Fall 2007 ARE211
Midterm Exam - Answer key

Problem 1: Continuity. (14 points)

In the first two parts of this problem, determine whether or not the specified functions are contin-
uous. If they are, prove it. If they are not, identify the subset X in the domain of the function
such that for every x [X, f is continuous at X.

a)
X if x is rational

)= 0 if x is irrational

Ans: A function f : X — RX is continuous at a point xo X if [T 0, there exists > 0 such
that |x — Xo| < & implies |f(X) — F(Xo)| < [JThe function T is continuous if it is continuous at
X, for every x [XA.

At Xg = 0: Fix [3> 0 and set 6 = [LIWhen |[x — 0] < 9, then

_ _|x—=0] < if x rational
10— 1O = [0 — 0] < [ if x irrational

Therefore the function is continuous at x = 0.

At X 8 0, where Xg is rational: in this case, f(Xg) = Xo so that

X — Xo| if X rational
f(x)—f = | R
T () (o)l if x irrational

Set [ 0.5%g and choose & > 0 arbitrarily. Regardless of the size of §, we can choose an irrational
X such that |x — Xg| < 6; we then have |F(X) — T(Xp)| = Xo > [Hence T is not continuous at
Xo-

At Xo 8 0, where Xg is irrational: In this case, f(Xg) =0 and

if X rational
f(x) — f(Xp)| = IXI I .
IT (0 (o)l 0 if x irrational

Once again, set [ 0.5xg, and pick a rational x [(0.5Xg, Xg), |f(X) — f(X0)| = x = 0.5%g = []
Hence T is not continuous at Xg.

Conclude that T is continuous only at xo =0

b) 1
11 ifx=0
f(x) = Eg)ﬁq if x = p/q is rational
if x is irrational

Ans: At xXo = 0: In this case f(Xg) = 1. Pick 3= 0.5 and choose & > 0 arbitrarily. There
exists an irrational x such that |x| < 9, and for this x |f(X) — f(Xg)| = 1 > [JHence T is not
continuous at Xg.



At Xo = p/q rational: In this case, T(xo) = 1/q. Pick [ & 1/2q, choose & > 0 arbitrarily and
pick an irrational xXinB(Xg, ) Since |F(x) — f(Xo)| = 1/q > [ If is not continuous at Xp.

At X irrational: In this case, T(xg) = 0. Fix (3 0 and define q(DJ= min{q [N : 1/q < [}l

Next, define p(Dd = min{p CIN : p/g(Dd = X} Now define

R={x=p/q:p=<p(Dig<q(D}. Since R is a finite set which does not contain xq (since,

by assumption, Xq is irrational), we can pick & > 0 su Lciehtly small such that B(Xg,d) n R is

empty. Finally, note that if x = p/q C(B(Xo,d) CRF), then q > q(Dd (This it true because if
g < q(Ddand p/q 4K then necessarily p > p(0)J and hence p/q = p/q(D1> p(Dfq(DI1> X + 0).

It now follows that x [CB(Xg,0) implies |F(X) — T(Xo)| = [F(X)| < [if x is irrational, then

T(x) = 0 < [ZIif x is rational, then, as we have shown, x = p/q [BI(Xo, ) implies g > q([)Jand

hence f(x) < 1/q(DI< [JIWe have proved, therefore, that x [Bl(Xg, 6) implies [f(X)—T(xo| < [
verifying that f is continuous at Xg.

Conclude that T is continuous at every irrational number, and discontinuous at every rational
number.

¢) To do this part, you need the formal definition of the derivative of a function. Letg: R - R
and pick x [RL The derivative of g at.x is defined as:

g%x) = limp, o 9590 (h [R). Now define g : R - R by

_ X'sin(x ™) ifx80
909=" if x =0
where n and m are natural numbers. ldentify conditions on n and m that are necessary and
su Lcieht for the following properties:

i) g is diLerkntiable at 0.

Ans: From the definition of a derivative, observe that

g%0) = limy, o XS0 O = jim,, ox" Lsin(x ™).

Since m = 1, x ™ increases without bound as x — 0. If n = 1, so that x" 1 = 0, then
limy oX" Lsin(x ™) = limy osin(x ™) does not exist. If n>1, x" 1 - 0asx - 0.
Since sin(x ™) [J31,1], for all X, limy; oXx™ %sin(x ™) = 0. Therefore a necessary and
su Lcieht condition for g to be dilerkntiable at 0 is that n > 1.

i) %) is continuous at 0.

