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Privatizationandmarlket liberalizationarewidely consideredo be complementaryeformsin transition
economies. This article challengeshis view and the closely related“big bang” approachto economic
reform. Our analysissuggestghat when pursuedtoo vigorously privatizationmay actuallyimpedethe
transition processfollowing market liberalizationand reducesocial welfare. Our resultis basedon an
explicit model of the market learningprocesswhich is an intrinsic componentof ary transitionfrom a
socialisteconomy—inwhich marketsand market institutionsare either noneistentor highly distortedby
governmentinterventions—toa fully-functioning market economy The theoreticalliteratureto dateon
the transitionin Centraland EasternEuropehasignoredthe needfor individualsto simultaneouslyearn,
throughtheir participationin the market processaboutthefeaturesof a marketin transitionandthe effects
of government-institutedeforms,e.g. Murrell. In whatfollows, we will aguethat,insofar asit fails to take
accounbf thelearningprocessthe policy adviceprovided by Westernexpertsto transitioneconomiesnay
beseriously awed.

An urgenttaskfacingpolicymalersin a smalltransitioneconomyis to identify thosesubsectorsf the
economyin which their country will have a comparatie advantage: Typically, very little information
aboutthe identity of thesesubsectorss provided by relatve pricesfrom the pre-transitiorera,sincethese
werehugelydistortedby productionquotastaxesandsubsidiesandothernonmarlet in uences. Sowhat
economigpolicieswill bestfacilitatethe procesof acquiringthe necessarinformation?The standardeco-
nomic adviceprofferedby Westerneconomistdiasbeento follow a “big bang” approactof simultaneous,
andrapid,liberalizationandprivatization.Proponentsf thisapproachely ontheef cacy of AdamSmith's
“hidden hand” asa vehiclefor achieving the optimal reallocationof resourcestheir belief is that newly
privatizedproducerswho will be highly responaie to the newly liberalizedmarket signals,have the best
chanceof identifying the optimal pathof adjustmento the nev marlet realities.

We investigatethe relationshipamonglearning and adjustmentand the degree of privatizationin an
extremely stylized model of the transitionprocess. We divide the productionsectorinto privatizedand

nonprivatized rms (parastatal. The fraction of privatized rms is viewed asa one-timepolicy choice,
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whichremainsx edfor thedurationof thetransitionperiod.Our privatized rms aremodeledasresponsie

to market signals. Speci cally, they basetheir productiondecisionson their private sighalsaboutmarket

conditionsand previously realizedmarlet prices. Parastatalsimply selecta x ed level of production.
The rms producefor aworld market, with deterministicworld pricew . Two inputsarerequiredfor the
productionprocess:the rst is available on world markets andis perfectly elasticallysuppliedat a price

of unity; the seconds nontradablewith a stochasticupward-slopingresidualsupply curve. The source
of the stochasticityis transition-relatedincertaintyaboutthe demandor theinput by othersectorswhich

are alsoadjustingto the transitionprocessand are simultaneouslyundegoing a similar learningprocess.
An unusualaspectof our modelis that producersare requiredto make input decisionsbefoe the price

uncertaintyhasbeenresohed. We imposethis assumptiorbecausef its corvenience:togetherwith our

assumptiomf risk neutrality it insulatesxpectedvelfarefrom therandomnesi supply Oneinterpretation
of the assumptions thatinput decisionsare sequentiabndthereis relatiely little substitutabilityamong
inputs. For example,the nontradablenput might be labor: labor requirementaretypically determinecht

the beginning of the productioncycle, while actualservicesarepaidfor at the endof the cycle, by which

time the price uncertaintyis resohed.

More generally by modelling rms as bidding againstother sectorsfor a non-tradablenput, we are
ableto addresgheissueof comparatie advantagein a reduced-formway within a onesectormodel. This
partialequilibriumorientationis, of course a serioudimitation of our modelasatool for welfareanalysis,
especiallybecausewne are implicitly assumingthat market failuresare simultaneousloccuringin other
sectorof the economy Nonethelessye believe thatour partialequilibriumorientationis warrantedoy its
simplicity relative to thegeneralequilibriumalternatve.

Theonly informationthatour producersave abouttheinput,in additionto their own individual signals,
is its pastrealizedprices.In particular our producerknow neithertheexpectednterceptof theinput supply

curve, thenumberof nonresponse producersiortheamountproducedoy each.Further they do notknow
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thestructureof the market. Ratherthanattemptto learnthe parametersf anunknavn structuraimodel,our
responsie producersimply predictmarket pricesusinganadaptve expectations-styléearningrule.

