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assessment model of climate change. The sign and magnitude of the impact depend
on preference characteristics and on how damages scale with production. We explain
the different mechanisms driving optimal mitigation under certain growth, under un-
certain technological progress in the discounted expected utility model, and under
uncertain technological progress in a more comprehensive asset pricing model based
on Epstein-Zin-Weil preferences. In the latter framework, the dominating uncertainty
impact has the opposite sign of a deterministic growth impact; the sign switch results
from an endogenous pessimism weighting. All of our numeric scenarios use a DICE
based assessment model and find a higher optimal carbon tax than the deterministic
DICE base case calibration.
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1 Introduction

The paper analyzes, numerically and analytically, the consequences of growth un-
certainty for climate policy in a stochastic integrated assessment. Economic growth
is one of the most important determinants of optimal greenhouse mitigation. First,
ceteris paribus, economic growth increases carbon emissions in the future. These emis-
sions accumulate in the atmosphere, cause damages for centuries, and aggravate the
marginal damage resulting from of a ton of carbon released today. Second, economic
growth increases expected future wealth, which makes current generations less willing
to sacrifice consumption today to fight future damages from climatic change. Deter-
ministic integrated assessment models usually treat climate change policy as a sure
redistribution from the poor to the rich. Nordhaus’s (2008) widespread integrated
assessment model DICE illustrates this point: even in the absence of any climate
policy, the generations living in the year 2100 are five times richer than those living
today. Thus, a high propensity to smooth consumption over time (or generations)
implies a low optimal carbon tax.

At the same time, economic growth predictions for the far future are highly un-
certain. Today’s optimal investment into mitigation depends on the co-evolution and
interaction of the climate and the economy over centuries. The macroeconomic mod-
els underlying integrated assessment extrapolate growth from the past century into
the long-run future. We currently cannot foresee whether the explosive growth of the
last century will last. Nor can we exclude that growth accelerates further. The cur-
rent paper is the first to analyze the consequences of long-run growth uncertainty on
optimal mitigation policy in an integrated (stochastic dynamic programming) model
of the climate and the economy. We quantify the implications of uncertainty using
a stochastic version of the DICE model (Nordhaus 2008, Traeger 2012), while our
analytic discussion of the underlying mechanisms uses more general functional forms.

The integrated assessment literature predominantly addresses uncertainty by av-
eraging deterministic Monte-Carlo runs (Richels et al. 2004, Hope 2006, Nordhaus
2008, Dietz 2009, Anthoff et al. 2009, Anthoff & Tol 2009, Ackerman et al. 2010, In-
teragency Working Group on Social Cost of Carbon 2010, Pycroft et al. 2011, Kopp
et al. 2012). This first approximation to stochastic analysis can be misleading when
deriving optimal policies (Crost & Traeger 2013). Nordhaus (2008, 2011) addresses
growth uncertainty along a business as usual trajectory employing the Monte-Carlo
approach. His analysis suggests that growth uncertainty reduces the optimal mitiga-
tion effort. In contrast, our stochastic analysis shows that growth uncertainty slightly
increases optimal mitigation when using DICE’s standard preference structure. The
critical assumption in the DICE model driving this effect is prudence and the relation
between damages and production. Prudence measures the decreases of risk aversion
in income. Under growth uncertainty, the prudent agent always invests more into
produced capital. However, investment in emission reductions (climate capital) only
increases if prudence dominates the production elasticity of damages.

The standard discounted expected utility model entangles intertemporal consump-
tion smoothing with risk aversion, thus, assuming a form of intertemporal risk neu-
trality (Traeger 2009, 2013). Epstein-Zin-Weil preferences disentangle intertemporal
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consumption smoothing from risk aversion. First, such a disentanglement allows us to
separately identify the effects of consumption smoothing and risk aversion. Second,
Epstein-Zin-Weil preferences improve the calibration to observed discount rates and
risk premia (Vissing-Jorgensen & Attanasio 2003, Bansal & Yaron 2004, Bansal et al.
2010, Nakamura et al. 2010, Chen et al. 2011, Bansal et al. 2012), both of which are
highly relevant for an assessment of climate policy under uncertainty. We find that
in the more comprehensive asset pricing framework, growth uncertainty has a much
stronger impact on the optimal carbon tax. Using the same propensity to smooth
consumption over time as in the DICE base case, growth uncertainty increases the
carbon tax between 20% and 45%, depending on whether shocks are iid or (mod-
erately) persistent. However, the corresponding asset pricing literature finds that
disentangled estimates of consumption smoothing are much lower than assumed in
the DICE model. Using this lower estimate, growth uncertainty decreases the op-
timal carbon tax between 15% and 30%. An endogenous pessimism weight drives
these much larger uncertainty corrections in the more comprehensive asset pricing
framework. The reduction of the consumption smoothing preference also reduces
the hesitation of current generations to clean up the environment for richer future
generations. The uncertainty effect in the Epstein-Zin-Weil setting has the opposite
sign of this deterministic consumption smoothing effect. While partially offsetting
each other, the deterministic consumption smoothing effect dominates, and all of our
quantitative simulations give rise to an optimal carbon tax above the DICE base case
level.

Growth uncertainty is also the formal underpinning of Weitzman’s (2001) work on
falling discount rates for climate change evaluation, which influenced the British Trea-
sury to adopt falling discount rates for the long-term impact of its legislation (Trea-
sury 2003). Weitzman’s reasoning assumes permanent uncertainty over the growth
rate without learning. Our model implements moderately persistent shocks on the
growth rate with rational, anticipated learning. Two recent papers investigate short
term deviations from the growth trend in a climate change context. Heutel (2011)
studies how optimal unilateral carbon emission reductions by the US vary with the
business cycle. Fischer & Springborn (2011) compare labor and output responses
to business cycles under different climate policy instruments such as taxes and quo-
tas. Both papers assume stationarity and use (log-)linearizations around the steady
state to solve their models. In contrast, we analyze long-term growth uncertainty
and solve the full non-linear off-equilibrium dynamics for different isoelastic prefer-
ence specifications. Our analytic discussion extends beyond the class of isoelastic
preferences and particular damage specifications. Traeger (2013) presents a social
discounting model for isoelastic preferences suggesting that growth uncertainty has a
negligible climate policy impact under entangled expected utility preferences, but a
potentially much larger impact under Epstein-Zin-Weil preferences. Baker & Shittu
(2008) review the largely theoretical literature on endogenous and often uncertain
technological improvements of climate-friendly technologies. Their findings support
the use of numerical integrated assessments for technological uncertainty questions,
because theoretical results are often ambiguous or dependent on highly stylized mod-
els.
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Our numeric setting is closest to the projection method approach introduced to
integrated assessment by Kelly & Kolstad (1999). To increase numeric efficiency and
precision, our model reduces the state space and renormalizes the DICE equations
to effective labor units. To employ the Epstein-Zin-Weil coefficients estimated in the
long-run risk literature, we employ a one year time step (in an infinite time horizon).
These changes to DICE are discussed in detail in Traeger (2012) and briefly summa-
rized in Appendix D. Crost & Traeger’s (2010) analysis of damage uncertainty comes
closest to our application. Those authors discuss in more detail the consequences of an
Epstein-Zin-Weil-based preference calibration for climate change assessment. These
calibration effects are distinct (and mostly opposite in sign) from the growth uncer-
tainty implications of Epstein-Zin-Weil preferences discussed in the current paper.
Other applications of similar frameworks using the discounted expected utility model
include Leach (2007), Kelly & Tan (2013), and Jensen & Traeger (2013) who ana-
lyze uncertainty over climate sensitivity, and Lemoine & Traeger (2013f) and Lontzek
et al. (2012) who analyze tipping points in the climate system.

Bansal & Yaron (2004) establish the long-run risk model as a prominent explana-
tion of the equity premium and the risk-free rate puzzles, employing persistent shocks
on consumption (and dividends) in combination with Epstein-Zin-Weil preferences
(Epstein & Zin 1989, Weil 1990, Epstein & Zin 1991). Our stochastic Ramsey-Cass-
Koopmans growth model, introduced by Brock & Mirman (1972), is still a “workhorse
of modern macroeconomics” (Arouba et al. 2006). In such a production economy,
Kaltenbrunner & Lochstoer (2010) confirm that technology shocks generate the long-
run consumption uncertainty assumed in Bansal & Yaron (2004). Nakamura et al.
(2012) investigate consumption disasters (large, instantaneous and persistent drops in
output) using Epstein-Zin-Weil preferences and Nakamura et al. (2012) lend further
empirical support to these disentangled preferences in combination with persistent
shocks. More generally, the macroeconomic literature answers a vast array of policy
questions with related models, including the effects of tax changes on capital income
in an open economy (Chatterjee et al. 2004), or the division of risk between capital
and labor in a stochastic Romer model (Turnovsky & Smith 2006).

2 Model and Welfare Specification

Our integrated assessment model combines a growing Ramsey-Cass-Koopmans econ-
omy with a simple climate model. It is based on the widespread DICE model by
Nordhaus (2008) and its stochastic dynamic programming implementation following
Kelly & Kolstad (1999) and Traeger (2012). Figure 1 gives a graphical illustration.
Production follows a Cobb-Douglas combination of technology (A;), man-made cap-
ital (K;) and exogenous labor (L;). Production causes emissions that accumulate
in the atmosphere, where they change the Earth’s energy balance and cause global
warming. Temperatures above the level of 1900 (7}) reduce future production. To
limit future losses the decision-maker reduces emissions. The abatement rate u is
the share of the business as usual emissions that are cut with respect to a laissez-
faire regime. We follow DICE in measuring the cost of abatement A(u) as a share of
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Figure 1 is an abstract representation of the climate-enriched economy model. The control variables
consumption and abatement as well as the ‘residual’ investment are represented by dashed rectan-
gles. The main state variables are depicted by solid rectangles. The green color indicates that the
technology level is uncertain.

production. Abatement costs are convex in the abatement rate and they fall exoge-
nously over time. The net production available for consumption and investment into
man-made capital is

1 — Ay(p1r)

Y, —
0 T?

(AiL)' K[ (1)

The damages b;T? are quadratic in temperatures but (approximately) linear in pro-
duction. The damage dependence on production will play a major role in character-
izing the impact of growth uncertainty on optimal abatement. Our numeric analysis
solves for the optimal investment and abatement decisions. Our analytic discussion
derives a formula for the optimal marginal abatement cost and, thus, the abatement
rate p. In the following, we discuss in detail uncertain technological progress, welfare,
and the Bellman equation. Appendix D gives further model details.

2.1 Growth Uncertainty

The rate of technological progress is uncertain. The technology level enters the Cobb-
Douglas production function and determines the overall productivity of the economy.
A shock in the growth rate permanently affects the technology level in the economy.
The technology level A, in the economy follows the equation of motion?