Ans: Clearly, gX:) cannot be continuous at zero unless g is di [erkntiable at zero. Hence
a necessary condition for g%-) to be continuous at zero is that n > 1. Assume now that
n > 1 and note that for x 8 0, gqx) = nx" sin(1/xM) — mx" ™ lcos(1/xM). Since
g%0) = 0, g¥:) will be continuous at zero i[Ilimy; og%x) = 0. This property will be
satisfied iCX" ™ 1 - 0 as x — 0, a condition which will be satisfied i C_(h — m — 1) is
positive i.e., iCd>m + 1.

Problem 2: Metrics. (14 points)
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a) Let x and y be two dilerkntiable real valued functions. Is d(x,y) = Efl [x(t) —y(t)|dt a

metric? if it is, prove it. If not, explain why and provide a counter-example.

Ans: It is not a metric. To see this, let x(t):t+]1$pd y(t)=t. Both functions are real valued
and dilerentiable. But d(x,y) = [x(t) —y(®] = ; [x() —y(t)|dt = co. Since a metric is
required to be a real-valued function, d is not a metric.

b) Let f : R - R and let f"(x) denote the n-th derivative of the function f with respect to x.
For any point x [R, let y; = f"(x). Find conditions on f so that {y;} converges in the
Pythagorean metric for every x Rl Note that there are lots of su [cieht conditions, many
of them silly (e.g., a su [cieht condition is that f is the zero function). To discourage silly
answers like this, we’re going to give you more marks, the larger is the set of functions that
satisfies your su Lcieht condition.

Ans: Let "(x) = g(x). Assume that the distance between g(x) and gdx) is [JFor simplicity,

assume g%(x) — g(x) = [JSolving this first order di Lerential equation we obtain g(x) = e**?— [
Since the definition of convergence requires the dilerknce to be less than any (> 0, then

make g(x) = e**P. The derivative of this function is the function itself. Integrating, define

f(x) = e¥*P+c. In general, g(x) can e nth derivative of a function. Integrating we get a

general function of the form f(x) = (7] anx")(e** b+ ¢) +d where ¢ and d are constants. The

sequence {yn} converges to e*°* P for any xo, b and ¢ in R. Another function can be a polynomial

of degree n. Note that the n+1 th derivative is zero. Then the sequence converges to zero.

Problem 3: More on metrics. (14 points)

a) Let for i = 1,...n, let d' be a metric on R. and define d = (d,...,d"...,d"). Now for some
function f, define d' (x,y) = f(d(x,y)). Is d (x,y) a metric? If so, prove it. If not, provide
su [cieht conditions on T for it to be a metric. Once again, the weaker the set of conditions
you provide (i.e., the more f’s that satisfy the conditions), the more points you get.

Ans: Note that the question only asks for su Lcieht conditions. Following the definition of a
metric, Let d be a nonnegative function defined on R", d : R" xR" — R, such that for every
X,y and z in R" we have:

()d (x,y)=0

(ind (x,y) =0ilXd=y

(i) d (x,y) =d (y,x)

(iv)d (x,y)=d (x,2) +d (z,y)

Following the definition of d :

()d (x,y) = f(d(x,y)) = 0. Therefore the definition requires f to be such that f : R! - R..
(iNlf x =y then d (x,y) = f(d(x,y)) = f(0). Therefore £(0) =0

(i) d (x,y) = F(d(x,y)) = f(d(y,x)) =d (y,x). Therefore no further requirements on f.

(iv) d (x,y) = f(d(x,y))

Assume T is a strictly increasing function then

f(d(x,y)) = f(d(x,z) +d(z.y))

Assume T a linear transformation, then



b)

f(d(x,2) +d(z,y)) = T(d(x,2)) + f(d(z,y)) =d (x,2) +d (z,y)

Determine if either, neither or both min(dy, dy) or max(ds, dy) are metrics. If they are prove
it. If not, provide a counter example.