SincelLucas,modelsof expectationformationsuchasthe onewe presentherehave beenwidely criti-
cizedon the groundsthatthey postulatenon-“rational” behaior by economicagents.If agentsbehaedin
themannewe postulatetheargumentruns,thenarbitragepossibilitieswould ariseandremainunexploited,
dueto the adhoc' natureof agents'price expectationformationrule. This critiqueis certainlycompelling
whenappliedto modelsof long-runor steady-statdehaior. Becausdn suchcontats an abundanceof
econometricdatawould be available, agentsshouldbe ableto “reverseengineer’the economicerviron-
mentwithin which they areoperatingandthenbasetheir price predictionsandproductiondecisionson an
empiricallyvalidatedstructuralmodelof this ervironment. This critique hasmuchlessforcewhenapplied
to modelsof short-run—andin particular transition—behaior. Becausehey areoperatingn atransition
ernvironment,the agentsn our modelhave hadneitherthetime, the datanor the experienceo “masterthe
model”to theextentrequiredoby therationalexpectationdypothesisGiventheinevitable uncertaintyabout
market structurethat characterizeall transitioneconomiesandthe inevitable transition-relatechoisethat
contaminatesvhatever datais available,it seemgeasonabléo supposdhatproducersnight usepastprice
obserationsasaforecastingool, ratherthanrelying uponsomestructuraimodelin whichthey have noba-
sisfor con dence.A relatedpointis frequentlymadeby econometricians defenseof their useof reduced
form time-seriesnodelsfor short-termforecasting(see,for example,Judgeet al, p. 675). Indeed,asan
empiricalmatter it is well known thatthosevery arbitrageopportunitieson which the rationalexpectations
critigueis basedarein fact extremelywidespreadn the early stagesof transitioneconomies While these
opportunitieswill no doubtbe exploited eventually if they have not alreadydisappearedyur focusin this
paperis onthe periodduringwhich agentshave insufcient informationto exploit them.

Ourapproacho thegradualisnversusbig-bangcontrorersydiffersfrom theapproachethathave domi-

natedtheeconomidransitionliteraturee.g.,Gates Milgrom andRobertsandMurphy, ShleiferandVishry.
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Ratherthanmodelinga centrally-manipulategrocessin which market participantgespondoerfectlyto in-
centivessetby governmentwe focusspeci cally onthefunctioningof transitionmarketswheninformation
andincentves areimperfect. We ignore political-economicconsiderationsuchasthoseraisedby Laban
andWolf. In contrastio studiessuchasDewatripontand Roland,we treatuncertaintyasanintegral com-
ponentof the market transitionprocessand considerhow individuals' responseso market signalsaffect
productionpro ts, pricesandsocialwelfare.

Thepolicymaler in this paperis modeledaschoosinga constantevel of privatizationfor theentiretran-
sition. In theinterestsof tractability we do not attemptto identify the optimal rate at which nonpriatized
rms shouldbe corvertedinto privatized rms. While thisis afascinatingandimportantpolicy issue,it is
alsoa mud moredif cult onein the contet of an explicit modelof learning. In orderto addresst, we
would have to formalizethe dynamicoptimizationproblemfacingthe policymaker andto addressheissue
of how beliefsregardingthe countrys comparatre advantagein productionshouldbe updatedwithin this

contet.

Whereaswe focuson the importanceof uncertaintyandthe functioningof transitionmarketswhenin-
formationandincentives are imperfect,we nonethelespresumehat the policymaler hasthe capacityto
manipulatethe transitionprocess.Formally, we modelthe policymaker aschoosing,onceandfor all, the
fractionof rms thatwill be privatized. This modelingapproachsuggestshatthe policymaker mustpos-
sesgnformationregardingthetransitionprocesghat rms do not, andusesthis informationto optimizeits
one-timeprivatizationdecision. One might wonder then,why the policymaler doesnot simply shareits
informationwith the industryandtherebymitigatesomeof the uncertaintyof the transitionprocess.? We
preferto interpretour modelasformalizingthe privatizationpolicy thatwould beselectedy anomniscient
(but constrainedpbserer, i.e.,onemuchbetterinformedthanthe actualpolicymaler. An alternatve inter-
pretationis thatthe choiceof a speci ¢ numberby the policymaler is a corvenientway of representinghe

muchmorequalitative type of policy decisionthatpolicymalkersareactuallyrequiredto make. Speci cally



5

it is mucheasierto formalizethe problemwe posethanthemorerealistic,but lessconcreteoneof how sup-
portive of privatizationthe governmentshouldbe. The policy implicationswe derive regardingthe effects
of learningareno lessrelevantbecausef this.

First, we constructa “modi ed cobwebmodel” with time varying parameters Secondwe distinguish
threephase®f the dynamicadjustmenpath: (i) a phaseof explosive oscillationsin pricesandproduction;
(i) aphaseof dampedscillations;and(iii) aphaseof monotonecon/ergenceto perfectinformationprices.
Wereferto the rst two phasesstheshort-runandthelastphaseasthelong-run Theresultsin this section
focuson the relationshipbetweenprice and productionvolatility andthe fraction of privatizedproducers.
In the short-runvolatility increasesvith the degreeof privatizationwhile in thelong-run,additionalpriva-
tization reducesvolatility. Moreover, the length of the short-runincreasesvith the numberof responsie
producersThird, we specifythe policymaler's performancdunctionandexaminehow the optimallevel of
privatizationdepend®n thevariousparametersf themodel.

