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Problem 1

Show that a function f: X — A is invertible < f is bijective

Ans: Recall the following definitions:

(A) A function is injective if f(z1) = f(x2) = 1 = zo.

(B) A function is surjective if Ya € A 3z € X sit. f(z) = a.

(C) A function f : X — A is invertible if 3~ : A — X sucht that VYa € A, f(f~!(a)) = a and
Ve e X, f~Hf(z)) ==

We need to show C' < (A A B).

“=" Let's prove the contrapositive, i.e. (mAV -B) = -C
case 1 If f is not injective then Jx1, 29 € X such that z; # x9 and f(z1) = f(x2). Assume
there exists an inverse f~1. We know from (C) that z1 = f~1(f(21)) = f~1(f(22)) = 22
which contradicts x1 # 2. Hence f can’t be invertible.
case 2 If f is not surjective then Ja € A with Vo € X, f(z) # a. However, since f~! maps from
A to X, we know that f~!(@) € X and hence f(f~%(a)) # a. Hence f can't be invertible.
“«<" Since f is surjective we know that Va € A Jz(a) € X s.t. f(z) =a.
Furthermore, since f is injective we know that z(a) is unique as
a= f(z1) = f(xz) implies 71 = 9. Let’s define f~! as x(a). Clearly, Va € A, f(f~'(a)) = a
and Vz € X, f~1(f(x)) = x by the definition of x(a) and consequently f is invertible.

Problem 2

Which of the following functions is bijective? If it is bijective, give the inverse.

a) f:R—-R f(z)=2x+4



b) f:R - R f(z) = |2z +4]
c) f:]-2,00) = R f(x) =|— 22z — 4
d) f:[—2,oo)—>[0,oo) f(x):‘_zx_él‘

1/z if z rational

e) f:(()?OO) —>(0,00) f(x):

x if z irrational

Ans:



Recall the following definitions:

(I) A function is injective if f(x1) = f(2z2) = 1 = xo.
(S) A function is surjective if Va € A Jz € X s.t. f(z) = a.

a) f:R—-R f(zr)=22+4
(|) f(l’l) :f(:Eg) S 201 +4 =210+ 45 11 = 9.

Hence f is injective
(S) Va e R:3z(a) = %5 eRsit. f(z(a) =22 +4=a—4+4=ua.

Hence f is surjective.
= The function is bijective and the inverse is f~1(a) = %4
b) f:R >R f(z) = |22 + 4]
() flz1==3)=12(-3)+4|=|—-6+4|=2=|—-24+4|=|2(-1)+4]| = f(ze = —1) and
I 75 9.

Hence f is not injective
=- The function is not bijective.
) f:[-2,00) = R f(x) =| -2z —4
(1) a = —1 € R but since the absolute value is greater or equal than zero, Vz € [—2,00)
flz)>0>—-1=a
Hence f is not surjective
=- The function is not bijective.
d) f:][-2,00) = [0,00) f(z) =|—2x — 4] = |2z + 4]
Note: Since x > —2 we know 2x > —4 and hence 2z +4 > 0. Hence we can write f(x) =

122 + 4] =22 + 4
(|) f(l‘l) = f(:L'g) S2r1+4=22+4E x1 = 9.
Hence f is injective
(S) Va € [0,00) : dz(a) =
Hence f is surjective.
= The function is bijective and the inverse is f~!(a) = %2,

&) f(0,00) — (0,00) f(a) = § 1/ Hrerationat
x i frirrational
Note: If z > 0 is rational than so is 1/x. Hence f(x) is rational iff  is rational
(1) If f(x1) is rational than f(z1) = f(x2) < x—ll = x% & 1 = 2.
If f(x1) is irrational then f(x1) = f(x2) & 1 = 29
Hence f is injective.
(S) Va € (0,00), a rational: Jz(a) =
Va € (0,00), a irrational: 3x(a) = a € (0,00) s.t. f(z(a)) = f

Hence f is surjective.
= The function is bijective and the inverse is f~!(a) = f(a).

4 € [-2,00) s.t. f(z(a) =2%2 +4=a.



Problem 3

Let A be a (nxn) matrix. The main diagonal consists of the elements {a;;,7 = 1..n}. Show that

a) A necessary condition for A to be positive definite is that all elements on the main diagonal
are strictly positive.

b) A necessary condition for A to be negative definite is that all elements on the main diagonal
are strictly negative.

c¢) A sufficient condition for A to be indefinite is that at least one element on the main diagonal

is strictly positive and at least one element on the main diagonal is strictly negative.