Ans: max(dy, dy) is a metric but min(dy, d) is not. To prove that max(dy, d,) is a metric, we
will just check the triangle inequality. The other conditions are obviously satisfied. For i = 1,2,
we have, for all x,y,z Rl

di(x,y) = dxz) + d(zy)
<  max(di(x,z),d2(x,z)) + max(di(z,y), d2(z,y))

Hence

max(di(x,y),d2(x,y)) =< max(di(x,2),d2(x,z)) + max(di(z,y),d2(z,y))

verifying that the triangle inequality is satisfied.

We now construct a counter example of two metrics on R? and show that for these metrics
min(dy, dz) failgthe-triangle inequality, hence min(:, -) is ngt-a-petric. For some [T (D, 0.25),
let di(x,y) = [k —y1)? + (X2 —y2)? and da(x,y) = (X1 —y1)? + [(k2 —y2)?. (These
are two examples of a metric called the Mahalanobis metric, which is a generalization of the
Pythagorian metric: for the Pythagorian metric, the level sets of the metric are circles; for the
Mahalanobis metric, they are arbitrary ellipses. (For pictures, see
http://www.comp.lancs.ac.uk/ kristof/research/notes/basicstats/igdex.html). Now let x = (0, 0),
y = (1,1 de z = (1,0), Note that d;(x,y) = do(x,y) = 1+ [ On the other hand,
di(x,z) = [k dz(z,y‘)/ while d»(X,z) = 1 = dx(z,y). Hence min(di(X,z),d2(x,2)) =
min(dy(z,y),d>(z,y)) = TISince X 0.25, it follows that

v A
min(dl(x’y)1d2(x’y)) = 1+[3F2 [#F min(dl(x1 Z)’dZ(X’ Z)) + min(dl(z1y)’d2(z’y))'
Thus the triangle inequality fails for min(:, -).

Let
Ay ifx>y

A= 2iyy ifx=y

where d'(x,y) and d?(x, y) are metrics. Demonstrate that d(x, y) is not a metric. A function
very like d is, however, a metric. This function, call it p is defined almost identically to d,
except that a small number of the symbols that define d (somewhere between 1 and 4 of
them) have to be changed. Identify which symbols need to be changed, and verify that the
newly defined function is indeed a metric.

Ans: Note that |:1
d X, if x>

d?(x,y) ifx<y



and Iil
d

d(y, ) = (x,y) ify>x

d?(x,y) ify=<x

Then d(Xx,y) & d(y, x). Therefore d(x,Yy) is not a metric. If we change the inequality signs for
= and 8. Then: —]
d

ld(y, x) = (x,y) ifygx

d?(x,y) ify=x
Since d?(x,y) = 0 when x =y then d(x,y) = d(x,y). Then d(x,y) is a metric. Alternatively,
If you choose:

—d

d(y, x) = (x,y) ify=x

d?(x,y) ify g x

Then d(x,y) = d?(x,y). Then d(x,y) is a metric.

Problem 4: Basic Analysis. (14 points)
Let S = {(X,y,2)|x =singcosB,y = sin@sin6,z = cosp,p > 0,06 >0}

Hint:

this problem is much easier if you use “polar coordinates.” Check wikipedia or any other

source for a definition of polar coordinates.

ANS:

This is a sphere in R3 with radius 1 defined on spherical coordinates. The surface of a sphere

is a curved finite space.

a)

b)

Let F(X,y) = d(X,y) where x and y belong to S and ¢(Xx,y) is the minimum non negative
angle between the two vectors measured in radians. 21 radians equal 360 degrees. Define
an [all on S in this metric.

Ans: B (X) ={y |y CSId(x,y) < [} The epsilon ball is given by all the points such that the
angle between the vector going from the origin to x and the vector that goes from the origin
to those points have an angle less than [tadians. This looks like a circle on the surface of the
sphere.

Let {Xn} = {sin(m/2" + nin/2) cos(mn), sin(n/2" + nn/2) sin(nn), cos(n/2" + nn/2)}
Use the pythagorean metric. Show that this sequence is not a Cauchy sequence.

Ans: It is neither Cauchy or convergent. Note that cos(Mn) = (—1)" and sin(I'In) = 0 where
n is a natural number. Therefore

{Xn} = {(—1D)" sin(m/2" +mn/2),0,cos(n/2" + mn/2)}

To see that the sequence is not cauchy note that as n increases, /2" approaches zero. Since
the values both functions at a any given angle 8 are di[erbnt from the values at 8 + I1/2, then
the components are dilerknt. Therefore, the angle of the vectors {x,} and {xn+1 } is always
positive. The function is not Cauchy.