Increasingthe degreeof privatizationhasshort-runcostsandlong-runbene ts. Pricevolatility results
in welfare lossesrelative to the perfectinformationequilibrium: our responsie producersasetheir pro-
ductiondecisionson estimatedoricesandhencemisallocateresourcesvhenthesepricesdiffer from real-
ized prices. A morevigorousprivatizationprogramincreasewolatility bothin the short-runandthe early
long-run,andhenceexacerbateshis rst kind of resourcamisallocation.On the otherhand,our parastatal
producersremisallocatingesource®y ignoringmarket signals andasthe numberof parastataldeclines,
this secondkind of misallocationbecomedessimportant. Becausehe costsof privatizationdeclinein the
long-run, while the bene ts remainconstantover time, the optimal level of privatizationdependson the
policymaler's rateof time preferenceWe prove thatif theshortrunis sufciently importantto the policy-
maker, thereis a uniqueoptimallevel of privatization,which falls shortof full privatization;on the other

hand,if policymalersaresufciently patientthenfull privatizationis optimal.



1. A MODEL OF LEARNING IN A TRANSITION ENVIRONMENT

We considera partial-equilibriummodel in which producerslearn aboutthe market price of one of
their inputs. We adoptthe linearquadraticmodelwhich is the standardor learning-theoretipapers(see
Townsend,Raussermand Hochman,Bray and Savin, etc.). We assumehat market demandfor outputis
perfectlyelasticat the world price. The productionof g units of outputrequires0:5g2 units of a tradable
input andg units of a nontradableénput. While the tradableinput is elasticallysuppliedat a world price
of unity, the supplyof the otherinputis upward slopingwith a randomintercept. An interpretatiorof the
randomnesss thattheresidualsupplyof the inputis stochastidueto stochastiadlemandor the input by
othersectorswhich are also adjustingin the courseof the transition. At the startof the transition,each
price-response producerhasa point estimateof the market-clearingprice for theinput. As thetransition
progressesproducersevise their estimatesf this price, basedon the unfolding path of realizedprices.
Thus,our producersarelearningaboutthe costof doing businessn this particularsector:becausef com-
petingpressuresor resourcesa key componenbdf their coststructureis unknavn. With this formulation
we canaddresghe policy questionof how a countryin transitionidenti es thosesectorsan which it hasa
comparatre adwantage.

Thetotal numberof producersdenotedoy N, will beheld x edfor now. All producersarerisk-neutral
andhaveidenticalcostfunctions butafraction = {; areprivatizedandresponsie to marketsignalswhile
theremainingfraction.1— [/ arenonresponse parastatalstachparastataproduceshequantityq, sothat
aggr@ateparastatabutputis.1— /Ng. Producerstommoncostfunctionis denotecdy C.q/ = pg+ %qz,
wherep is the (unknavn) price of the nontradablénput. Thusin periodt, eachprivatizedproducers esti-
matedpro t maximizinglevel of outputis identicallyequalto the differencebetweerthe commonlyknown
world price of output,w , andher(subjectve) estimateof the market clearingprice of theinput, ;. It fol-
lows thatat anticipatedorices{ i }{,;, aggr@atedemandor theinputisN .1— /q+ w - P o1 Pri-
Supplyof theinputin periodt atprice p is equalto .a —  + bp/, wherea < 0,b > Oand ; is aquantity

shock.



We considertwo kinds of restrictionson supplyshocks.The rst aremaintainedhroughout.

Assumptionl1l. The {'sareindependentlylistributed. For ead t, thedistribution of  is symmetriabout

zeo andhasboundedsupport.For everyt, a — < Ofor all possiblerealizationsof ;.

The latter assumptiorensureghatthe price of the input will be positive (sincethe vertical interceptof
the inverseinput supplycurwe is . — a/=b > 0.) In addition,we will assumeeither Assumption2 or
Assumption2®belon. Assumption? stateshatthe supplyshocksareessentialljtransitionalin nature,and

soeventuallyshrinkto zero. Thatis, letting ; denotethe upperboundaryof the supportof , we assume:
. : Py -
Assumption2. lim; o1 IS nite.

An implicationof thisassumptioris thatthesumof thevariancef the {'sis nite also® Ouralternatve

assumptions:

Assumption 2°. The ,'s areidenticallydistributed.

The maindifferencebetweenthe alternatve assumptionss thatunderAssumption2, anticipatedorices
asymptoticallycoincidewith the perfectinformationprice,whereasinderAssumptior2®, anticipatedprices
areasymptoticallyunbiasedredictorsof the perfectinformationprice.