Apy1 = Agexp [Gae] With  ga, = gao*exp[—dat] + 2 . (2)

The deterministic part of the stochastic growth rate g4 decreases over time at rate
d4 as in the original DICE-2007 model.?> We add a stochastic shock Z;, which is either
identically and independently distributed (iid) or persistent.

20ur numerical values correspond to the more widely used labor-augmenting formulation of tech-
nological progress. Given Cobb-Douglas production, it is formally equivalent to Nordhaus (2008)
formulation, but also leads to balanced growth also in the case of more general production specifi-
cations.

3We approximate all exogenous processes in DICE by their continuous time dynamics and eval-
uate them at a yearly step.
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Figure 2 shows the expected draw and the 95% confidence intervals for technology time paths based
on 1000 random draws of technology shock Z time paths with oz = 2 * g4,0. The dotted lines are
the confidence intervals for an AR(1), while the dashed lines correspond to iid shocks.

Our first set of simulations analyzes the consequences of an iid shock
Zp ™~ N(uma,g) :

We base the variance o2 somewhat loosely on Kocherlakota’s (1996) observation for
the last century of US data, that the standard deviation of consumption growth is
about twice its expected value and set the standard deviation at twice the initial
growth rate (o, = 2 % gao ~ 2.6%). We fix the mean of the growth shock so
that expectations over future technology level coincide with the evolution in the
certain scenario (see Appendix E for detailed calculations).” Figure 2 illustrates the
future technology level under expected growth in solid green, and the 95% (simulated)
confidence interval under iid growth shocks in dashed blue. In expectation, and in the
deterministic model, the productivity level of the economy increases roughly threefold
over the 100 year time horizon.

In a modification, we analyze the consequences of persistence in the growth shock.
While our shocks always have a persistent effect on the technology level, persistence
in the growth shock implies that the growth rate itself is intertemporally correlated.
Persistent shocks are employed by the finance literature explaining the equity pre-
mium and the risk-free rate puzzle (Bansal & Yaron 2004, Kaltenbrunner & Lochstoer

4The rate of technological progress drives consumption growth in the Ramsey-Cass-Koopmans
economy. Our decision-maker can smooth the effect of technology shocks using capital to smooth
consumption. Moreover the steady state consumption growth rate also depends on deterministic
population growth. Thus, our model is not build to reproduce or calibrate consumption fluctuations.
We merely take the above reasoning as a proxy for a relevant order of magnitude.

5The technology level in period ¢ +1 is lognormally distributed. A mean zero shock of the growth
rate would, by Jensen’s inequality, imply an increase in the expected next period technology level.
Setting E[Z] = —02(2)/2 in every period implies that the Ay, expectation equals its deterministic
part for all 7 > 0 (see Appendix E).
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2010). Here, we think of the persistent shock as a more fundamental uncertain change
affecting technological progress, e.g., times of economic crisis, international conflict,
fundamental innovations or the absence thereof. The theoretical literature has estab-
lished that persistent shocks imply decreasing social discount rates over time (Weitz-
man 1998, Azfar 1999, Newell & Pizer 2003). We model persistence in form of an
AR(1) process

Zy =T +1v; where 3)
Ty ~ N(pte, o) and
Jo = Cy1 + & with & ~ N (pe,07) .

Choosing the standard deviations o, = 0, = v/2%g¢ 4,0 once again results in a standard
deviation of the overall shock z; of twice the initial growth rate. Our second specifi-
cation coincides with the first in the case of vanishing persistence ¢ = 0, and positive
persistence increases long-run uncertainty. We fix the mean values by requiring that
the expected technology path once again corresponds to the one under certainty, now
conditional on 1y = 0. Our simulations assume that 50% of the e-shock carries over
to the growth rate of the next year: ¢ = 0.5. The dotted lines in Figure 2 represent
the 95% (simulated) confidence interval for the technology levels over the next 100
years under such persistent growth shocks. While modeling an even higher persistence
would be desirable, a random walk in the growth rate (instead of a mean reverting
process) is a serious numerical challenge in an infinite horizon dynamic programming
model. Persistence of the shock adds significantly to this challenge. We will show
that even our rather moderate persistence has clear implications for optimal climate

policy.

2.2 Welfare and Bellman Equation

The decision-maker maximizes her value function subject to the constraints imposed
by the climate-enriched economy. We formulate the decision problem recursively
using the Bellman equation. This recursive structure facilitates the proper treatment
of uncertainty and the incorporation of comprehensive risk preferences. The relevant
physical state variables describing the system are capital K, atmospheric carbon M;,
and the technology level A;. In addition, time ¢ is a state variable that captures
exogenous processes including population growth, changes in abatement costs, non-
industrial GHG emissions, and temperature feedback processes. Finally, in the case of
persistent shocks, the state d; captures the persistent part of last period’s shock that
carries over to the current period. We first state the Bellman equation for standard
preferences, i.e., the time additive expected utility model:

Lt(g)H?
_ Ly
V(e My, Ay, £, dy) = max — = p

(4)

+ exp[—d,|E [V(KtJrla M1, Apy,t+1, d~t+1>

6 Appendix E shows that we achieve this equivalence by setting E[Z] = E[é] = —0?(%)/2.
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The value function V' represents the maximal welfare that can be obtained given the
current state of the system. Utility within a period corresponds to the first term on
the right hand side of the dynamic programming equation (4). It is a population (L)
weighted power function of global per capita consumption (¢¢/r,). The parameter 7
captures two preference characteristics: the desire to smooth consumption over time
and Arrow-Pratt relative risk aversion. Following Nordhaus (2008), we set n = 2. The
second term on the right hand side of equation (4) represents the maximally achiev-
able welfare from period t + 1 on, given the new states of the system in period ¢ + 1,
which follow from the equations of motion summarized in Appendix D. The planner
discounts next period welfare at the rate of pure time preference §, = 1.5% (“utility
discount rate”), again taken from Nordhaus’s (2008) DICE-2007 model. In period ¢,
uncertainty governs the realization of next period’s technology level fltﬂ and, thus,
gross production. Therefore, the decision-maker takes expectations when she chooses
the optimal control variables consumption C; and abatement rate u; (in DICE: emis-
sion control rate). Equation (4) states that the value of an optimal consumption
path starting in period ¢ has to be the maximized sum of the instantaneous utility
gained in that period and the welfare gained from the expected continuation path.
The control C} balances immediate consumption gratification against the value of
future (man-made) capital. The control u; balances immediate consumption against
the reductions of future atmospheric carbon (climate capital).

The standard model underlying equation (4) assumes that intertemporal choice
over time also determines risk aversion, and the single parameter 1 governs both
relative risk aversion and aversion to intertemporal change. However, a priori these
two preference characteristics are distinct and forcing them to coincide implies the
well-known equity premium and risk-free rate puzzles. Translated to climate change
evaluation, these puzzles tell us that a calibration of standard preferences to asset
markets, as done for DICE-2007, will result in a model that overestimates the discount
rate and underestimates risk aversion. Epstein & Zin (1989) and Weil (1990) show
how to disentangle the two, and Bansal & Yaron (2004) show how this disentangled
approach resolves the risk-free rate and the equity premium puzzles. We emphasize
that the model satisfies the usual rationality constraints including time consistency
and the von Neumann & Morgenstern (1944) axioms, and it is normatively no less
desirable than the standard discounted expected utility model (Traeger 2010). The
latter paper also shows how to shift the non-linearity from the time-step as in Epstein
& Zin (1989) to uncertainty aggregation, resulting in the Bellman equation

Li(G)"
V(Kta Mt, At, t, dt) = max AN VY
Ct,ut —-n

(5)

1—-n
exp|—0d, - - L-RRA\ T-RRA
+ %7]] (E [(1 =)V (K1, Miga, A, T+ 1,dt+1)] o
Now, the parameter n captures only the desire to smooth consumption over time
(inverse of the intertemporal elasticity of substituion). The parameter RRA depicts
the Arrow-Pratt measure of relative risk aversion. In the case n = RRA equation
(5) collapses to equation (4). We base our choices of values for the disentangled

7
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preference on estimates by Vissing-Jgrgensen & Attanasio (2003), Bansal & Yaron
(2004), and Bansal et al. (2010), and Bansal et al. (2012). These papers suggest best
guesses of n = % and of relative risk aversion in the proximity of the value RRA = 10.
The social cost of carbon in current value units of the consumption-capital good is
the ratio of the marginal value of a ton of carbon and the marginal value of a unit

of the consumption good: SCC} = gftg.
t

cost of carbon is the optimal carbon tax.

In our optimization framework, the social

2.3 Normalized Bellman Equation and Intertemporal Risk
Aversion

The Bellman equations (4) and (5) are not convenient for a numerical implementa-
tion for several reasons. First, modeling a random walk without mean reversion is a
numerical challenge and the normalized Bellman equation converges significantly bet-
ter. Second, the support of the non-normalized capital and the absolute technology
state grow without bounds, limiting the planning horizon as well as the node density
of a numerical implementation. Third, our renormalized Bellman equation takes a
more generic form removing population weights, which is convenient for the analytic
discussion. Our renormalized technology state variable a captures the deviation from
the deterministic technology path in DICE, A% = A exp [ga * exp (—dat)]. We
define a as the ratio of the actual and the hypothetical deterministic technology level,
a; Moreover, we express consumption and capital in per effective labor units,

- Attiet .
G = % and k; = ﬁ. Finally, we map the infinite time horizon on a [0, 1]
interval using the transformation 7 = 1 — exp[—t], which allows us to approximate
the value function over the infinite time horizon. With these renormalization we can
restate the Bellman equation (5) as

V*(kry My, ar, 7,d;) = maxu(c,) + B; X (6)

Cr,lbr

I (B [F (V Grar Mesar Grear 7+ AT deea) )] ),

where u(c) = Cll:; and f(v) = ((1 — n)v)%,v € R,(1 —-n) > 0. We introduce
general functional u and f because they facilitate a more insightful analytic discussion
of our findings in section 4. The function f has an interpretation of intertemporal risk
aversion that we discuss in the next paragraph, while u is a generic utility function of
per capita consumption. Appendix B spells out the detailed derivation and discusses
the numeric implementation.

