

π
(ε)
∗

(p)

goes to E
π

(0)
∗

(p), as ε goes to zero. In fact, lim
ε→0

E
π

(ε)
∗

(p) = ∞ = E
π

(0)
∗

(p). The function

ε 7→ E
π

(ε)
∗

(p) is continuous at ε = 0 with respect to the chordal metric4 in the codomain

[0,∞].

EXAMPLE: We now present an illustrative numerical example, with bounded income su-

pport.5 Marginal utility is given by f = 1/
√

c, with δ = 1/1.05 and d = 0. The distribution

of ωt has one atom, at 0, of size 0.1. The continuous part of the distribution of ωt is uniform,

discretized by 90 equally spaced and equally weighted points, in (0, 1]. We consider 6 values

of ε : 0.1, 0.01, 0.001, 0.0001, 0.00001, and 0.000001, with ω
(ε)
t ≡ ωt + ε.

For ε in a neighborhood of zero, the marginal value of savings for x > 0 is a highly

nonlinear function of z. To approximate the latter function (for a given ε > 0) accurately

using numerical methods, we express the logarithm of the marginal value of savings as a

Chebyshev polynomial function of the logarithm of x+ ε, where the order of the polynomial

is equal to the number of points at which the function is evaluated, minus one.

Basic statistics for our results are reported in Table 1. The threshold of the marginal value

function for positive saving is given by p(ε) ≡ δEp(ε)[ω(ε)]. We calculate a lower bound for p(ε)

as δEf [ω(ε)]. For each value of ε, we simulate the model for 100, 000 time periods (starting

at marginal value equal to the threshold p(ε)) obtaining marginal net returns on savings with

averages all less than 0.12 percent (in absolute value).6 Figures 1 and 2 report the marginal

4The real line R can be embedded in (S1−(north pole)) by a stereographic projection, and the unit circle

S1 is the one-point compactification of R. Using this projection, the chordal metric in the extended real line

is given by d(z1, z2) =
2|z1 − z2|

[(1 + z2

1
)(1 + z2

2
)]1/2

, z1, z2 ∈ R, d(z,∞) =
2

(1 + z2)1/2
, z ∈ R. See for example,

Dugundji (1966, pp. 242-246), and Conway (1978, p.9).
5The boundedness of income implies that we can restrict our attention to a bounded space for available

resources, without loss of generality.

6We calculate the averages considering only observations associated with positive savings.
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value functions and the empirical distributions, respectively.7 The cases corresponding to

ε ≤ 0.001 are indistinguishable in the figures.

4. Conclusion

In this paper we have provided the basis for a numerical strategy for approximation of the

marginal value, and approximation of its invariant distribution, for a model of saving in which

marginal value is unbounded. We have focused on the case in which discounted marginal

value is a submartingale. We conjecture that the same approach can be implemented for

stationary cases with bounded income support where the accumulated balance appreciates

(for examples, see Schechtman and Escudero 1977, Deaton 1991), and that extensions of the

approach presented in this paper might be applied to a broader class of models, using the

methods described in Mirman, Morand and Reffett (2002).

Appendix A.

Proof of the Theorem.

(i) First we prove that Φ is ϕ−irreducible for some non-trivial measure ϕ. For the case in

which the support of ωt is K = [0, µ̄], note that for each z ∈ Z and for each t ∈ N the

support of zt conditional on z0 = z is the interval [gt
0(z), gt

µ̄(z)], where g0(z) ≡ (1 − d)x(z)

and gµ̄(z) ≡ (1− d)x(z) + µ̄. Let λ be the Lebesgue measure on (Z,B). Since gt
0(z) → 0 and

gt
µ̄(z) → z̄ (as t → ∞), we conclude that if λ(B ∩ [0, z̄]) > 0, B ∈ B, then given z ∈ Z, there

exists n ∈ N such that Prob[zn ∈ B|z0 = z] > 0. For the case where the support of ωt is

K = [0,∞), observe that for each z ∈ Z and for each t ∈ N the support of zt, conditional

on z0 = z, is [gt
0(z),∞). It follows that given λ(B) > 0, B ∈ B, and z ∈ Z, there exists

n ∈ N such that Prob[zn ∈ B|z0 = z] > 0. In both cases, we use the assumption that the

derivative m of the absolutely continuous part of the distribution of ωt is strictly positive on

the interior of K.