Ans: Let A be a (nxn) matrix.

a) A necessary condition for A to be positive definite is that all elements on the main diagonal are
strictly positive. Proof:
(1) Assume that not all elements on the main diagonal are positive, i.e. 3k € {1,2,...,n} s.t.
agr < 0.
(2) Consider the unit column vector e, (which is 1 in the kth row and zero otherwise). e;Ae;, =
Ixape*x1=a <0
(3) From (2) we know that Ix # 0 such that xAx < 0. Hence A can't be positive definite.
b) A necessary condition for A to be negative definite is that all elements on the main diagonal
are strictly negative. Proof:
(1) Assume that not all elements on the main diagonal are positive, i.e. 3k € {1,2,...,n} s.t.
agg = 0.
(2) Consider the unit column vector e, (which is 1 in the kth row and zero otherwise). e;Ae;, =
Ilxape*x1=a >0
(3) From (2) we know that Ix # 0 such that xAx > 0. Hence A can't be negative definite.
c) A sufficient condition for A to be indefinite is that at least one element on the main diagonal
is strictly positive and at least one element on the main diagonal is strictly negative. Proof:
(1) You are given that one element on the main diagonal is strictly positive and one is strictly
negative, i.e. 3i,j € {1,2,...,n} s.t. a; > 0,a;; <O0.
(2) Consider the unit column vector e; (which is 1 in the ith row and zero otherwise). e;Ae; =
lxa;*x1=a; >0
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(3) Consider the unit column vector e; (which is 1 in the jth row and zero otherwise). e;Ae; =
lxajj*x1=aj; <0

(4) From (2) and (3) we know that 3x1,x2 € R™ such that x;Ax; > 0 and x2Ax2 < 0. Hence
A is indefinite.



Problem 4
For each of the following matrices state whether they are (i) positive definite, (ii) positive semi-

definite, (iii) negative semi-definite, (iv) negative definite, or (v) indefinite (dependent on the values

of the parameter «, 3,7).

1 2 3
a) Aa=| 2 5 1
3 1 «
1 2 8
b)Baﬂﬁ: 2 -3 «
oo v
a 1 2
¢)Cap=1| 1 5 2
2 2 4

Ans:

a) The first order leading principal minor is: 1 > 0.

The second order leading principal minor is: 5 ? =5—-4=1>0
The third order leading principal minor is: (develop after 3rd column)
1 2 3
2 5 1 2 1 2
fr— — — — 4
2 5 1 3‘31‘|31|a‘25| M+ o
3 1 «

Therefore we know that
« > 34 The matrix is positive definite as all leading principal minors are positive.
« = 34 The matrix is positive semi-definite as all principal minors are greater or equal than zero
(there are 4 more besides the leading principal minors above):



First order: 5> 0 and o« = 34 > 0.
1 3 5 1
_— =25 >0 and 1 34
a < 34 The matrix is indefinite as the first order leading principal minor is positive and the third
order leading principal minor is negative.
b) Since the main diagonal includes both positive and negative elements we know from problem 3
that the matrix is indefinite for all values of the parameters «, 3, and ~.
c) For this question it is easiest to multiply out x'Cx :
X'Cx = az? + 22129 + 42173 + B3 + 4woxs + 423
= (a—1z? + (8 —1)23 + (v1 + z2 + 213)?
There are three cases:
case 1 : a < 1lor (3 <1 (Duetosymmetry consider w.l.o.g. o < 1)
Pick 11 = 1,20 = 0,23 = -05 = xXCx=a—-1<0
Pick 11 = 0,29 = 0,23 =1 = xCx=4 >0
Hence C is indefinite.
case2 :a>1land 0 >1
Since all squared terms are multiplied by a positive constant we know that x’Cx > 0.
Furthermore x'Cx = 0 < x = 0.
Hence C is positive definite.
case3:a=1AFG>1lora>1A0E=1
Since all squared terms are multiplied by a nonnegative constant we know that x’Cx > 0
However, if a = 1 pick 1 = 2,279 = 0,23 = —1 and X¥’Cx = 0 and if 8 = 1 pick
21 =0,29 =2,23 = —1 and X¥’Cx =0
Hence C is positive semi-definite.