To see that the function is not convergent, note that as n increases, /2" approaches zero and



d)

e)

f)

the functions sin(.) and cos(.) oscillate. Therefore the values of the components of the vector
Xn oscillate.

Construct a subsequence of the sequence {X,}, defined in the previous part, that is Cauchy.
Ans: Make 1(n) = 4n. Then note that

{x 3} ={(=1)* sin(n/2*" + 2mn), 0, cos(m/2*" + 2mn)}

Note that cos(68) = cos(6 + 2Ik) and sin(8) = sin(8 + 21k) for any angle 6 and integer k. Then
{x (n)} = {sin(n/22"), 0, cos(m/2%")}

the sequence converges to (0,0,1).

Determine if S is an open or a closed set in R®

Ans: S is a sphere in R3 with radius 1 defined on spherical coordinates. S is a closed set in R3.
Construct a new set S®by adding a new parameter p to the definition of S. Give conditions
on this new parameter so that S%is open but for which all points in S are boundary points.
Ans: SO={(x,y,z)|x = psin@cosh,y = psingsind,z=pcosp,p >0,0=>0,p=0}

If p <1 then S%is open and all points in S are boundary points.

Is S a bounded set? Is S¢ a bounded set?

Ans: S is bounded. S¢ is not.

Problem 5: Hemi-continuity. (14 points)

a)

b)

Let y—R? [RAbe defined as: Y(x,y) = (z, Wyvhere

, = [-1,1] ifx+y<l1 and W= [-1,1] ifx+y<l1
3/2 elsewhere 2/3 elsewhere

Is this correspondence upper hemi continuous? Lower hemi continuous? Continuous?

Ans: It is neither Ihc nor uhc, and hence not continuous. To see why this correspondence is
not uhc, let {Xn,yn} = {3 — 2,3 — 2}, then {Xn,yn} - {3, 3} Let {zo,wn} = {2, 2}. Then
{zn,wn} - {0,0}. Clearly, the sequence {zn,wn} C(Xn,Yn), but (0,0) L §i(3,3). To see
why it is not Ihc, note that a sequence in the interval [-1,1] can not converge to 3/2. Therefore
it is not Ihc.

Let ¢R? [RAbe defined as: ¢(x,y) = (z,y)here
L = [-1,1] ifx+y=1 and W= [-1,1] ifx+y=>1
3/2 elsewhere 2/3 elsewhere

Is this correspondence upper hemi continuous? Lower hemi continuous? Continuous?



Figure 1. The set W is the shaded area on the right

Ans: It is neither. To see why it is not uhc, let {X,,yn} = {3 + %, + 1}, then {x,,yn} -
{3,3}. Let {zo,wn} = {2, 1}. The sequence {zn,wn} CQ(Xn,yn), but (0,0) Li(3, 3

because w(1,1) = 2/3.

To see why it is not Ihc, take {xn,Yn} ={3 — 2,3 — 2} {Xn,¥n} - {3, 3}. Since z, = 3/2 for
all x, and y, such that x, +y, <1, then we can not construct a sequence {zn,Yn} L@(Xn,Yn)
so that {z,,yn} = {3/2,yn } that converges to {1,1}. Therefore is not Ihc.

c) Let x+R? [ RZbe defined as: X(x,y) = (W), where

0 if (x,y)=(0,0) and W= 0 if (x,y)=(0,0)
1 elsewhere —1 elsewhere

Is this correspondence upper hemi continuous? Lower hemi continuous? Continuous?

Ans: It is neither uhc nor lhc, To see why it is not uhc, let {xn,yn} = {(=1/n)", (—=1/n)"},
then {xn,yn} - {0,0}. Let {z,,wn} = {1,—1}. Then {z,,wn} [X(Xn,yn) and {z,,wn} -
{1,—1} but {1,—1} Y XK0,0). To see why it is not Ihc, take the point (z[Ww D= (0,0). You
can not write a sequence Xp,Yn such that it converges to (z[ WD) Ibecause (Xn,yn) & (0,0)
implies (zn,wn = (—1,1).