7To be able to show the marginal utility function in Figure 1, we truncate its domain from a strictly

positive value. Given the differences in marginal values for the cases we consider, the domain in Figure 2 is

adjusted in order to show together all of the cases.
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Second we prove that Φ possesses a small set C. (See for example Meyn and Tweedie,

1993, p.106). Moreover, we prove that the drift condition
∫

Z

V (z′)Q(z, dz′) − V (z) ≤ −1 + b
�

C(z), ∀ z ∈ Z, (3)

holds for some b < ∞ and some nonnegative Borel measurable function V which is bounded

on C. The proof for the case of unbounded support of ωt is taken from Stachurski (2006).

Consider the unique fixed point ẑ of the function gµ+ζ(z) ≡ (1−d)x(z)+µ+ζ, where µ is the

first moment of ωt, and ζ is a strictly positive number which, in the bounded case, is such

that µ+ζ < µ̄. Let C ≡ [0, ẑ], and take V (z) ≡ z/ζ. If z /∈ C then (1−d)x(z)+µ+ζ < z, and

therefore
∫

Z
V (z′)Q(z, dz′) − V (z) < −1. Since C is compact and

∫

Z
V (z′)Q(z, dz′) − V (z)

is continuous in z, there exists b < ∞ such that
∫

Z
V (z′)Q(z, dz′) − V (z) ≤ −1 + b. This

proves the drift condition (3). It remains to verify that C = [0, ẑ] is %−small for some

nontrivial measure %. Pick any ξ > 0 such that (1−d)x(ẑ)+ ξ < ẑ. If we denote σ(zt|z0 = z)

as the support of zt conditional on z0 = z, by the argument for irreducibility there exists

n ∈ N such that σ(zt|z0 = z) strictly contains I ≡ [(1 − d)x(ẑ) + ξ, ẑ], ∀ t ≥ n, ∀ z ∈ C,

where n does not depend on z. For the case where the support of ωt is bounded we use

the fact that there exists n ∈ N such that gt
µ̄(0) > ẑ, ∀ t ≥ n, and therefore gt

µ̄(z) > ẑ,

∀ t ≥ n, ∀ z ∈ C. For the case where the support of ωt is unbounded, n = 1. Furthermore,

if υz = υz(zn) is the derivative of the absolutely continuous part of zn conditional on z0 = z,

then υz(zn) > 0, ∀ zn ∈ I, ∀ z ∈ C. For the case where the support of ωt is unbounded,

υz(zn) = υz(z1) = m(z1 − (1 − d)x(z)). For the case where the support of ωt is bounded:

υz(zn) =

∫

Z

· · ·
∫

Z

m(zn − (1 − d)x(zn−1)) · · ·m(z1 − (1 − d)x(z)) dzn−1 · · ·dz1.

Since υz(zn) > 0, ∀ (z, zn) ∈ C× I and υz(zn) is continuous in (z, zn) ∈ C× I, there exists

a real constant κn > 0 such that υz(zn) ≥ κn, ∀ (z, zn) ∈ C × I. Therefore, for any z ∈ C

and for any B ∈ B,

Prob[zn ∈ B|z0 = z] ≥ (1 − α)n

∫

B

υz(zn) dzn ≥ (1 − α)n

∫

B∩ I

υz(zn) dzn

≥ (1 − α)nκnλ(B ∩ I).