The curvature of the function f in equation (6) captures the difference between
Arrow-Pratt risk aversion and aversion to intertemporal change. In the standard
discounted expected utility model both coefficients coincide (RRA = 7) and the
function f is linear, implying that it does not affect the uncertainty evaluation in
the Bellman equation (6). When the Arrow-Pratt coefficient RRA is larger than
the consumption smoothing parameter n, as observed in the asset pricing, then the
function f is concave. A concave function f implies a risk averse aggregation over
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the uncertain future value function. Intuitively, concavity of f captures risk aversion
with respect to utility gains and losses. More formally, Traeger (2010) characterizes
such an aversion to utility gains and losses axiomatically in a choice theoretic context
and labels it intertemporal risk aversion. In an intertemporal setting, risk affects
evaluation in two different ways. First, it leads to fluctuations in consumption over
time. Decision-makers generally dislike fluctuations over time. This dislike is captured
by the consumption smoothing parameter 7 or, more generally, the concavity of the
utility function v which is fully determined by deterministic choice. Second, risk
makes future outcomes intrinsically uncertain. This aversion to not knowing which
future will come true is captured by intertemporal risk aversion, i.e., the concavity of
the function f.7

3 Numeric Results

We first illustrate the small impact of uncertainty in the entangled standard model.
Second, we switch to the disentangled model and increase the coefficient of relative
risk aversion to the value suggested in the finance literature. Finally, we analyze the
dependence of optimal policy on the propensity to smooth consumption over time.
Persistence of the growth shock is discussed alongside the changes to the preference
parameters.

3.1 Entangled Standard Preferences (n = RRA = 2)

Figure 3 presents optimal policies in the standard model (RRA = n = 2). The green
lines present the optimal policies if the decision-maker employs a deterministic model
with expected growth rates. The dashed blue lines present the optimal policies in the
presence of a random walk in the technology level (iid shock on growth rate, section
2.1). Here, the decision-maker optimizes under uncertainty, but nature happens to
still draw expected values at every instance.® Stochasticity of economic growth implies
a very minor increase in optimal mitigation and the corresponding carbon tax. For
the current century, the optimal abatement is .2-.6 percentage points higher under
uncertain than under certain growth. The optimal carbon tax increases between $1
and $4.5. In addition, current investment goes up by .35 percentage points. Hence,
we find a small precautionary savings effect in both capital dimensions: produced
productive capital and natural climate capital. In his analysis of the social discount
rate, Traeger (2013) explains the smallness of the precautionary effect by pointing

"The concavity of the composition of functions f ou captures both the aversion to the intertem-
poral fluctuation caused by risk (measured by ) and the intrinsic aversion (measured by f). This
joint uncertainty aversion characterizes the Arrow-Pratt measure (in the isoelastic model RRA).

8The optimal policy in period ¢ depends on growth realizations up to period t. Our actual solution
derives control rules that depend on all states of the system. Our path representation in Figure 3
makes actual growth identical to the deterministic case and singles out the policy difference arriving
only from acknowledging uncertainty when looking ahead. We compare this representation to other
possible path representations in Figure 7 in Appendix A.
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Figure 3 compares the optimal abatement rate, the social cost of carbon, and the investment rate
under (iid) uncertainty to their deterministic values (standard preferences, n = 2, RRA = 2). The
upper panels show the abatement rate and the social cost of carbon for the current century, the
lower panels show the abatement rate and the investment rate for the current decade. Uncertainty
has a small, positive effect on climate policy and investment.

out that decision-makers with entangled preferences are effectively intertemporal risk
neutral (section 2.3).

3.2 Increasing Risk Aversion (RRA = 10)

The standard model of the previous section does not accurately capture risk premia
(equity premium puzzle). As we argued in section 2.2, we improve the DICE-2007
calibration to asset markets by employing Epstein-Zin-Weil preferences in the disen-
tangled Bellman equation (5). We increase the relative risk aversion coefficient to
RRA = 10, but for now we keep the consumption smoothing parameter at the DICE
value (n = 2).

Figure 4 shows the optimal climate policy keeping aversion to intertemporal sub-

10
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Figure 4 compares abatement, the social cost of carbon, investment rate, and consumption rate
for three scenarios: certainty, an iid shock, and a persistent shock. The consumption smoothing
coefficient is n = 2 and the coefficient of relative risk aversion is RRA = 10. Uncertainty increases
abatement, the social cost of carbon, and the investment rate. The consumption rate decreases.
Persistence magnifies all effects.

stitution at n = 2 and raising Arrow-Pratt risk aversion to RRA = 10. We observe
a modest increase in abatement under uncertainty. The optimal abatement rate in
2012 increases by 12% to 16 percentage points. The optimal present day carbon tax
increases by 23% to $43 per ton of carbon. Similarly, the investment in productive
capital increases. The more risk averse decision-maker is more cautious, abating and
investing more and consuming less. Robustness checks (not shown) confirm that
these effects increase in the variance of the stochastic shock. With Arrow-Pratt risk
aversion exceeding the consumption smoothing parameter (RRA = 10 > n = 2), the
decision-maker is now intertemporal risk averse.

The iid growth shocks have a permanent impact on the technology level, making
technology a random walk. These iid shocks, however, do not capture that technolog-
ical progress is intertemporally correlated. We therefore model a relatively moderate
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persistence of growth shocks according to equation (3). In addition to an iid shock
component, the rate of technological growth experiences a persistent shock, whose
impact on technological growth decays by 50% per year. The dashed-dotted lines in
Figure 4 show the optimal climate policy under persistent growth shocks. Introducing
persistence amplifies the long-run uncertainty, while keeping immediate uncertainty
unchanged. Our moderate persistence in the shock approximately doubles the im-
pact of uncertainty on optimal climate policy. The optimal abatement rate in 2012
increases by 24% to 18 percentage points, and the optimal carbon tax increases by
45% to $51 (both percentage increases with respect to the deterministic case).

3.3 Decreasing Consumption Smoothing

A further step in improving the DICE-2007 calibration to observed interest rates
and asset returns is a reduction of agents’ propensity to smooth consumption over
time to n = 2/3 (section 2.2), improving the calibration to the risk-free discount
rate.” The solid lines in Figure 5 display the effect of lowering n from 2 to 2/3
under certainty. The reduction in the parameter and, thus, the risk-free discount rate
increases optimal mitigation significantly. The optimal carbon tax more than doubles
(from $35 to $85 in 2012) and the optimal abatement rate nearly doubles (from 14.5
to 24 percentage points in 2012). The decision-maker is now less averse to shifting
consumption over time. Hence, she evaluates the prospect of additional welfare for
the relatively affluent generations in the future more positively than a decision-maker
with a higher propensity to smooth consumption. Crost & Traeger (2010) also point
out this effect, which does not depend on the uncertain growth.

The dashed lines Figure 5 represent optimal policy under growth uncertainty,
when n = 2/3;, RRA = 10, and the shock is iid. The optimal abatement and the
social cost of carbon fall over the full time horizon. The sign of the uncertainty effect
is opposite to the one observed in the earlier settings. Its magnitude, however, is
similar to the case with n = 2: abatement in 2012 decreases by 9% to 22 percentage
points. In contrast, investment in man-made capital still increases. The investment
rate goes up by 2% (as opposed to 5% for n = 2), implying an optimal investment
rate of almost 31% in the present but declining over time. Similarly, the consumption
rate continues to decrease under uncertainty. Observe that the abatement rate and
the optimal carbon tax are always higher for n = 2/3 than for n = 2. However,
the difference between the two scenarios decreases significantly under uncertainty as
compared to the deterministic case. The optimal carbon tax decreases by 15% to
$72. The dashed-dotted line shows that, once more, persistence in the growth shock

9A reasoning by Nordhaus (2007) suggests that, whenever we decrease 7, we should increase
the pure rate of time preference in order to keep the overall consumption discount rate fix. We
emphasize that this reasoning would be wrong in the current setting. Lowering n implies that we
match the observed risk-free rate much better than the standard model. On the other hand, the
higher risk aversion parameter explains the higher interest on risky assets, again better than in the
standard model. In fact, the empirical literature calibrating the Epstein-Zin-Weil model generally
finds a lower pure time preference than Nordhaus’s (2008) and our §,, = 1.5% along the n = 2/3 and
RAA = 10. Given our focus on the effects of uncertainty, however, we decided not to change pure
time preference with respect to DICE-2007 in this paper.
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Figure 5 summarizes the results of full preference disentanglement. The solid lines depict certainty
scenarios for n = 2/3 (red/dark) and n = 2 (green/light). The dashed line represents an iid
shock scenario with n = 2/3, RRA = 10, the dashed-dotted line a persistent shock with the same
preferences. A weaker desire to smooth consumption over time deterministically increases both the
investment rate in man-made capital and the abatement rate (and the carbon tax). Uncertainty
(further) increases the investment rate in man-made capital, but reduces abatement.

amplifies the growth uncertainty effect. It reduces optimal mitigation and the social
cost of carbon and increases the investment rate.

Figure 6 analyzes the dependence of the uncertainty effect on the propensity to
smooth consumption over time. We find that growth uncertainty has no effect on
abatement for n = 1.1. At higher levels of n uncertainty increases abatement, at
lower levels abatement is higher under certainty. For investment and consumption,
we observe no such shift. Uncertainty always increases the investment rate and de-
creases the consumption rate. These effects slightly decrease in n, implying that the
uncertainty effect on investment is slightly lower when the investment rate is already
high because of the low consumption smoothing preference.
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Figure 6 compares the optimal present day controls under certainty and (iid) uncertainty as a function
of the consumption smoothing parameter 7. Relative risk aversion is RRA = 10. For a high value
of 7, uncertainty decreases the social cost of carbon and (and vice versa). The effect switches sign
at n = 1.1. In contrast, investment in man-made capital always increases under uncertainty.

4 Analytic Discussion

This section develops an analytic understanding of the uncertainty effects observed
in the previous section. We start by presenting an analytic formula for optimal mit-
igation, which paves the ground for our subsequent discussion. Before moving on to
a detailed analysis of uncertainty effects, section 4.2 characterizes the deterministic
growth trade-off between consumption smoothing and damages sensitivity. The we
explain our stylized facts: first, growth risk increases optimal mitigation expendi-
ture for the DICE base specification. Section 4.3 identifies the mechanism and the
structural assumptions responsible for this result: the relation between prudence,
damage sensitivity, and type of technological progress. Second, the magnitude of
the uncertainty effect increases significantly under Epstein-Zin-Weil preferences, and
switches sign for a low preference for consumption smoothing. Section 4.4 explains the

14
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pessimism weighting mechanism driving these results as well as the observed sign dif-
ference as compared to investment in man-made capital. Forth, persistence increases
in the growth shock increases the uncertainty effects, which we discuss together with
a few other details in section 4.3.2.