Problem 6: Strict Quasi convexity. (16 points)

a) (This is a little lemma that will help you prove the main result, below.)
Let V be an open set and fix z [RI'. Let

W ={w [R' :w=o0z+ (1—a)v, for some v [Vland a > 1}.

(See Fig. 1). Prove that W is an open set.

Ans: Pick w [\WW. By assumption, w = az + (1 —a)v, for some v [[Vland a > 1. Since V is
open, there exists & > 0 such that B(v,d) [V1 We need to find [ 3> 0 such that B (w, DJ[\M.

Let [ 3(a — 1) > 0 and note that for all dx CBI(0, J v + (d—xl) =v-— (ldx) [B(v,d) [\




1] L]

It follows now from the definition of W that az + (1 —a) v — (ld—x) =w+dx CW. We

have established, then, that B (w, D1 WM, proving that W is open.

b) A continuous function f : X - R is defined to be strictly quasi-convex if it satisfies the
property (A), where

X]y [X s.t.f(y) < f(x), AIL(Q, 1), F(Ay + (1 — A)X) < T(X). (A)

Show that condition (A) defining strict quasi-convexity is satisfied if and only if conditions
(B) and (C) are satisfied, where

every lower contour set of T is a strictly convex set (B)

every level set of ¥ has an empty interior ©

Proving that (B) and (C) imply (A) is a bit tricky. So I suggest that you might consider
trying to prove that C n =A =[=B, by proceeding along the following lines.
i) Find a point z on the line segment joining x and y, where f(y) < f(X), that violates
condition (A).
ii) There are now two mutually exclusive possibilities
(i) x belongs to the interior of the lower contour set corresponding to f(x).
(i) x doesn’t belong to the interior of the lower contour set corresponding to f(x),
violating condition B.
If the latter case holds, then you are done. Assume therefore that the former case
applies.
iii) Now apply property (C) to the point z, use your answer to the first part of this question,
plus the continuity of ¥, use property (C) a second time, and conclude that for some
a < f(x), the lower contour set of f corresponding to a is not a convex set.

Ans: Proof that (A) =L (B) & (C): Assume that f is strictly quasi-convex. First, let S denote the
lower contour set of f corresponding to a R and pick X,y [SL We need to establish that for A [
(0,1), F(Ay+(1—A)x) belongs to the interior of S. Without loss of generality, assume that f(y) < f(x).
By assumption, f(X) < a, so that by definition of strict quasi convexity, f(Ay + (1 —A)x) < f(X) < a.
Since T is continuous, there exists a neighborhood U of Ay + (1—A)x such that for all z [, f(z) < a.
Hence Ay + (1 — A)X is an interior point of S. We now need to establish that the level sets of f have
empty interior. Let L be a level set of T, pick x [Idand pick (3> 0. We need to show that B(x, DI* L.
Pick y [CBI(x, DJ so that f(y) < f(x). Let z = (0.5x + 0.5y). Clearly z [CBI(X, DJ Since T is strictly
quasi-convex, f(z) < f(x) and hence z Y T1 We have established, then, that B(x, DI* L.

Proof that (B) & (C) =L_(A): Following the suggestion above, we will show that C n =A =[=B.
Since T is not strictly quasi-convex, there must exist X,y [X s.t.f(y) < f(x), A (0, 1) such that
z=Ay+ (1 —Axand f(z) = f(x). If z is not an interior point of the lower contour set of f
corresponding to f(x) then we are done. Assume, therefore, that z is an interior point of the lower
contour set of f corresponding to f(x). That is, f(z) = f(X) and there exists an open set U containing
z such that for all u [, f(u) < f(x). Since property (C) holds, z is not an interior point of the level
set of T corresponding to f(x). Hence there exists some point u such that f(u) < f(x). Since
f is continuous, u must belong to an open set V [Ul such that for all v M, f(v) < f(X). Now
consider the set W n U, where W = {w [(R" : w = az + (1 — a)v, for some v [V and a > 1}.
From part a) of this question, W is open and hence W n U is open. Moroever, W n U belongs to
the lower contour set of f corresponding to f(x). From property (C), therefore, it cannot be the
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case that f(w) = f(x) for all w [CW n U, i.e., there exists w W n U such that f(w) < f(X).
By definition of W, there exists v [\ such that z lies on the line segment joining v and w. Let
a = max(f(v), f(w)) < f(x). Obviously, v and w belong to the lower contour set of T corresponding
to a. However, since T(z) = T(x), z does not belong to this lower contour set. Hence the lower contour
set of T corresponding to T is not a convex set. We have shown, then that property B above is violated.