Let be %n the non-trivial measure in (Z,B) defined by %n(B) ≡ (1−α)nκnλ(B ∩ I). Then

C is %n−small. Note that C is also %t−small, for all t ≥ n, where %t = dt%n, for some dt > 0.
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Therefore Φ is aperiodic (see Meyn and Tweeedie, 1993, pp. 116-118). Furthermore, by

Theorem 11.3.4 in Meyn and Tweeedie (1993, p. 265), Φ is positive Harris recurrent. As a

consequence, by Theorem 13.3.3 in Meyn and Tweeedie (1993, p. 323), Φ is ergodic.

(ii) Since Φ is a positive Harris chain, by Theorem 17.1.7 in Meyn and Tweeedie (1993, p.

416), Φ satisfies the Strong Law of Large Numbers. Q.E.D.

Appendix B.

For the proof of Proposition 1, we have four preliminary results.

Lemma 1. Given any ε ≥ 0, and given any measurable set D ⊆ f(c(ε)(Z)),

lim
N→∞

#{0 ≤ t ≤ N − 1 : p
(ε)
t (s) ∈ D}

N
= π(ε)

∗ (D), a.s. s ∈ S.

Proof. The result follows immediately from the Strong Law of Large Numbers (Theorem,

part (ii)). Q.E.D.

Lemma 2. Given any ε ≥ 0,

lim
N→∞

[

sup
p∈[0,∞]

∣

∣

∣
FN(p, {p(ε)

t (s)}t≥0) − F (ε)
∗ (p)

∣

∣

∣

]

= 0, a.s. s ∈ S.

Proof. Since ε ≥ 0 is fixed in this lemma, we will not use notation that recognizes the

dependence on ε in this proof. By Lemma 1, for any p ≥ 0, there exists a set S(p) ⊆ S

of P−measure one, such that limN→∞ FN (p, {pt(s)}t≥0) = F∗(p), ∀ s ∈ S(p). Given any

s ∈
⋂

p∈Q+ S(p), the sequence of distributions p 7→ FN (p, {pt(s)} t≥0) (N ∈ N) converges

pointwise to the distribution p 7→ F∗(p) for any rational number p. We conclude that

{FN(·, {pt(s)}t≥0)}N∈N converges pointwise to F∗ for each continuity point of F∗. If ε = 0, F∗

has no discontinuity points. If ε > 0, F∗ has a countable set of discontinuity points. Let D
be the set of atoms of F∗. For each atom d ∈ D, by Lemma 1 we conclude that:

FN (d±, {pt(s)}t≥0) → F∗(d
±) (as N → ∞) for all s in a set Ŝd ⊆ S of P−measure one.

Therefore, ∀ s ∈
(

⋂

p∈Q+ S(p)
)

⋂

(

⋂

d∈D Ŝd

)

,



11

lim
N→∞

[

sup
p∈[0,∞]

|FN(p, {pt(s)}t≥0) − F∗(p)|
]

= 0. Q .E .D .

Lemma 3. For ε > 0, and for any q0, 0 < q0 < 1,

lim
N→∞

[

sup
q∈[q0,1]

∣

∣

∣
y

(ε)
q,N(s) − y(ε)

q,∗

∣

∣

∣

]

= 0, a.s. s ∈ S,

and for ε = 0, and for any q0, q1, 0 < q0 < q1 < 1,

lim
N→∞

[

sup
q∈[q0,q1]

∣

∣

∣
y

(0)
q,N(s) − y(0)

q,∗

∣

∣

∣

]

= 0, a.s. s ∈ S.

Proof. Since ε ≥ 0 is fixed in this lemma, we will not use notation that recognizes the

dependence on ε in this proof. Let q0, q1, 0 < q0 < q1 < 1. Given any s ∈ S the functions

ϕN : [q0, 1] → R, ϕN(q) ≡ yq,N(s) (N ∈ N) are increasing, and the function ϕ∗ : [q0, 1] →
[yq0,∗

, f(ε)], ϕ∗(q) ≡ yq,∗, is continuous. To conclude that for ε > 0,

lim
N→∞

[

sup
q∈[q0,1]

|ϕN(q) − ϕ∗(q)|
]

= 0,

and for ε = 0,

lim
N→∞

[

sup
q∈[q0,q1]

|ϕN(q) − ϕ∗(q)|
]

= 0,

it suffices to prove that the sequence {ϕN}N∈N converges pointwise to ϕ∗.