4.1 Optimal Mitigation & the Social Cost of Carbon

Mitigating a ton of carbon today decreases the stock of carbon in all future periods.
We write the change of atmospheric carbon in period 7 > t as a consequence of a unit

reduction of emissions in period t as —%]VT[Z.IO The change in period 7 carbon level
affects period 7 output as gf\’/; . In period 7 a unit increase in production increases
T

welfare according to its marginal product Z/,((Z)) , which we normalize relative to the

marginal value of consumption in period t. Thus, under certainty, the social benefit
of a unit increase of carbon in period ¢ obtained in period 7 > t is given by the
product —Z,((Z)) ;Ay/]T %]‘g:. The total benefit accruing from all subsequent periods is the
discounted sum of these benefits. In the optimum, these total benefits are proportional

to the marginal abatement cost A’(u;) in period ¢ (see Appendix C):
T / Oyr1 \ OM, 41

A’ E S {IIsmp 0 © (er1) (_ Oyre L 8

(Mt) h ' =t {jt /3] ’ j} U/(Ct) 3MT+1 6Et+1 ( )

The proportionality absorbs a positive constant that depends only on the period ¢
state of the system and is not affected by uncertainty or changes in the preference
specification. The expectation operator E; takes expectations over all possible future
sequences Ayyq, Aro, ... (as opposed to just A;;1), conditional on A;.

The first term under the sum H;:t B;11; P; is a prudence- and pessimism-adjusted
discount factor for Epstein-Zin-Weil preferences. The discount factor (; discounts
normalized utility from period ¢ + 1 to period ¢ units.'* II; is a prudence and P; is a
pessimism adjustment, which arise as a consequence of Epstein-Zin-Weil preferences
(section 4.4).

4.2 Growth in the Deterministic Baseline

Ceteris paribus, an positive growth rate shock increases economic production in all
subsequent periods. In consequence, future damages are larger, but the marginal
damage is valued less by a richer population. Equation (7) allows us to formalize
this deterministic trade-off in a growing economy. First, damages are a function of
production, the production loss caused by an additional ton of carbon, here d(y) =

—68]3[;:1. In the DICE model, the damage function d(y) is linear in production y and

a postive production shock proportionally increases damages (equation 1).'? Second,

. - 25
0The decay is governed by %]‘g; = aaMAﬁl = H]T'=t1+1 {(1 =0y t) + Fap (M — Mpre)]

UThis discount factor is 8; = exp[—dy + ga.-(1 — 1) + g1 -J; it includes up a time index to adjust
for labor and expected technology growth as a result of normalizing consumption to effective labor
units and eliminating the population weight from the Bellman equation. See Appendix B for details.

1288]\1’4;::1 le.vrr = —g(M, T,t) y. where g(M, T, t) depends on the states of the climate system only.
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an increase in production y,;; increases period 7 + 1 consumption, reducing the
valuation of the marginal damage through the term u'(c;11).

For analytic tractability, we henceforth assume a constant consumption rate.'®
The assumption allows us to flesh out the basic mechanisms determining abatement
under certainty, under risk, and under Epstein-Zin-Weil preferences. We relax the
assumption in section 4.3.3. In equation (7), technological progress (under certainty)
affects the terms v'(c(a)) and d(y(a)). Throughout the discussion section, we will
characterize various relations among the relevant variables by means of elasticities.
We define the elasticity of damages with respect to production as

d'(y)
i)’

Daml (du y) -

The DICE model assumes Dam; = 1. We define aversion to intertemporal substitu-
tion as the negative of the consumption elasticity of marginal utility

ATS(u,c) = — MUy (u,c) = —

AIS(u, ) is the inverse of the intertemporal eslasticity of substitution. For the isoelstic
utility function in DICE it is AIS = 7, and Nordhaus (2008) assumes 7 = 2.

In equation (7) we find that technological progress affects the optimal carbon
tax (first order) through the terms u'(¢(a)) and d(y(a)), implying that the optimal
carbon tax increases under technological progress if Lu/(c(a))d(y(a)) is positive or,
equivalently (see Appendix C)

AlS(u, ¢) < Dam; (d, y) & n<1 in DICE . 9)

Technological growth increases the social cost of carbon and the optimal abate-
ment rate if (and only if) damages are more sensitive to production shocks than
the marginal valuation of consumption. This simple insight goes hand in hand with
the widely recognized observation that in a growing economy, a lower aversion to in-
tertemporal substitution increases the optimal mitigation level. The latter finding is
frequently stated in terms of the social discount rate: a lower consumption smoothing
parameter AIS = 7 reduces the consumption discount rate, increasing the attention
paid to long-run climate damages. The right hand-side of equation (9) connects this
insight to the straight-forward finding that a higher sensitivity of climate damages to
production further increases optimal mitigation.

In DICE, for the base specification where n = 2, a deterministic increase in the
technology level reduces the optimal carbon tax. We show the numeric result in
Figure 8 in Appendix A. In the figure, we also observe that the impact of growth
on climate policy is non-monotonic over time: towards the end of the century higher

13Golosov et al. (2011) spell out conditions that imply a constant consumption rate in a closely
related setting. Apart from our Cobb-Douglas production, these assumptions include logarithmic
utility, a simplified damage formulation, and full depreciation of capital over the time step. Given
our more general setting, the consumption discount rate will not generally be constant and section
4.3.3 briefly discusses the second order effects resulting from a non-constant consumption rate.
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growth results in a higher optimal carbon tax. This non-monotonicity is another
difference to the uncertainty effects observed in section 3. The rich future generation
“makes up” for the lower abatement today, increasing the carbon tax and reaching
full abatement significantly earlier. While the characterization of the growth effect in
equation (9) also holds in the future, it assumes a given state of the climate system.
Comparing the different lines in Figure 8, the carbon stock during the second half
of the century is significantly higher for the generations on the high growth path
as compared to those on the low growth path. From equation (9) we also observe
that with logarithmic utility, the climate policy in a DICE-like model with linear in
production damages is independent of the technology (and production) level. This
case, where n = 1 and Dam;(d, y) = 1, is the setting of Golosov et al. (2011) analytic
integrated assessment model.

4.3 The Uncertainty Effect in the Discounted Expected Util-
ity Standard Model

Equation (7) allows us to explain how a growth shock affects optimal abatement. The
current section focuses on the trade-off in the entangled standard economic model
(II; = Pi; = 1). First, we analyze the basic intuition using a mean-zero shock on
production. Second, we explain how more general forms of technological progress,
including our employed labor augmenting progress, modify the characteristics of the
uncertainty effect. The analytic discussion in these sections assumes a constant con-
sumption rate. The final section considers the changes arising from an endogenous
consumption rate and discusses the effects of persistence in the technology shocks.

4.3.1 Uncertainty over production

To understand how uncertainty affects the social cost of carbon, we now analyze the
consequences of a mean-zero shock on production. A non-zero effect of uncertainty
arises from asymmetries between the consequences of a positive and a negative growth
shock. We continue to denote damages by d(y) = —88—]\3/4. From Jensen’s inequality we
know that if the product u/(c)d(y) on the right hand side of (7) is convex, then the
optimal carbon tax increases under uncertainty. We therefore introduce the second
order normalized moments of the damage function as

d//(y)
a(y)”

which is the elasticity of marginal damage with respect to production. The DICE
model assumes that damages are linear in production so that Dams(d,y) = 0. Sim-
ilarly, we define the negative of the second order normalized moment of marginal
utility as

DamQ (du y) -

Prud(u, ¢) = — MUy(u, c) = —
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MUy (u, ¢) is Kimball’s (1990) measure of relative prudence. It characterizes precau-
tionary savings (=investment) response to income uncertainty. For the isoelstic utility
function in DICE we have Prud = 1 + n = 3. The positivity of relative prudence ex-
plains the increase of investment in produced capital under uncertainty. Finally, note
that RRA(u, ¢) = — MUy (u, c) = AlS(u, ¢) (= n =2 in DICE) is now also the Arrow-
Pratt measure of relative risk aversion. Risk aversion and aversion to intertemporal
substitution coincide by assumption in the entangled standard model.

Production uncertainty increases optimal abatement if the marginal value of dam-
ages is convex in production, or (see Appendix C)

Daml(d7 y)
ATS(u, c)
o 14 >2 1 - 0 in DICE .

Prud(u,c) > 2 Dam;(d,y) — Damy(d, y) (10)

In contrast to the case of produced capital, prudence not only has to be positive,
but it has to dominate the sensitivity of damages to production shocks. In the DICE
model, damages are linear in production and utility is isoelastic. Thus, the condition
that shocks on production increase optimal abatement simplifies to n > 1. While 7
characterizes relative risk aversion and consumption smoothing, we emphasize that
the driving force for increased abatement is neither risk aversion nor consumption
smoothing dominating unity, but prudence dominating the damage elasticity.

Proportionality of damages to economic production is a ubiquitous assumption in
integrated assessment models, but it recently received attention in critical discussions
of integrated assessment models (Weitzman 2010). In the extreme case that damages
were independent of economic activity, the abatement rate would react similarly to the
investment rate in conventional capital. If damages were, e.g., quadratic in the level
of production then the damage convexity measure Dams, contributes. For a given
level of risk aversion, more convex damages reduce the requirements on prudence.
The multiplier DAa—?S” increases this effect if the damage elasticity dominates aversion
to intertemporal substitution (or risk aversion), which is the same condition required
for an abatement increase under deterministic growth (see equation 9). For isoelastic
preferences, prudence (= 1 + 7) and the consumption smoothing preference n are
dependent. An increase in 7 increases both preference measures, increasing both
sides of inequality (10). For the example of quadratic-in-production damages, the
region where growth uncertainty decreases optimal abatement shifts from n € [0, 1]
to the interval n € [1,2].1

4.3.2 Type of technological progress

This subsection relaxes the assumption that production shocks are mean-zero. Our
implementation of DICE assumes labor augmenting technological progress, and the
shock is designed to keep expected future technology levels the same as under certainty

“For quadratic damages in production we find Dam; = 2 and Damy = 1 so that equation (10) is
positive if and only if (n — 1)(n — 2) > 1 and, thus, the uncertainty effect on abatement is negative
ifl<n<2.
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(see Appendix E). Production is concave in labor and, thus, a shock that keeps the
expected technology level constant slightly decreases expected production.'® Let y(a)
denote the relation between technology and production, and we define once again the
normalized moments

"

y/(a) "
y'(a)
Tech; is the elasticity of production with respect to technology, and Techy is the
elasticity of marginal production with respect to technology (a convexity measure).
In the case of our labor augmenting technological progress where ;.1 o @%;f we
find that the linear sensitivity measure is Tech;(y,a) = 1 — &, while the convexity
measure Techy(y,a) = —k takes a negative value because production is concave in
labor augmenting technology.

Uncertainty increases optimal mitigation under mean-zero shocks on technology
a if and only if (see Appendix C)

/
Tech (y,a) = Y (&)a and  Techy(y,a) =

D Tech D
Prud(u, ¢) > Dam, (d, y) {2 _ Damy(d, y)] echy(y, a) { ~ Damy(d, y)

ATS(u, c) Tech (y, a) AlS(u, c) ] (1)

As for direct production shocks in equation (10), prudence has to dominate the dam-
age dependence of production (first term on right hand side). In addition, equation
(11) accounts for a possible non-linearity in the relation between technology shocks
and production (second term on the right hand side). A convexity in the impact
of technology a on production y increases expected production. As a consequence,
the (prudence) domain for which uncertainty increases abatement becomes larger if
Dam; > AIS(u,c) (reducing the right hand side of inequality 11). This is the same
condition that we identified in section 4.2, ensuring that deterministic growth increase
abatement. As discussed there, the condition reflects the fact that marginal damages
are more sensitive to production changes than is marginal valuation.