Themarletclearingpriceof theinputin periodtisp,=b * {(+N .1— /G+ w —a-— P o1 i -

Obsenre that p; dependnly on the sumof price-response agents'anticipatedprices. To highlight this,

P
we de ne theaveiage anticipatedpricein periodt, py =n 1 1, fri, andrewrite the expressioras:
pp=b M./ + (— Np : (1)

whereM. /=N .1—- /q+ w —a>0.
Foreach € [0; 1], wede ne abenchmarknputpricep . / with thefollowing property:if eachprivate

producemnticipateghis priceandproducesccordinglyandif there were no supplyshoks thenthemarket
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clearingpriceof theinputwouldindeedbe p . /. It is de ned asfollows:

p. /| = 2)

Henceforthwe will referto p . / asthe perfectinformationinput price and suppresseferencego
exceptwhennecessaryA specialcases p .1/ = .Nw — a/=.N + b/, whichwe referto astheWalrasian
input price, p, sincethis is theinput price thatwould prevail in the Walrasianequilibrium of the perfect
information versionof our model with no parastatalrms. We assumehat.w — pYV/ # q, i.e., that
parastatalsproductionlevel differsfrom thelevel thatwould be Paretooptimalif all rms wereresponsie.

Beforeary productiontakesplace eachproducehasapointestimate i,;, of themarketclearingprice of
theinput. Onepossibleinterpretations that p,; is theview of market conditionsthati acquiresduringher
pre-transitionexperience.Theseestimatesre private information. We make no assumptiongt this point
aboutthe statisticaldistribution of producers'estimates.In particular they may or may not be unbiased
estimatef the perfectinformationprice p . /. We will, however, maintainthroughoutthat producers
have noideawhetheror nottheir estimatesareunbiasedIndeed producerdave no otherprior information
aboutmarlet conditions. In particular the magnitudes , N, a andb areunknavn, asarethe parameters
governing the distribution of the 's. Furthermore producersdo not know the structureof the marlet.
Thatis, they do not know thatinput supplyis linear, or thatother rms have linear supplycurves. These
assumptionse ect thelack of market knovledgethatcharacterizesconomiest the outsetof atransition.

In periodt > 1,i's estimateof thet'th periodinput price, denotedby py;i, is a corvex combinationof
realizedmarlket pricesin previous periodsand her original private signal, with higherweightsplacedon
morerecenfpricerealizations:p = P téo P tD% pe 1+ ! 1f)1il . Here, isnotarateoftime
preferenceout ratherre ects the rateat which producerdiscountpastprice information. We assumehat

is identicalfor all individuals. To avoid dealingwith certainspecialcasegseep. 12 belon) we impose

additionalboundsonthesizeof



P
Assumption3. ()0 < < b % (b)limy ‘5, > Db IN.

Notethat
Prci = Pt + Pri (3)
DO D1

P P
Again aggrgatinganticipatedprices,settingd, = ', andobservingthatO, —1="'5, ,we

obtainthefollowing relationshipbetweeraverageanticipatedoricesin successie periods:
Prcr =.0d/ ' p + .0c— VP (4)
Obsene from equationg1) and(2), we havefor all t > 1.

p—p/! = — . p—p! (5)

A
n

ol >

Thelearningrule we specifyderivesfrom the adaptve expectationditerature. Muth (1960)shawvs that
suchrulesareoptimalpredictionruleswhentheeffect of uncertaintyonasystemhasbothatemporaryanda
permanentomponentin theclassicaliteratureon adaptve expectationstheindividualswhoarepredicting
the system$ behaior do not interactwith the system. In our model, by contrast,agents’'expectations
in uence their productiondecisionswhichin the aggregateaffect the behaior of the system.Nonetheless,
giventhe patternof behaior we assumdor our agentsaneconometricianvho doesnotknow thestructure
of themodelbut only knows thatagentautilize adaptve expectationssothatthereis botha permanenanda
transitorycomponento shockscannotdo abetterjob of predictingpricesthanby estimatingcoefcients on
laggedprices.Indeed,it is dif cult to imaginea moresophisticatedule thatproducersmightadopt,given
their total ignoranceaboutthe parametershatdeterminemarket conditionsandthe structuralmodel. Note
in particularthat at leastin the early stagesof the transition,it would be a challengingstatisticalproblem
to disentanglehe effectsof the perperiodsupplyshocksfrom thoseof agents'privateinitial signals. For

example,supposehatthe rst few realizedpricesexceedf,;. Evenif sheknew the underlyingstructureof
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thesector producel would have noway of knowing whetherto attribute theseunexpectedlyhigh pricesto:
(a)alarge negative valueof . py; — p /; (b) alarge negative valueon averageof . p;; — p /, j # i, resulting

in underproductiongr (c) a sequencef positve .'s.
2. THE DYNAMICS OF PRICES AND PRODUCTION

2.1. Production and Price Pathsfor xed . In thissubsectiorwe rst derive anexpressiorfor average
anticipatedpricein periodt. We then x an arbitraryvectorof private market signalsand a sequencef
s — 1 supplyshocksandconsiderthe dynamicpathof realizedinput pricesfrom periods into thefuture.