We now prove pointwise convergence. If q = 1, then y1,∗ = f(ε), and y1,N(s) = max{p0(s),

p1(s), · · · , pN−1(s)}, ∀N ∈ N. Since with probability one there exists a subsequence {ptk(s)}k

such that ptk(s) ↑ f(ε), we conclude that limN→∞ y1,N(s) = y1,∗, a.s. s ∈ S.

Let q ∈ [q0, 1), and β > 0. Since the support of F∗ is an interval, F∗(yq,∗ + β) > q. By

Lemma 2, for any s in a set of P−measure one, limN→∞ FN(p, {pt(s)}t≥0) = F∗(p), ∀ p ≥ 0.
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In particular, limN→∞ FN(yq,∗ + β, {pt(s)}t≥0) = F∗(yq,∗ + β). Therefore, ∃ N1 ∈ N such

that:

N ≥ N1 ⇒ FN(yq,∗ + β, {pt(s)}t≥0) > q, implying that yq,N(s) ≤ yq,∗ + β. Similarly, since

F∗(yq,∗ − β) < q we conclude that ∃ N2 ∈ N such that:

N ≥ N2 ⇒ yq,N(s) > yq,∗ − β. Taking N3 ≡ max{N1, N2}, we have N ≥ N3 ⇒
|yq,N(s) − yq,∗| ≤ β. Q.E.D.

Lemma 4. Assume that the support of ωt is bounded. Let {εn}n∈N be any sequence of pos-

itive numbers that converges to zero. The sequence of the corresponding invariant measures

{π(εn)
∗ }n∈N converges weakly to π

(0)
∗ , as n → ∞. The corresponding sequence of distributions

{F (εn)
∗ }n∈N converges uniformly to F

(0)
∗ . As a consequence, for any q1 ∈ [0, 1),

lim
εn→0

[

sup
q∈[0,q1]

∣

∣y(εn)
q,∗ − y(0)

q,∗

∣

∣

]

= 0.

The same result holds for the case in which the support of ωt is unbounded, for d > 0.

Proof. First consider the case where the support of ωt is bounded. Take 0 < z0 < ∞ fixed

(the same for all ε ≥ 0). Then the function that yields the supremum of the support of

z
(ε)
t+1 is gµ̄+ε(zt) ≡ (1 − d)x(ε)(zt) + µ̄ + ε. From the facts that given any ε ≥ 0 there exists

a unique fixed point z(ε) of gµ̄+ε, and that gµ̄+ε(z) < z for all z > z(ε), we conclude that

z
(ε)
t ≤ max{z0, z

(ε)} for all t ≥ 0. Then a suitable state space is Z̃(ε) ≡ [0, max{z0, z
(ε)}].

Standard results imply that the correspondence (z, ε) 7→ x(ε)(z) is continuous. Therefore,

for ε in a neighborhood of zero, we can define a common compact state space Z̃. Observe

that if h : Z̃ → R is continuous, then
∫

Z̃
h(z′) Q(ε)(z, dz′) = α

∑

k∈A αkh((1 − d)x(ε)(z) +

ak + ε) + (1−α)
∫ µ̄

0
h((1− d)x(ε)(z) + ε+ ω)m(ω) dω depends continuously on (z, ε), where

Q(ε) denotes the transition probability of available resources, for the model with ε ≥ 0.