In our labor augmenting model with isoelastic utility and linear-in-production
damages, equation (11) simplifies to

K
1+n>2-
11—~k

1
{1——] & n>1.
Ui

This criterion coincides with the DICE version of equation (10) for mean-zero pro-
duction shocks. Thus, under uncertainty n = 2 indeed increases optimal abatement
as observed in Figure 3. For logarithmic utility and linear-in-production damages,
uncertainty has no effect on optimal abatement for any type of technological progress.
This case includes the uncertainty in Golosov et al.’s (2011) analytic integrated as-
sessment model.

If the damage function was, e.g., quadratic in production, then the range where
uncertainty reduces optimal mitigation enlarges from 7 € [1, 2] under mean-zero total

15Observe that except for Figure 7 in the appendix, we depict expected-draw simulations. Thus,
along any depicted path nature draws the expected technology level and the actual production level
evolves as under certainty, except for changes caused by differences in the optimal policies.
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factor productivity shocks (see previous section) to n € [0.6,2] for mean-zero shocks
on labor augmenting technology (assuming DICE’s k = 0.3).

4.3.3 Endogenous savings and persistent shocks

For the purpose of analytic tractability, the previous section assumed a constant
consumption rate. However, Figure 6 shows that the consumption rate decreases
under uncertainty. Figure 9 in Appendix A analyzes the consumption control rule
and shows that the agent’s consumption rate decreases under a positive growth shock
and increases under a negative growth shock. Note that absolute consumption slightly
increases under a positive growth shock, but much less than overall production. The
decrease in the consumption rate for a positive growth shock dampens the change in
marginal utility in equation (7). The endogeneity of the consumption rate therefore
acts similar to lowering 7, reducing the uncertainty effect in the standard model for
1 = 2 and increasing the point where the uncertainty effect on mitigation flips from
positive to negative. Figure 10 in Appendix A shows the results for the optimal
carbon tax when the investment rate is fixed to the deterministic level. While the
effect is almost imperceptible for standard preferences, it is small but notable for
the case of Epstein-Zin-Weil preferences. Note that overall emissions are still lower
because the investment rate is lower (absence of precautionary savings) and, thus,
future production is lower.

That persistence increases uncertainty effects is straight forward. Persistent shocks
imply the same uncertainty over next period technology as the iid shocks. However,
persistence of the shocks implies that more periods in the sum of equation (7) con-
tribute larger effects to the uncertainty correction of abatement. A similar message is
conveyed by Figure 2, showing the much larger long-run uncertainty under persistence
of shocks.

4.4 Epstein-Zin-Weil Preferences and Intertemporal Risk Aver-
sion

The disentanglement of risk aversion and the propensity to smooth consumption over
time permits a more accurate incorporation of risk premia and discount rates in
evaluating the climate asset. Our empirical analysis finds a major increase of the
uncertainty effects under such a comprehensive preference specification, as well as a
sign switch depending on the parameter n. Equation (7) for the social cost of carbon
captures the corresponding modifications in terms of the prudence factor 11, and the
pessimism factor P;. Here, we explain these factors and discuss how they modify
optimal climate policy under uncertainty.
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4.4.1 Precautionary savings

In Appendix C we show that the first order condition for consumption optimization
implies

OVig1

! I, E, P, ——— .
U(Ct)OC t g takt—f—l

(12)
The proportionality absorbs exogenous terms that do not change under uncertainty
or with the preference specification. Under certainty, and in the entangled standard
model, I, = P, = 1, and the first order condition states that the marginal utility
from consumption is proportional to the value derived from investing one more unit
into the future capital stock. An increase on the right hand side of equation (12)
increases optimal marginal utility of the last consumption unit and, thus, decreases
the consumption level and increases investment.
The prudence term II; is defined as

E: f' (Vit1)
P UES(Vig)

For mean-zero shocks over the next period welfare, the prudence term increases the
right hand side of equation (12) and, thus, investment under uncertainty if, and
only if, absolute intertemporal risk aversion —L decreases in welfare (Traeger 2011).
The prudence label arises from a condition characterizing decreasing absolute risk
aversion: Prud(f,V) > RRA(f,V), i.e., prudence (of f evaluated at V') dominates
(intertemporal) risk aversion. The latter condition is always met for Epstein-Zin-
Weil preferences due to their isoelastic form. However, the technology shock does
not necessarily produce mean-zero welfare shocks as measured by the value function.
For the n = % scenario we find that the value function is close to linear in a and,
thus, the prudence term indeed increases optimal investment. For the = 2 scenario,
however, we find that the value function is strongly concave in a, biasing down the
expected value of V' and implying that the prudence term slightly decreases optimal
consumption (see Figure 11 in Appendix A). The resulting uncertainty corrections
are relatively small and dominated by the pessimism effect discussed in the next
paragraph. The difference in curvatures driving the difference in the prudence term
between the scenarios results from the stronger decrease of marginal utility in con-
sumption in the AIS(u,c) = n = 2 scenario. It outweighs the (intertemporal) risk
aversion based prudence effect, keeping the current consumption level slightly higher
and investment slightly lower.

The dominating uncertainty impact on consumption and investment operates
through the pessimism term defined as

_ Vi)
Eif'(Vis1)
P, is a normalized weight fluctuating with the technology shock. It carries the name

pessimism term because, for a concave risk aversion function f, low welfare realiza-
tions translate into a high weight P;, and vice versa. The decision-maker effectivel
ty

Ht:

B
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biases the probabilities of bad outcomes upwards. A low realization of technological
progress implies a low welfare realization and a high marginal value of capital (in
all scenarios). As a consequence, the pessimism bias puts more weight on high re-
alizations of the marginal value of capital and, thus, raises the opportunity cost for
consumption (equation 12). Pessimism increases investment and decreases consump-
tion.

4.4.2 Abatement effect

In Appendix C we derive the following first order condition for marginal expenditure
on abatement as a fraction of total production:

OVit1
E. P, <——8Mm>

OVit1
Et -Pt 3kt+1

A () o<

(13)

The proportionality absorbs a positive constant that depends only on the period ¢
state of the system and is not affected by uncertainty or changes in the preference
specification. A one percent increase in the marginal abatement cost A’ increases the
abatement rate p by approximately half a percent. Under certainty, equation (13)
states that the optimal abatement rate increases in the marginal value of climate
capital (—M) and decreases in the marginal value of produced capital. Note that the
prudence term cancels in equation (13), as it equally affects the marginal value of
produced capital and climate capital.

The denominator on the right side (13) measures the pessimism weighted marginal
value of capital under uncertainty. We found in section 4.4.1 that it always increases
under uncertainty (for our Epstein-Zin-Weil scenarios). Here, it reduces the optimal
abatement rate by increasing the opportunity value of investing in produced capital.
From Figures 4-6, however, we know that optimal abatement increases for high values
of n and decreases for low values of 1. Both of these effects are mostly driven by the
numerator in equation (13) and would also prevail in the absence of the produced
capital uncertainty effect.

The marginal value of climate capital _% is always positive. However, it is
not a priori obvious how the marginal value of climate capital depends on growth
shocks. Figure 12 in Appendix A shows that for n = 2 this marginal value of climate
capital decreases in the technology level, while for n = % it increases in the technology
level. The figure also shows that this finding is independent of using Epstein-Zin-Weil
preferences and even of the presence of growth uncertainty. The explanation of this
asymmetry derives straight from our discussion in section 4.2 of how deterministic
technological progress affects optimal abatement. Equation (9) expresses that abate-
ment increases if (and only if) damages are more sensitive to production shocks than
the marginal value of consumption: AIS(u,c¢) < Damy(d,y). Translated into the
value function, if this inequality is satisfied, then the marginal value of an abated
ton of carbon (climate capital) increases in the technology level. That is the case for
77:§<1,butnotfor77:2>1.

Epstein-Zin-Weil preferences give rise to the pessimism term that increases the
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weight on the low technology realizations. In the n = 2 scenario, low technology
realizations imply a high marginal value of climate capital, increasing the expected
marginal value of a carbon reduction. This increase of the marginal value of climate
capital under uncertainty is over three times as large as the increase of the marginal
value of produced capital. As a consequence, the value increase of climate capital
(numerator in equation 13) dominates the opportunity cost of capital (denominator
in equation 13), and the optimal abatement rate increases. In the n = % scenario,
the bad states of the world corresponding to low technology realizations also imply
a lower marginal value of the climate capital. The pessimism term therefore reduces
the expected value of climate capital, and at the same time increases the expected
value of produced capital. Thus, pessimism weighting reduces the optimal abatement
rate in the n = % scenario (the numerator in equation (13) falls and the denominator
increases), where damages are more sensitive to production shocks than the marginal
value of consumption.

We close this section by explaining the abatement effect directly using our for-
mula for the social cost of carbon in equation (7). We obtain the relevant intuition
from interacting the pessimism term P, with the two components that we already
analyzed in the case of entangled preferences: marginal utility «'(¢) and damages
d(y). For qualitative understanding, we can restrict attention to the interactions
P,(V(a))u'(c(a))d(y(a)) within one period. By Jensen’s inequality, these terms in-
crease the social cost of carbon if and only if their product is convex. We focus on
identifying and explaining the dominant effect in the resulting convexity condition

d? d?

4o PV (@) ' (e(@) dly(@) = BAV(@) 5 (o ela)dly(@)) (14)
terzl 1
LRV (@) -2 (el d(w@)) +-25 PV (@) (' (e@)i(@)) > 0.
da da ) da? R g g
term 2 term 3

Term 1 is multiplied by the positive constant'® P;(V (a)) and coincides otherwise with
the term analyzed already for entangled preferences and characterized in equation
(11). Term 3 is positive and multiplied with the positive constant %Pt(V(a)) arising
from the convexity of the pessimism term. This third contribution always contributes
positively to the convexity in equation (14) and, thus, always increases the optimal
abatement rate under uncertainty. The dominating contribution is the pessimism
weighted second term. The derivative %Pt is negative, which is precisely the reason
why it acts as a pessimism term: low realizations obtain a high weight. Term 2 itself
is the same derivative that characterizes whether a deterministic increase in the tech-
nology parameter increases abatement (see section 4.2). The term is proportional to
the condition discussed in equation (9): it is positive if, and only if, climate damages

16Note that we evaluate the convexity condition at its expected value. Earlier in this section we
analyzed the pessimism term’s fluctuations for different states of the world. Now we use Jensen’s
inequality and the analytic convexity characterization instead, allowing us to directly evaluate values,
derivatives, and curvatures at a given point.
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are more sensitive to growth uncertainty than marginal valuation. However, term 2
is weighted with the negative derivative of the pessimism term. Thus, the condition
observed in equation (9) for deterministic growth flips its sign under uncertainty and
Epstein-Zin-Weil preferences: Uncertainty increases optimal abatement if and only if
AIS(u,c¢) > Dam;(d,y). In summary, what matters (most) under Epstein-Zin-Weil
preferences is the pessimism-weighted expectation, which gives more weights to bad
(welfare) states of the world. These bad states of the world are those corresponding to
low technology realizations and, thus, combinations of relatively higher marginal util-
ity and relatively lower physical damages. These states contribute most to increasing
abatement under a strong aversion to intertemporal substitution (sharper increase
of marginal utility) and when damages have a low sensitivity (modest decrease of
physical damages).