Whent = 1, private produceri's anticipatedinput price is just her initial private signalof the market
price, fyj. As notedabore (equation(s)), whetherthe difference, p; — p /, betweernthe market clearing
price andthe perfectinformationpriceis positve or negatve dependgointly on whetherprivate producers
have onaveiage under or over-estimatedhe perfectinformationprice—i.e.,ontherelationshipbetweenf,
andp — andonthesignof ;. In periodt = 2,i's updatedestimateof the market price, 5, is aweighted
averageof herinitial signalandthe previous periods realizedprice, p;. From (4) and(5), the expression
. P> — p /, which is the divergencefrom the perfectinformation price of the averageanticipatedprice in
periodtwois.p—p /=7 24+ —bn .p—p/

As the transitionprogressesprivate producerssequentiallyrevise their estimatesof the market price.
While earlierpriceobserationsareincreasinglydiscountedeachnew priceobserationhasanincreasingly

smallrolein determiningoroducersestimatesCombining(3) and(5), we obtainthefollowing relationship

betweeraggrgateanticipatedoricesin periodst —1 andt:

1
Pe—p/ = P37 + %t Pr1—p/ (6)
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By recursvely substitutingwe canexpress. py — p / in termsof therealizedsupplyshocksup to period

t —1 andthegapbetweerthe averagenitial signalandthe perfectinformationprice:

Xlg, 41.t-1

Be=-p/ = — 4+ 8.5t-1U.pr—p/ (7
b1 b0
Qo omi1bliln . 0 )
where8. ; 9 = m o if < and 1 otherwise. For future reference,note that
. P
@-%_ bplg.;9 .5 Om—1-bmn "

_ P _ . .
Lett.b; ;n/ denotethe smallestt suchthat tDll > b In. Notethatt.b; ;n/ increasewith n.

Assumption3 guaranteeshatt.b; ;n/ > 1 for all n. To ensurethat certaincritical derivatives exist—

speci cally expression11) belov—we imposethefollowing technicalassumption:

. P Nb; :n/ 1
Assumption4. For all natural numbesn, "5} #b n.

Obsere in equation(7) thatfor m € [ +1; t—1], them'th elementof the product8 . +1;t—1/ will
be positive iff m > t.b; ;n/. An importantpropertyof our modelis thatthe coefcients on eachof the

randomtermsin expression(7) shrinkto zeroast increases:

B.CLtY _ g

Lemmal. Forall ,lim¢y o

Theproofsof thislemmaandthefollowing propositionsaregatheredogetheiin theappendix.
We cannow constructthe sequencef gapsbetweenrealizedpricesandthe perfectinformation price,
startingfrom anarbitraryvectorof privatemarket signals.Firstobsere from (5) and(7) thatfor all t > 1,

thegapbetweertherealizedpriceatt andthe perfectinformationpriceis

X1 8. +1t-1/
t . ' A
- — _ —8.1;t—1/.p—p/ 8
n D1 b0 ! ()

ol>

p—p/ =

If Assumption2 holds, expression(8) and Assumption3 imply that every sequencef realizedprices
convergesto the perfectinformationprice, p . Thisresultrequiresno restrictionson the statisticaldistribu-

tion of agents'initial signals.An immediatecorollaryis thatwith certainty averageanticipatedprice will
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asymptoticallycoincidewith p . If Assumptior2®holdsratherthanAssumptior2, thenthe bestwe cansay
is that,conditionalon ary vectorof initial market signalsandsupplyshocksupto times, the expectedpaths

of actualandanticipatedorices,startingfrom periods + 1, cornverge to the perfectinformationprice p .

Proposition1. (a) If Assumptior2 holds, thenfor any vector of initial market signalsand sequencef
supplyshocks, limy; .pr— p/ = Oandlimy; .p—p/ = 0. (b) If Assumptior2®holds,thenfor any
vectorof initial marlket signalsand sequencef supplysho&s up to periods, limy; Es.pp—p/ = 0

andlimy; E.. p[ - P [ = 0.