Indeed, the series
∑

k∈A αkh((1 − d)x(ε)(z) + ak + ε) is uniformly convergent in (z, ε) since
∣

∣

∑n

k=m αkh(x(ε)(z) + ak + ε)
∣

∣ ≤
∑n

k=m αk · max{|h(z)| : z ∈ Z̃}. Theorem 12.13 in Stokey,

Lucas, with Prescott (1989, p.384) implies that {γ(εn)
∗ }n∈N converges weakly to γ

(0)
∗ , and

hence {π(εn)
∗ }n∈N converges weakly to π

(0)
∗ , as n → ∞. Since the corresponding distribution

F
(0)
∗ has no atoms, {F (εn)

∗ }n∈N converges uniformly to F
(0)
∗ . By an argument similar to the

proof of Lemma 3, we conclude that
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lim
εn→0

[

sup
q∈[0,q1]

∣

∣y(εn)
q,∗ − y(0)

q,∗

∣

∣

]

= 0.

The case where the support of ωt is unbounded (i.e. K = [0,∞)) and d > 0 is proved in

Le Van and Stachurski (2006, pp. 11-13). Q.E.D.

Proof of Proposition 1. The proposition is a consequence of Lemma 3 and Lemma 4.

For the proof of Proposition 2, we have a preliminary result:

Lemma 5. Given any ε ≥ 0,

lim
N→∞

∑N−1
t=0 p

(ε)
t (s)

N
= E

π
(ε)
∗

(p), a.s. s ∈ S.

Proof. Since ε ≥ 0 is fixed in this lemma, we will not use notation that recognizes the

dependence on ε in this proof. If ε > 0, for any s ∈ S, the marginal value sequence

{pt(s)}t≥0 is uniformly bounded. Hence, by the Strong Law of Large Numbers (Theorem,

part (ii)),

lim
N→∞

∑N−1
t=0 pt(s)

N
= Eπ∗

(p), a.s. s ∈ S.

If ε = 0, the sequence {pt(s)}t≥0 is not uniformly bounded. For each n ∈ N consider a

continuous function φn : f(c(Z)) → R with φn(p) = p if p ≤ n, and φn(p) = 0 if p ≥ n + 1.

By the Strong Law of Large Numbers (Theorem, part (ii)),

lim
N→∞

∑N−1
t=0 φn(pt(s))

N
=

∫

f(c(Z))

φn(p) π∗(dp), , a.s. s ∈ S.

The argument of the proof of Corollary 2 in Bobenrieth, Bobenrieth and Wright (2002,

p.1218) implies that:

lim
n→∞

∫

f(c(Z))

φn(p) π∗(dp) =

∫

f(c(Z))

p π∗(dp) = ∞.



14

For each n ∈ N and N ≥ 1,

∑N−1
t=0 pt(s)

N
≥

∑N−1
t=0 φn(pt(s))

N
, and therefore

lim
N→∞

∑N−1
t=0 pt(s)

N
= ∞ = Eπ∗

(p), a.s. s ∈ S. Q .E .D .

Proof of Proposition 2. The proposition is a consequence of Lemma 5, and the facts that

E
π

(0)
∗

(p) = ∞ and E
π

(ε)
∗

(p) < ∞ for ε > 0. Q.E.D.
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Table 1. Numerical Example.

Minimum of Threshold Marginal Lower Bound Threshold Resources Average Marginal

the Support Value, p(ε) for p(ε) ,
(

p(ε)
)−1

(p(ε)) Net Return

of Income, ε δEf [ω(ε)] on Savings (%)

0.1 1.6552 1.5466 0.3650 0.0598

0.01 2.6446 2.4650 0.1430 0.0439

0.001 4.7877 4.5894 0.0436 0.0481

0.0001 11.3183 11.1099 0.0078 0.1111

0.00001 31.9502 31.7039 0.0010 0.1137

0.000001 97.1326 96.8252 0.0001 -0.0808
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Figure 1. Marginal Utility and Marginal Value Functions
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Figure 2. Empirical Marginal Value Distributions
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