5 Conclusions

Growth drives emissions and climate damages as well as well-being and the marginal
valuation of damages. We analyze the consequences of growth uncertainty for optimal
mitigation policy in a numerical model based on the integrated assessment model
DICE. In an analytic discussion, we identify the relevant structural assumptions that
drive the results. In the standard DICE model, with its usual preference specification,
deterministic growth decreases the optimal present-day carbon tax. This result holds
as long as the propensity to smooth consumption over time dominates the damage
sensitivity to production. For uncertainty, the mechanism driving climate policy
differ between the standard expected utility model and the more comprehensive risk
pricing model that better accounts for risk premia and discount rates. Persistence in
the growth shocks always increases the magnitude of the uncertainty effect.

Using a stochastic dynamic programming version of the DICE model with Nord-
haus’s (2008) preference calibration, we find that growth uncertainty slightly increases
the optimal carbon tax. The effect is small, but contrasts with an earlier Monte-Carlo
based study that suggests growth uncertainty reduces optimal abatement in DICE.
The driving assumption is not the consumption smoothing parameter, which coin-
cides with the Arrow-Pratt measure of relative risk aversion, but prudence, which
captures the decrease of (absolute) risk aversion in income. Investment in produced
capital always increases under growth uncertainty when prudence is positive, as is
the case for isoelastic preferences used in the DICE model. In contrast, investment
in climate capital increases under growth uncertainty only if prudence dominates the
sensitivity of climate damages to production. If production is concave in technological
progress, a high damage sensitivity weakens the requirements on prudence, and a high
consumption smoothing preferences increases the prudence level where uncertainty
implies emission reductions.

Our extension to comprehensive risk preferences implies much higher risk adjust-
ments of the optimal carbon tax. Increasing the coefficient of relative risk aversion to
its disentangled estimate in the finance literature implies an increase of the present
optimal carbon tax by over 20% under an iid shock (to about $40 per ton of car-
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bon), and by over 45% under a moderately persistent shock (to about $50). These
uncertainty adjustments of the optimal carbon tax are several times larger than the
risk premia found for damage uncertainty in a similar stochastic DICE model by
Crost & Traeger (2010), and they are larger than the tax adjustments induced by
Lemoine & Traeger’s (2013f) extension to carbon cycle and feedback tipping points.
However, the empirical asset pricing literature also suggests a reduction of the con-
sumption smoothing parameter, explaining the low risk-free discount rate. Lowering
the aversion to intertemporal fluctuations flips the sign of the uncertainty effect, caus-
ing uncertainty to decrease optimal abatement. The optimal carbon tax falls by 15%
under iid shocks (to slightly above $70) and by 30% under moderate shock persistence
(to below $60). The overall carbon tax is still higher in this scenario because the de-
terministic increase of the optimal carbon tax resulting from the lower consumption
smoothing parameter is greater than the uncertainty effect.

An endogenous pessimism weighting drives the large uncertainty effects in the
comprehensive preference framework. The pessimism term arises from risk aversion
dominating consumption smoothing, and biases upwards the weights on states of the
world that lead to lower welfare. In our context, these states are the low growth
states. Low growth states always correspond to a higher productivity of produced
capital and, as a consequence, the investment rate in produced capital increases under
uncertainty by approximately 1 percentage point (2-5%) in all disentangled prefer-
ence scenarios. Low growth states increase the marginal value of climate capital only
if consumption smoothing dominates damage sensitivity, a condition satisfied for a
high aversion to intertemporal substitution. If aversion to intertemporal substitution
is low, as estimated in disentangled models, then damage sensitivity dominates; the
pessimism bias increases the weight on scenarios with a relatively low value of cli-
mate damages, and uncertainty decreases the optimal abatement rate. The sign of
the dominating pessimism contribution in the disentangled scenario depends, simi-
larly to the deterministic case, on consumption smoothing and damage sensitivity to
production. However, the pessimism bias implies that the uncertainty effect has the
opposite sign on the optimal carbon tax as compared to a deterministic increase in
the technology level.

A robust policy message is that all of our empirical simulations give rise to a
higher optimal carbon tax under growth uncertainty. Quantitatively, this increase
is significant when disentangling risk aversion and risk premia form intertemporal
consumption smoothing and the risk-free discount rate. A second message is that
under persistent growth shocks the optimal carbon tax becomes less sensitive to the
consumption smoothing parameter. These results hold in the DICE model, which is
was used in the US social cost of carbon assessment. Conceptually, we find that the
policy impact of deterministic growth and growth uncertainty changes qualitatively
in the neighborhood where “n” is close to unity, however, the interpretation differs.
In a deterministic setting, it means that intertemporal consumption smoothing domi-
nates the damage elasticity to production. Under uncertainty it means that prudence
dominates twice the damage elasticity to production. Moreover, the uncertainty con-
dition changes when damages are not linear in production or technological progress
has a non-linear impact on production. Also the mechanism driving sign changes
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under uncertainty differs between the economic standard model and the disentan-
gled asset pricing based model. Our numeric results employs fully rational, observed
preferences. In the context of climate change, future wealth is the wealth consumed
by future generations not currently alive. Instead of employing observed preferences,
several scholars argue for the use of ethical evaluation criteria. Then, n in its in-
terpretation as intertemporal, i.e., intergenerational consumption smoothing would
be much larger. Less immediate is how ethical arguments change prudence and risk
aversion, which are conceptually independent, and we leave this question for future
research.
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Figure 7 shows the mean, the median, the expected draw representation, and the 95 % confidence
bounds of 1000 optimal random paths for abatement and the social cost of carbon. The social
preference parameters are 7 = 2, RRA = 10. We compare the different measures to the the optimal
paths under certainty. We observe that mean, meadian, and expected draw representation mostly
coincide. The confidence intervals reveal considerable variation in the optimal climate policy in
response to resolving growth uncertainty.

Appendix
A Further Results

Our figures in the main text represent uncertainty by expected draws. Figure 7 shows
that these expected draw representations closely resemble the mean and the median
policy of 1000 random path realizations. The uncertainty in the optimal policies is
sizable. At the end of the century, there is a 5% chance that the abatement rate
is lower than 38% or higher than 65% (with a median of 48%). The social cost of
carbon lies with 95% confidence between $160 and $400.

Deterministic growth rate variations strongly influence optimal climate policy un-
der certainty. Figure 8 shows three deterministic growth rates (for n = 2): The
original DICE-2007 value, a growth rate that is 0.5 percentage points lower each year
than the DICE value, and a growth rate that is 0.5 percentage points higher each
year. The left panel in Figure 8 shows the optimal abatement rate and the right
panel shows the optimal social cost of carbon. The higher the deterministic growth
rate, the lower the optimal present day carbon tax: The marginal value of consump-
tion decreases faster than the marginal damage of additional emissions (opposite of
inequality (9)). But high productivity growth enables fast capital and wealth accu-
mulation, increasing the relative valuation of emissions. Therefore the abatement rate
in the high growth scenario eventually increases steeply and surpasses the abatement
rates from the other scenarios. At the end of the century the high-growth abatement
rate is more than 6 percentage points higher compared to the DICE-2007 baseline.
In the low growth scenario, the abatement rate reaches 100% more than 100 years
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Figure 8 compares the optimal abatement rate and social cost of carbon under certainty for three
growth rates: the DICE growth rate, the DICE growth rate 40.5 percentage points, and the DICE
growth rate —0.5 percentage points. Higher growth lowers the optimal present-day abatement but
increases abatement steeply later in the century.

later than in the high growth scenario (not shown).

Figure 9 shows the optimal consumption level and the corresponding consumption
rate over the relative deviation of the technology level from its deterministic level,
a = ﬁ. Technological growth is uncertain and the decision-maker has standard
entangled preferences (n = RRA = 2). The figure depicts 20 different lines corre-
sponding to 20 different points in time along the optimal path. Time, carbon stock

and capital are hence held constant, while normalized technology varies over its en-
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Figure 9 shows optimal consumption and the consumption rate over the normalized technology level
(a = ﬁ) under uncertainty with entangled preferences (n = RRA = 2). The 20 different lines
correspond to different points in time along the optimal path. Time intervals are evenly spaced from
2005 (dark blue) to 2400 (light pink). While the consumption level increases slightly in technology
level, the consumption rate decreases.
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Figure 10 shows the optimal carbon tax under certainty, uncertainty, and uncertainty with the
consumption rate fixed at the deterministically optimal level. The left panel displays standard
entangled preferences (n = RRA = 2), the right panel shows the disentangled preference scenario
(n =2 and RRA = 10). For standard preferences, fixing consumption to its deterministic level has
no notable impact on abatement; for disentangled preferences we observe a slightly lower social cost
of carbon.

tire range. The time intervals are evenly spaced between 2005 (dark blue) and 2400
(light pink). While the consumption level increases slightly in the technology level,
the consumption rate decreases.

Figure 10 displays the optimal carbon tax under certainty, uncertainty, and for a
case in which we fix the consumption rate at the deterministically optimal level (only
abatement responds to uncertainty). The left panel displays the case of standard
entangled preferences (n = RRA = 2), and the right panel shows the disentan-
gled preferences scenario (n = 2 and RRA = 10). For standard preferences, fixing
consumption to its deterministic level has no notable impact on abatement. For
disentangled preferences we observe a slightly lower social cost of carbon.

In Figure 11 we plot the normalized value function over the relative deviation
of the technology level from its deterministic level, a = ﬁ. We show the two
disentangled preference scenarios (n = 2, RRA =10 and n = 2/3, RRA = 10). As in
Figure 9, the figure depicts 20 lines, each of which corresponds to a different point
in time. We observe that the value function is significantly more concave in the case
n = 2 than in the case n = 2/3.