2.2. Qualitative propertiesof production and price paths. Ourgoalin thisandthefollowing subsection
is to study“the shape”of the productionandprice pathsgeneratedby anarbitraryvectorof privatemarket
signalsandsupplyshocksover time, andto investigatenow this shapechangeswith n. Unlessrestrictions
areimposedon supply shocks,however, very little canbe said aboutary given path. Accordingly we
assumadnitially that all supply shocksare zero, which allows us to illustrate the factorsin uencing the
effectsof theinitial uncertainty

We bggin by analyzingthe sequencef averageanticipatedprices. In periodone, private produceri's
anticipatednput priceis just herinitial privatesignalof the market price, p4i. In periodtwo, i's estimate
of the marlket price, i, , is aweightedaverageof herinitial signalandthe previous periods realizedprice.
Considettheexpression p, — p /, whichis thedivergencefrom the perfectinformationpriceof theaverage

1

anticipatedoricein periodtwo assumingio supplyshocks:.p, — p / = == —Db n .p.— p /. Note

thatbecausd < 1 (p.8abwe),thesignon.p, — p / is differentfrom thesignon. p; — p /.

Now considetthebehaior of theaverageanticipatecpricein periodt asafunctionof the precedingperiods
Pia
averageanticipatedprice: .py — p / = —Bltl—bl” P 1 — p /. UnderassumptiorB8, we candistinguish
DO

. e P t1 1 P t1 : P t1
threecasesdependingpnwhether:(i) . "5; —b 'n/< - "5, orequvalentyl+2 ", <

P P P P
bimGi). ‘5, —-bmel- ‘5, ;Olorequvalently ‘5, <bln< 142 ‘5, ;i)
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Ptl

o1 > b n.Incase(i), thecoefcient on. i 1 — p / islessthan-1; in case(ii) it belongsto [—1; 0],

while in casqiii) it belonggo [0; 1]. Lett.b; ; n/ denotehelargestt suchthatcase(i) holds,andt.b; ;n/
denotehesmallest suchthatcase(iii) holds.It follows from the precedingobsenrationthatin theabsence
of supply shocks,the path of anticipatedpricesgeneratedy ary vectorof initial market signalscanbe
dividedinto at mostthreephasesphasg(i) runsfrom period1tot.b; ;n/, phasgii) fromt.b; ;n/+1to
t.b; ;n/—1andphasdiii) fromt.b; ;n/on.Phasdi) is characterizedy explosie oscillations phasii)
by dampedscillationsandphaseiii) by monotonecon/ergence We shallreferto phasegi) and(ii) asthe
short-run andto phase(iii) asthelong-run Thus,in the short-runthe pathsof productionandanticipated
pricesexhibit thefamiliar cobwebpattern exceptthatthe underlyingparametersary with time.
Oncesupply shocksare introduced,a “representatie price path” is, of course,no longer meaningful.
Certainly we canno longer proceedas abore and partition any given price sequencento three phases
with qualitatively differentdynamicproperties’ For example,therearesequencesf supplyshockswhose
associategrice pathsalternateforever betweenoscillatoryandmonotonephasesin a probabilisticsense,
however, the propertiesof the modelwith supply shocksmirror the characteristicslescribedabove. For
example,if t.b; ;n/ > 1,thenthegapbetweenp; . .v andp will morelikely thannotbewiderthanthe
gapbetweenp; and p . Similarly, the gapbetweenpy,. . andp will morelikely thannot be narraver

thanthegapbetweenp p, .v andp S

2.3. The effectof increasingthe number of price-responsie producers. In theabsencef supplyuncer

tainty, anincreasen n, the numberof private producershasthreeconsequences:irst, thereis anincrease

in the magnitudeof oscillationsduringthe short-run.Secondthe durationof the short-runincreasesMore

preciselybotht.b; ;./ andt.b; ;./increasawith n(p.11),butt.b; ;./ increaseby morethant.b; ;./

sothatphaseqi) is extendedandphasgqii) is squeezedThird, oncethelong-runis reachedpricesandpro-
t 1 b

. . : . . .0
ductioncorvemeto perfectinformationlevels at a fasterrate. To seethis, considertheratio ———In

theshort-runwhenthisratiois negative, anincreasdén n makesit moreneggative, increasinghe magnitude
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of oscillations.Also, anincreasean n postponeshe dateat which theratio turnspositive. In thelong-run,
whenit is positive, anincreasan n makesit lesspositive, increasingherateof corvergence.

Now supposehatsupplyshocksarenon-zero.Again, the effectsof n arecomparabld¢o thoseabove, but
only in aprobabilisticsenseFor example,if n increaseso n% thenthe probabilitythatthethe gapbetween
Po; ;ng and p is wider thanthe gapbetweenp; andp will exceedthe probability thatthe gapbetween
P, ;v andp is wider thanthe gapbetweenp, andp . Now considerthe long-run,andsupposehatthe
gapbetweenp p;, .no and p is equalto the gapbetweenp; b, .y and p . In this case,anincreasen n
increaseshelikelihoodof smoothcorvergenceto the perfectinformationprice,sincefort > t.b; ; ./, the

coefcients onthe 'sdeclineasn increases.