Second order:

‘:16920




Problem 5
Which of the following function is homogeneous? If it is homogeneous, give the degree of homo-

geneity.

a) f(z,y) = 32°y + 222y* — 323>
b) f(x,y) = 32%y + 2x2y* — 3x3y*

_3VE | oz
c) f(x,y)—3ﬁ+2§+7

222
d) flr,y) = orid +6

Ans:

a) f(az, ay) = 3(az)’(ay) + 2(ax)*(ay)* — 3(az)*(ay)?
= 3a’2%ay + 202220ty — 3032303y
= ab2%y + af22%y* — 32343
=a’f(z,y)
The function is homogeneous of degree 6.
b) f(az, ay) = 3(ax)’(ay) + 2(ax)?(ay)! - 3(az)*(ay)*
= 3a’2%ay + 202220ty — 30323 aty?
= a6x5y + a62$2y4 — a63x3y4 + oz63:133y4 — a73:133y4
= abf(z,y) + a®(1 — )32y
#0 if a=2,x=y=1
The function is not homogeneous.

o) flax,ay) = 3\/\/% +200+7

_ avovz az
=3V + 4250 +7

— 3V z

= 3\/?3 ++22+7
= a’f(z,y)

The function is homogeneous of degree 0.

axr 2_ « 2
d) flaz,ay) = {Epriaym + 6
+ 6

o (042122—042}/2)
~
_ a’(z?—y?)

= 2@ +y?) +6




_ @)
= )
= a’f(z,y)

The function is homogeneous of degree 0.
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Problem 6

In the following consider functions that map from the same domain to the same range.

a) Show that the product of two homogeneous functions is homogeneous again.

b) Show that the sum of two homogenous function is homogeneous if they are homogeneous
of the same degree.

c) Is it possible that two functions f and g are both homogeneous of degree k and the sum f+g

is homogeneous of a degree different from k? If yes, give an example, if not, explain why.

Ans: In the following | use the definition from Smon & Blume. (Note, if you used Leo’s definition
that was fine too).

(i) Let f be homogeneous of degree ky, i.e. Voo > 0 f(ax) = o f(x)
(i) Let g be homogeneous of degree ko, i.e. Vo > 0 f(ax) = a*?g(x)

a) Show that h(x) = f(x)g(x) is a homogeneous function.
Va > 0: h(az) = f(az)g(ax) (by the definition of h)
= oM f(x)ak2g(x) (as f,g homogeneous)
— ab R f (g )
= af1tk2p ()
Hence h(x) is homogeneous of degree ki + k.
b) Show that if ki = ko = k then h(x) = f(x) + g(x) is a homogeneous function.

Va>0: h(az) = f(az) + g(ax) (by the definition of h)
= ol f(x) + aFg(x) (as f,g homogeneous)
= o (f(2) +g(x))
= oFh(x)

Hence h(x) is homogeneous of degree k.

c) Is it possible that if k1 = ko = k then h(x) = f(x) + g(x) is homogeneous of a degree different
than k.
Yes, let g(z) = z, f(x) = —x. Clearly f, and g are homogeneous of the same degree. Note that
Va : h(z) = 0. This function is homogeneous of any degree, e.g, 2k + 1.
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Problem 7

a) Prove Euler’s theorem (Hint: Simon & Blume).

b) Prove that if f(x1,z9) is a twice continously differentiable function that is homogeneous of

degree k then

x%fxlxl + 2$1$2lezg + x%fzy:g = k(k - 1)f

Ans: Recall Euler's theorem:

o Let f(x ) be a contiously differentiable function of degree k on R™ than: f( ) 4 9 6§£2) +

a) Prove Euler’s theorem
(1) Since f is homogeneous of degree k we know that f(ax) = o f(x)
(2) Differentiate both sides with respect to « to obtain:
g d0X) | g 00(ex) |y TN k=1 p ()

ox1 5552 0Tn

3) Evaluate (2) for a = 1: :Ulgf()—l—x 6(52)—1— xS 51, =kf(x)
(1,x2) Is a twice continously d/fferent/able function that is homogeneous of degree k
1) Since f is homogeneous of degree k we know that
flazy, axy) = oF f(xy, x2).
(2) Differentiate both sides with respect to « to obtain:
1 5f(04§1704962) T 2o Sflaxr,azs) _ p k— Lf(x)

oxo
(3) Agaln differentiate both sides with respect to « to obtain:

2 2 2
%5 f(cg:vé,arz) +x1m25 f((%:zlm,lcvxz) +w2x15 f((SO;rl;,Qarz) +x§5 f(%:;l%,arz) = k(k—1)akF~2f(x)

(4) Using the symmetry of the cross-partials in (3):
2
%5 f(O(éSx12,a$2) + 2x1x26 f(éog‘;;lm) + x25 f(O:SJ312,OA$2) = k(k — 1)ozk_2f(x)
(5) Evaluate ( ) for a = 1:
2 2 2
AT | gy gy PA00) | BTI@12) g 1) f(x)

RESED Sx3

(
b) f
(