In Figure 12 we show the marginal welfare gain —gj“/j[z from an avoided ton of
atmospheric carbon as a function of the relative deviation of the technology level
from its deterministic level, a = ﬁ. If the preference for consumption smoothing is
strong (n = 2, left panels) the marginal gain decreases in the technology level, if the
desire to smooth consumption is weak (n = 2/3, right panels) the marginal welfare
gain increases in the technology level. This finding holds under certainty (upper
panels) as well as uncertainty (lower panels). The figure again depicts 20 lines, each
of which corresponds to a different point in time.

Figures 13 and 14 show the result of calibrating our simplified climate module
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Figure 11 shows the normalized value function over the relative deviation of the technology level
from its deterministic level, a = ﬁ. We show two levels of consumption smoothing (n = 2, left
panel and n = 2/3, right panel, both with RRA = 10). The 20 different lines correspond to different
points in time along the optimal path. Time intervals are evenly spaced from 2005 (dark blue) to
2400 (light pink). We observe that the value function is significantly more concave in the case n = 2
than in the case n = 2/3.

to the original DICE-2007 model. Figure 13 shows the case of standard preferences
(n = 2), whereas in Figure 14 the desire to smooth consumption is relatively low
(n = 2/3). The calibration is the same for both sets of graphs and the differences
are similar. The optimal climate policies (abatement rate and carbon tax) and the
evolution of the carbon stock resemble DICE closely. To calibrate these well, we
accept a slightly larger deviation of temperature.

B Renormalizing the Bellman Equation and Nu-
merical Implementation

We approximate the value function by the collocation method, employing Chebychev
polynomials. We solve the Bellman equation for its fixed point by function iteration.
For all models we use seven collocation nodes for each of the state variables captial,
carbon dioxide, technology level and the persistent shock. Along the time dimension,
we fit the function over ten nodes. The function iteration is carried out in MATLAB.
We utilize the third party solver KNITRO to carry out the optimization and make
use of the COMPECON toolbox by Miranda & Fackler (2002) in approximating the
value function.

To accomodate the infinite time horizon of our model, we map real time into
artificial time by the following transformation:!”

7 =1—exp[—ut] €[0,1] .

1"For the sake of clarity, some equations from section 2.3 are reproduced here.
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Figure 12 shows the marginal welfare gain —g%‘\//; from an avoided ton of atmospheric carbon as a

function of the normalized technology level a = ﬁ. In the case of a relatively high preference for
consumption smoothing (n = 2, left panels) the marginal welfare gain decreases in the technology
level. In the case of a relatively low preference for consumption smoothing (n = 2/3, right panels)
the marginal welfare gain increases in the technology level. This finding holds under certainty (upper
panels) as well as uncertainty (lower panels). The figure depicts 20 lines, each of which corresponds
to a different point in time. Time intervals are evenly spaced from 2005 (dark blue) to 2400 (light
pink).

This transformation also concentrates the Chebychev nodes at which we evaluate our
Chebychev polynomials in the close future in real time, where most of the exogenously
driven changes take place. Further, we improve the performance of the recursive
numerical model significantly by expressing the relevant variables in effective labor
terms. We normalize by the deterministic technology level A%, the level of technology
in the certainty scenario (with all shocks equal zero, z; = 0 Vi)

Affl = Afd exp [ga: where ga: = gaoexp[0a-t].

Expressing consumption and capital in effective labor terms results in the defini-
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tions ¢; = ﬁ and k; = ﬁ. Moreover, we define a; = %. The normalized
productivity one period ahead is then defined as

~ At—f—l _ exp [a,:]As

U+l = e = det
AtJerl exp [gA,t] Afe

= exp[Z]a; .

With the normalized variables we transform the Bellman equation (5):

V(A Lik, My Aftantod) " exp[=du+gas (L—m) + ]
(Adetyl-n[, ctope 1 —m 1—n

3 L-RRA\ TORAR
V(A% Ly kyoy, Myay, A%t Gy 0t 41, d =
E |- (AF Liyrkoyr, My, AR G t1)

(Af4)P Ly
Using in addtion artificial time 7, we define the new value function

V(Kt7 Mta &tAtdeta ta dt)

V (kTJMT7a7'7T7 d’?’) - (Aglet>1,n Lt

Kt:k‘tA‘tiEtLt, At:atA;iEt,t:——ln[lbiT]
which leads to the new Bellman equation (6)

B,
V*(kry My, ar, 7,d;) = max —— +
Cr,lr ]_ — 7] 1 — 7]

X

5 LRRAN\ TRRA
(E [(]— - U)V*(errAn M7'+AT7 aT—i—Aﬂ T+ AT: dT-l—AT)] ! ) .

When expressing capital and consumption in effective units of labor, we need to
adjust the discount factor 5, = exp[—0,+9a,(1 —n)+gr -] by labor and productivity
growth. In the numerical implementation of the model it turns out useful to maximize
over the abatement cost A;, which is a strictly monotonic transformation of p; (see
equation 18). This switch of variables turns the constraints on the optimization
problem linear.

We recover the original value function from

K; A,
AdetLT ’ MT’ Adet’

T=1—exp[—ut]

The marginal value of a ton of carbon is given by

)
T=1—exp[—ut]

aMtV(Kt7 Mt7 At; t, dt) = aMTV*(k‘T, ]MT7 ar, T, dr) (Aﬁet)l_n L,

and similarly the marginal value of an additional unit of consumption is

aKt V(Kt7 Mt7 At7 tu dt) = ak?TV*(kT7 MT7 Qr, T, dT) (A;j—et) -

T=1—exp[—ut]
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The social cost of carbon in units of the consumption good (US$) in current value
terms is then given by

oV _ 0V

SCC = oV Op V*

T=1—exp[—ut]

C Derivation of Analytic Formulas
Here we derive the main equations of section 4. Let o denote the constant consump-
tion rate.

Derivation of equation (9):
The optimal carbon tax increases under deterministic technological progress if <L/ (c(a))d(y(a))
is positive

%u/(&y(a))d(y(a)) = u"(ay(a))ay'(a)d(y(a) + v'(ay(a))d(y(a))y'(a)
wloy(@) oy + CW@D) o @) diy(a))

Way(a@) ' dy(a) ¥
x [—= MUy (u, ¢) + Damy(d, y)],

given that marginal utility, damages, and the relation between production and tech-
nology level are positive.

Derivation of equation (10):
By Jensen’s inequality, uncertainty over production increases abatement if the prod-

uct u'(ay)d(y) is convex:
o andty) = i )dy) + 20 )+ () > O

Assuming a positive propensity to smooth consumption over time (u”(ay) < 0) and
positivity of damages, we can rewrite the condition as

d’(y), 2 d”(y) 4y

v

) B DN € ) B 7 K P ) Y)Y
u'(ay) u”(c) dly)”  —eday  d(y) —ve

which coincides with equation (10).

Derivation of equation (11):
By Jensen’s inequality, growth uncertainty increases abatement if the product v’ (ay(a))d(y(a))
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1S convex:

2
d 2 1m

—u (o) d (y) = o*u" (ay) [y (a)?] d(y)
+ou” (ay)(ay)y"(a)d (y) + 20u” (ay) (ay) [y'(a)?] d'(y)
+u'(ay)d"(y) [y ()] + ' (ay)d"(y)y"(a) > 0

Assume a positive propensity to smooth consumption and positivity of damages.
Using ¢ = ay(a), we can rewrite this condition as

e i w 2 o (e 9 7

e

o oy
P d ’ 9 2 / 2 o Yy / 2 1 _ " Y
= Prud(u,c) y'(a)” > () y y'(a) ATS(u, C)y (@)” +y"(a)y —y (a)yAIS(u, c)
d//
dy) @Y vy ey

= Prud(u,c) > 2

Yy
dly)? " AS(w,0) " y(@?  y(a)? A
d

y
(

Damy(d, y) Techy(y, a Dam1 (d,y)
AlS(u, c) ] Tech (y,a [ AIS(u, ) }

> Dam, (d, y) [2 -

The last equation coincides with equation (11) in section 4.3.2.

Derivation of equation (12):
Optimizing the normalized Bellman equation (6) with respect to consumption returns

Eif'(Vis1) E, ' (Vi) 0Vip
TES (Vi) Bl (Vt+1) Okt

~
=I1; ,Pt

u'(c) = By gXp(—gA,t —JL t) ( (15)

v

g

= gt

In (12) we use the definitions for pessimism (F;) and prudence (II;) and the propor-
tionality absorbs the growth factor g;.

Derivation of equations (8) and (13):

34




Climate Policy and Growth Uncertainty

Optimizing the normalized Bellman equation (6) with respect to abatement returns

oV, oV,
Ak It + Ak M/(A)UtAtLt =0

E.P,
T Ok 1+ D(TY) " OMyy

Vit
A _ UtAtLt E; P, dMy i1
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N——

=a(Ty,t)
gt

OVit1
E; B OMiy1

= M) = ~a(T,, 1) ATl —Z e

(16)

where we use equation (15) in the last step. The second line corresponds to equation
(13) in which the proportionality disguises the first term on the right hand side. Dif-
ferentiating the Bellman equation (6) partially with respect to the carbon stock M;

using the envelope theorem returns

oV, OVit Donrt A
ILE,P | 2 (1 — 5 GOME (g — ML) | S
anr, ~ PdlE t{aMt+1 {( ) + g (Me = My )]%kmgt
31‘2;1
oMy
Oy, OM; 44 Vi
. ILE,P
“(Ct)aMlt + 6 oM, U oM,

where we again use equation (15). Repeated substitution of this relation advancing

the time indices by one period implies

oV, ' Dy OM; 4y Y41
i ILE,P, ki
ot = V@ gar + g MEL, W) gy F
oM, OM, oV,
By aAZ SLEP, B aM:meEum aﬁtz

aM]Jrl OYri1
= u'(ct) @Mt Z{HBJ HEP} U(CT+1>3MT+1 .

=t
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Inserting equation (17) into equation (16) gives us

0
ﬁthEt Pt (Ct+1)3]€;:1

A/(Mt) = —a(T},t)

u'(c;)

T OM,; OYri2
BALE, Py 7 =t+1 {H] =t+1Mj 8M+1H E; P} u (CT+2)31%’4;2]

u'(cr)

— aMJ-H ul(CT—i—l) ayT—i—l
- thJrl Z {Hﬁj H]EJ‘P]} U/(Ct) aM’?"‘rl

OM;: T=t
a(Ty,t) E aM]+1 U (Crg1) OYria
-t B ([T e g
8Mt T=t T

6]V[T _ HT OM; 41

Jj=t OM;
the first term on the right hand Slde. While the expectation operators E; take ex-
pectations over the realization of A, (precisely the normalized @) conditional on
earlier realizations of A;, the operator E; takes expectations over all possible future

sequences At+1, At+2, ... conditional on At

In equation (8) we multiplied out and the proportionality absorbs

D The Climate Enriched Economy Model

The following model is largely a reproduction of DICE-2007 (Nordhaus 2008). The
three most notable differences are the annual time step (DICE-2007 features ten year
time periods), the infinite time horizon, and the replacement of the carbon sink struc-
ture by a decay rate. This simplification is neccessary because each carbon sink would
require an own state variable in a recursive framework, which is computationally too
costly. For a detailed discussion of the changes to DICE refer to Traeger (2012). His
model differs only by including an extra temperature state to account temperature
delay. All parameters are characterized and quantified in Table D on page 47.
Carbon in the atmosphere accumulates according to

Mt+1 - Mpre + (Mt — Mpre) (1 — 5M(M, t)) + Et .