2.4. The variance of market prices. In the precedingsubsectionswe consideredhe the shapeof indi-
vidual dynamicprice and productionpathsandthe effect of n on theseshapesdn the absencenf supply
uncertainty We now examinethe statisticalpropertiesof thesepathsandthe effect of n on theseproper
ties. To simplify theanalysisn this section,we assumehatthe averagenitial privatesignalis anunbiased

estimatorof the perfectinformationprice 8
Assumption5. E.p, — p/ =0.

UnderAssumption5, (7) impliesthatfor everyt, p; is anunbiasedestimatorof the perfectinformation
price. Thevarianceof p is obtaineddirectly from the sameexpression.Letting & denotethe varianceof

theaveragenitial signaland ? denotethevarianceof {, we obtain:

( )

Xl 8. +1t—-1 ?
e L A B ST SR V/CY Y. )

Var. p/ =
ar. p 0

D1

To economizeon notationwe set0o = b *and 2 = &. We cannow rewrite (9) as

X1 g, +1t-1 ? ,

™ )

Var. p/ =
DO
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We calculatethe varianceof thet-periodth realizedprice from expressiong8) and(9)

(

)
X1 . 2
Varp/ = b? 2 n8. +Lt-1 2 ,

0 (10)

DO

Holdingn x ed,theeffect of time on thevariance®f both f; and p; will beimmediatelyapparenfrom
expressiong9) and(10). Theturning point betweenphasegi) and(ii) in the zerosupplyshockcasehere
determineghe behaior of the variancesof p; and p;. In the very short-run(phase(i)), eachperiodan
additionaltermwith magnitudegreaterthanl is multiplied by thet — 1 pre-&isting termsandanotherterm
is addedo the sum,sothatbothvariancesncreasewith t. In phas€(ii) andthe beginning of phasqiii), an
additionaltermwith magnituddessthanoneis multiplied by the pre-«isiting terms,but anadditionalterm

is addedsotheeffectof t is indeterminateln thevery long term,however, bothvariancesshrinkto zero.

Proposition2. Fort < t.b; ;n/, Var.p/ > Var.p; 1/ andVar.p/ > Var.p /. For anygivent >
t.b; ;n/,therelationshipbetweervariancesin successivé's cannotbe determinedHowerer, if Assump-

tion 2 holds,thenlimy;;  Var. i/ = limy;  Var. p/ = 0.

We now considerthe relationshipbetweem andthe varianceof the averageanticipatedprice in period

t. We nd thatin theshort-run,anincreasan n increasewolatility, while in thelong-run,the effectof n is

indeterminateRecallingfrom p. 11 the expressiorfor € @ 0’, we obtainthefollowing expressiongor the

rst andsecondderivativesof Var. p;/ with respecto n:

( L)
A X1 t—1y 2 X1
dvarp/ _ 2 8. +1t-1 Om—1-btn ' 2 (11)
dn b DO b0 mD C1
8 2 P
2 R <X1 i 2 X1
dvarps _ 2K s Lty T, X 2
dn b2 : DO b0 mD C1
X1 I# )
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UnderAssumption3, 8. +1;t—1/ is the productof termswhich for sufciently larget areeventually

1
all lessthanunity. Note the sequence 0, —1—b n ! o1 is bounded. Thesefactd togetherwith
m
1 1
Assumptior2, imply thatthe sequences V@~ gng SVa® ©  grehounded.
" b1 dn tD1

UnderAssumption2, the comparatre staticsof volatility with respecto n aredeterminateonly in the
short-runwhenanticipatedandhenceealized)pricesbecomanorevolatileasn increasesUnderAssump-

tion 2° they arealsodeterminatén the extremelylong-run,whenpricevolatility declinesasn increases.

Proposition 3. (a) In the short-run(i.e., for t < t.b; ;n/), Var.p/ is increasingand corvex in n. (b)

Under Assumptior2, for any givent > t.b; ;n/, the derivativeof Var. p;/ with respectto n cannotbe

dvar. &/

= = 0, forall n. (d) UnderAssumptior2’there exists T sud

signed.(c) UnderAssumptior2, limg;

thatfor all nandall t > T, 22-® s neyative

3. EXPECTED SOCIAL SURPLUS

3.1. Expected social surplus in period t. Expectedsocial surplusin periodt, Vi, is de ned asasthe
sumof the expectedproducersurplusesaccruingto private producersand parastatalgandthe surplusthat
accruego suppliersof the nontradablénput. We compareV, to Walrasiansocial surplus SS”, which is
thesurplusthatwould ariseif therewereno uncertaintyandif all productionoccuredat Walrasianevels. It
is usefulto introduceanintermediatdevel of socialsurplus perfectinformationsocialsurplus SS , which
is the surplusthatwould ariseif private producergespondeaptimally to parastataproductionlevels and
therewere no uncertainty(thus SSY = SSy,). We cannow decompose/; into threecomponents:SSY
plus a (negative) misallocationeffect 1 MSS = SS — SSV, which measureshe deadweightossdueto
parastatalshon-Walrasiarproductionlevels, plusa (negative) uncertaintyefect 1 YSS= V, — SS , which
measureshelossdueto privateproducersimperfectinformationaboutmarket conditions.
Thisformulationallows usto highlightatradeof thatariseseachperiod. While thetradeof is starlestin
theshort-run,it alsoappliesto the early stagesf thelong-run. (UndereitherAssumptior2 or Assumption