Problem 7: Kuhn Tucker. (14 points)
For ¢ Rl , consider the problem

max x1=2y1=2
x*+y? =1 @
V_
X+ 2y = 2 2)
x = 0 3)
y = 0 (4)
a) Write this problem in the standard format, i.e., max f(x) s.t. g(x) <b.
Ans:
max X172y 2
xXX+y? = 1 (1<)
—x2 — y2 = -1 (1=)
V_
X+ 2y = 2 2)
-x = 0 3)
-y = 0 4

b) Identify conditions on c, if such conditions exist, such that
i) the constraint (2) is neither binding nor satisfied with equality at the solution to the
problem.
i) the constraint (2) is satisfied with equality at the solution to the problem but is not
binding
iii) the constraint (2) is binding.
In each of these cases graph the problem, clearly indicating the both the constraint set and
the solution to the problem. Then provide the analytic solution. In each case, specify which
of the other constraints are binding.

Ans:  See Fig. 2. Constraints (3) and (4) are slack for all values of ¢ [R. For the other
constraints, there are three regions to consider

i) whenc < \/2: constraint (1<) is binding and constraints (1=) and (2) are slack. (If (1=)
were relaxeg, the objective would be increased by increasing both x and y.)

i) when ¢ > 2, constraint (1<) is slack and constraints (1=) and (2) are binding. (To see
this, note that if (1=) were relaxed, creating a little band below the circle of radius 1., the
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objective would be increased by sliding down the straight line, i.e., increasing x and reducing
y. On the other hand, if (1<) were relaxed, creating a band above the circle of radius 1,
the optimypn values of x and y would be unchanged.)

iii) when c = 2, constraints (1<), (1=) and (2) are all satisfied with equality, but technically,
none of them are binding: if you relax any one of them without relaxing the others, the
solution stays fixed.

The analytic solution provided here is relatively un-anal in nature. l.e., I'm going to work from
the pictures and not even Wri\t)a down the constraints that are slack. The gradient of the objective

is %(Uy, 1/x) When ¢ < 2, this vector can be written as a scalar multiple of the gradient of
constraint (1<), i.e., 2(x,y) that is,

Xy

— 2,2
4 - (X1y)

Hence x =y and from (1<) and (1=), thjs means that x =y = \/5/2. When ¢ > \/Z the
gradient of the objective is equal to Az(c, 2) — 2A1(x,y), for some (A, A2) LO.1Also, sigge
constrainty(1=g) and (2) are satisfied with equality and y is nonnegative, we have y = (2—cx)/ 2
and x g 1 —\/)/2. Combining these equations and applying the quadratic formula, we get that
y=(2 2+c cZ2—2)/(2+c?). From Fig. 2, it’s clear that the Iargg,; of the\}wo roots yields a
higher value of the objective, so that the optimal yglue of y isy =2 + ¢ cZ2—2)/(2+¢c?).
Since constraint 2 holds, it follows that x = (2— 2y)/c = (c— ¢2/2 —1)/(1 + c¢?/2).

For the case in which constraint (2) is binding, indicate how the degree of bindingness (i.e.,
the magnitude of the Lagrangian multiplier) changes as ¢ changes. Ideally, support your
answer graphically.

Ans: As cincreases, both of the binding constraints become less binding. Fig. 3 illustrates what’s
going on. It’s easy to see from the figure why constraint (2) becomes less binding: whenc = 2,
the gradient of the second constraint points in essentially the same direction as the gradient of
the objective. As c increases, the gradient of the objective moves “toward the middle” of the
cone generated by the gradients of the two constraints, so the weight on constraint (2) decreases.
It’s much less easy to give an intuitive explanation fog why constraint (1=) becomes less binding.

Fig. 4 plots the two lagrangians as c increases from 2 to 10.
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Figure 2. Graphical solution to problem 7
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Figure 3. How the Lagrangians change as ¢ increases
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Figure 4. How the lagrangians change as ¢ increases