The stock of COy (M) exceeding preindustrial levels (M) decays exponentially
at the rate dp;(M,t). The rate is calibrated to the mimic carbon sink structure in
DICE-2007. First we calculate the implicit decay rates for the business as usual (BAU)
and the optimal policy scenarios in DICE. For each scenario we then approximate
a decay rate function over time by cubic splines. Finally, for any point in time,
and for all possible levels of carbon stock, we linearly interpolate between the BAU
and the optimal decay functions, using the respective carbon stocks from DICE as
weights. Since our aim is not primarily to get the relation between carbon stocks and
temperature right but to closely match the optimal policies from DICE, we adjust the
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decay rate d); by a factor of 0.75. This comes at the acceptable cost of temperatures
rising slightly too fast and not high enough (see Figures 13 and 14).

The variable E; characterizes yearly CO, emissions, consisting of industrial emis-
sions and emissions from land use change an forestry B,

Et = (1 — ,Ut) O'tAtLtkf + Bt .
Emissions from land use change and forestry fall exponentially over time
B, = Byexplgp ] .

Industrial emissions are proportional to gross production A,;L.;k;. They can be re-
duced by abatement (y;). As in the DICE model, we in addition include an exoge-
nously falling rate of decarbonization of production oy

Ot = 01_1€XPlgot]  With  got = gooexp[—ds 1] .
The economy accumulates capital according to
kipr = [(1 = 0x) ke + ye — ci] exp[—(g9as + gr1)]

where 0 denotes the depreciation rate, y; = % denotes production net of abate-
ment costs and climate damage per effective labor, and ¢; denotes aggregate global
consumption of produced commodities per effective unit of labor. Population grows
exogenously by

. 91
Ly = explgr Ly with g, = Loo . * '
Loo—Lo exp[gL t] - 1

Here Lj denotes the initial and L., the asymptotic population. The parameter gj
characterizes the convergence from initial to asymptotic population. We discuss the
uncertain technological progress, given by equation (2) in detail in section 2.1.

Net global GDP per effective unit of labor is obtained from the gross product per
effective unit of labor as follows

1 — A(m)
p— kn
ST D)
where
As(pe) = Wypu2 (18)

characterizes abatement costs as percent of GDP depending on the emission control
rate p; € [0,1]. The coefficient of the abatement cost function ¥, follows

1—
\I}t:ﬂao(l_ ( eXp[g\I’tD)
a9 aq
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with ag denoting the initial cost of the backstop, a; denoting the ratio of initial
over final backstop, and ay denoting the cost exponent. The rate gg describes the
convergence from the initial to the final cost of the backstop.

Climate damage as percent of world GDP depends on the temperature difference
T; of current to preindustrial temperatures and is characterized by

D(Ty) = b1 .

Nordhaus (2008) estimates b; = 0.0028 and b, = 2, implying a quadratic damage
function with a loss of 0.28% of global GDP at a 1 degree Celsius warming.

Temperature change T; relative to pre-industrial levels is determined by a measure
for the CO4 equivalent greenhouse gas increase ®;, climate sensitivity s, and transient
feedback adjustments y;

Ty =5 @ xy -

In detail, climate sensitivity is

. )\1)\21112
1- feql ’

the measure of equivalent C'O, increase is

o, _ M/ My, + EF/
b In 2 ’

where exogenous forcing E'F; from non-CO2 greenhouse gases, aerosols and other
processes is assumed to follow the process

EFt = EFO + 001(EF100 — EF(]) X max{t, 100} .

Note that it starts out slightly negatively. Our transient feedback adjustment is given
by

_ 1_feql
Xt 1_(feql+ft) '

The parameter f., is a summary measure of time-invariant feedback prosesses, i.e. the
difference between temperature at time ¢ and the equilibrium temperature for a given
carbon stock. The function f; = f;(M,t) is the transient feedback, capturing mainly
heat uptake by the oceans. It is calibrated to match the implied transient feedback
in DICE, in a procedure analogous to the decay rate calibration above. Figures 13
and 14 compare the performance of our model to the original DICE model.

E Growth Rate Shocks

Suppose that ¢ is the period characterizing the information of the decision-maker, i.e.
she takes expectation over the future as if being in period ¢. Recall that we denote by
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Ay the current technology level at time ¢ and by fltﬂ the uncertain future technology
level. Let Affl be the hypothetical deterministic technology level; the technology level
without shocks in any period. Finally, a; = A;/A%" is the normalized technology level,
the actual level as a multiple of the deterministic level. Technological growth has a
deterministic and a random component, so that the technology level one period ahead

1S:

At—f—l = Arexp [gas] = Arexplgas + 2],

where g4, is the deterministic growth trend and the growth shock Z is specified further
below. Then the normalized technology level one period ahead is:

G = AtJrl _ exp [§A,t]At
t+1 = et — e
AR exp [ga AR

— explE]a; -

From the perspective of period t, the technology level in ¢ 4 7 is cumulative in the
growth shocks:

A ~ det = ~ det
Appr = at+7'At+7- = eXp[Zt+r—1]at+r—1At+T

z z ~ det
= exp['zt-l-T—l + Zt+T—2]at+T—2At+7—

= exp | 72 Zr | ar it (19)

E.1 TIid Shocks

First we consider a growth shock that is normally, iid distributed
2)& = .i't NN(,U/Q;,O';%) .

Technololgy is hence lognormally distributed. Taking expectations in equation (19)
for this shock gives

By = Eexp | S0 fiar |0 Afl
= exp [Z:;lo A + %} a Al
= exp [7’ <,uA + ?) }atAffT .
Thus, setting p, = —%”2” implies exp[7(u A+%)] = 1 and equates the A, . expectations
with the hypothetical development under certainty from ¢ onwards. Note that the

‘cumulative’ variance of the normal distribution in the exponent for A;,, increases
linearly over time.

E.2 Persistent Shocks

Now consider shocks that affect the economy for more than one period. Set

Zy =Ty +9 where gi=~y1+6& and &~ N(Mﬁ U?) )
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where 7, is iid normally distributed again. To calculate the expectation, we need to
pick a value for past shocks y;_;. We assume y;_; = 0. The random variable 3;,, can
be written as

Uir =Y U+ D1y VT i (20)

Inserting 7; + 7; in (19), the expectation for the technology level multiple periods
ahead A, , is

EAHT = Eexp [Z:/_:lo T + gt+7’i| @tAthertr
= Eexp [Z:/_:lo jt+7’i| - Eexp [Z:/_:lo +@t+7'] ar Al

E exp [Z::o xt+7/] =1 for p, = —% as shown in above in section E.1. Inserting
from (20)

EAt-FT = Eexp [Z:'_:lo [VT/?Jt + ZZ;BI A7 il gt—i—i}] atAilff
= exp Z:/;lo ”YT/yt: Eexp Z:/_:lo iT:)l v €t+ii| @tAthertr
= exp | Y27 w | Bexp | Lo [ X755 7] @ arais,
= €xp Z::o ”YTI?Jt: Eexp :Zz‘Tzo % gtJrz} &tAffT (21)

I T—1 ) T — Tl a2 e
=exp | > o7 Yi| exp [Zi:O ! = <u€ + 7) ]atAij :

Thus, conditional on y; = 0 setting u, = —% equates the AHT expectation with the
hypothetical value that would result from growing at the deterministic rate g4 4,
from t onwards.

Equation (21) tells us how the ‘cumulative’ variance of the normal distribution in
the exponent for A,,, increases over time. The factors 1=7""*'/1—y > 1 increase in 7
so that the “aggregate variance” increases more than linearly. Uncertainty over the
next period capital stock conditional on y; = 0 is the same as in the iid scenario, but

looking further into the future uncertainty increases more in the case of persistence.
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Figure 13 compares the results our recursive formulation under certainty with the original DICE
model results The consumption smoothing parameter is n = 2.
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Figure 14 compares the results of our recursive formulation under certainty with the DICE model
results for the same low consumption smoothing parameter n = 2/3.
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Table 1 Parameters of the model

Economic Parameters

n %, 2 intertemporal consumption smoothing preference

RRA 2,10 coefficient of relative Arrow-Pratt risk aversion

by 0.00284 damage coefficient

bo 2 damage exponent

Ou 1.5% pure rate of time preference

Ly 6514 in millions, population in 2005

Lo 8600 in millions, asymptotic population

g7 0.035 rate of convergence to asymptotic population

K, 137 in trillion 2005 USD, initial global capital stock

0K 10% depreciation rate of capital

K 0.3 capital elasticity in production

Ao 0.0058  initial labor productivity in 2005; corresponds to total
factor productivity of 0.02722 used in DICE

GA0 1.31% initial growth rate of labor productivity; corresponds to
total factor productivity of 0.92% used in DICE

04 0.1% rate of decline of productivity growth rate

0o 0.1342  CO; emissions per unit of GDP in 2005

9o.0 —0.73% initial rate of decarbonization

0o 0.3% rate of decline of the rate of decarbonization

ao 1.17 cost of backstop 2005

ay 2 ratio of initial over final backstop cost

as 2.8 cost exponent backup

Ju —0.5%  rate of convergence from initial to final backstop cost

Climatic Parameters

T 0.76 in °C, temperature increase of preindustrial in 2005

My,  596.4 in GtC, preindustiral stock of CO2 in the atmosphere

dmo  L7% initial rate of decay of CO2 in atmosphere

Imoo  0.25% asymptotic rate of decay of CO2 in atmosphere

M 3% rate of convergence to asymptotic decay rate of CO2

By 1.1 in GtC, initial CO2 emissions from LUCF

JB —1% growth rate of CO2 emisison from LUCF

S 3.08 climate sensitivity, i.e. equilibrium temperature re-
sponse to doubling of atmospheric CO, concentration
with respect to preindustrial concentrations

EFy —0.06 external forcing in year 2005

EFp .3 external forcing in year 2100 and beyond

feql 0.61 time invariant temperature feedback

A 5.35 in W m™2, additional radiative forcing from changing
CO2 concentrations

Ao 0.315 in °C (W m™2)~!, temperature change per unit of ra-

diative forcing
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