2° the tradeof becomesone-sidedin the extremely long-run.) For standardreasonsthe misallocation
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effect declinesasn increasessinceparastatalsnisallocateresourcesanincreaseof n (or, equialently in

= n=N) movesthe perfectinformationequilibriumprice p . / closerto the Walrasianpricep .1/. On
theotherhand,anincreasen n exacerbateshe uncertaintyeffect. Privateproducerspro ts arenegatively
relatedto pricevariance which increasesvith n. Sinceparastatainembersareassumedo berisk neutral,
their expectedsurplusis independentf the degreeof price variance. We will shav that both effectsare
cornvex in n, sothatexpectedsocialsurplusattainsa uniguemaximum. Theseeffectsdependnot only on
thenumberof privateproducersn, but alsoon thetotal numberof producersn thesectoy N. Accordingly
we treatthetotal numberof producersN, asa variableratherthana parameter

Walrasiansocial surplusis the sum of aggreate pro ts and input producersurplusin the Walrasian
equilibriumwith no uncertainty Sincethe Walrasianoutputlevel is.w — p*/, aggreateproducerpro ts

areN.w — p"/2=2, andtotal input producersurplusis N.w — pV/ x .pW + a=b/=2. ThusSS¥ =

N.aCbw /2
2b.NCb/_*

The misallocationeffect, 1 MSS is a functionof 1§ = G —.w — p"/, the differencebetweenthe
parastatabutputlevel andthe Walrasiarlevel, andof &2. 1 MSSis obtainedby summingthe areasof three
deadweightosstrianglesdueto parastatamisallocationunderperfectinformationwith deadweightoss
dueto total privateproductionnot beingproducedn the cost-minimizingfashionacrossrms. Aggregating
theareasof the parastatalrianglesyields —0:51 qzw_ Thelossdueto differencesn priceforecasts
acrossprivate rms is equalto —0:5nE[. i — pr/?], sothat, sinceproducers'initial price signalsarein-
dependenandidentically distrituted, 1 MSS= —0:5 1 g2-N-2-FCH 4 P 5o /2% Ynn-—1&2% .
Notethat1l MSSis concae with respecto n. Sincethe rst termincreasesvith n, while the seconderm
decreasewith n, thesignof 1 MSSis indeterminate.

The uncertaintyeffect, 1 YSS, is the sumof two termswith oppositesigns. Private producersare neg-
atively affectedby uncertainty Whene&er they over-produce theinput price exceedsp . / andwhen&er

they underproduce,theinput price falls shortof p . /. In eithercase,pro ts fall shortof perfectinfor-

mationlevels. Input producersjn contrast,are positively affectedby uncertainty Their salesexceedthe
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perfectinformationlevel wheneertheinputpriceexceedsp . / andfall shortof thislevel wheneerthein-
putpriceisbelonv p . /. Parastataproducerareunafectedby uncertaintysincethe quantitythey produce

is independenodf price.

2n+b , 2n+b
EPS-PS. /| = 5 E.p/° — 5

Ep?

Similarly, denotingthe input producer$ actualsurplusin periodt by IS; andits perfectinformation

surplusgiven (andq) by IS . /, wehave:

EIS—IS. / = .2b/ n®Var.p/

Summingthe two expecteddifferencesyields1YSS= —J 1+4b 'n Var. /. Theinputquantityshock
hasno further effect on expectedsocialsurplus,since rms arerisk neutralandmake their input usedeci-
sionsbeforetheuncertaintyis resohed.

Summarizingexpectedsocialsurplusin periodt asafunctionof n is:

N.a + bw /2 N—n/.N+b/ X1
Ven/ =05 SAHOWIT g G NE NN T e 2w g2
b.N + b/ n+b Do
— n1+b ! varp/ (13)

3.2. Presentdiscountedvalue of expectedsocialsurplus. Sofar, we have consideredherelationshipbe-
tweenthesizeof theprivatesectorandexpectedsocialsurplusateachgivenpointin time. However, thekey
policy issueour analysisaddressess: whatfractionof rms shouldbe privatized,assuminghatthis frac-
tion will be x edfor theentiretransitionperiod?To answelthis questionwe considerthedecisionproblem
facinga policymaler with discountrate , whoseobjective is to maximizethe presendiscountedsalue of
expectedsocialsurplusde nedasV.n/ =.1— / P tlm t1v(.n/, andwhoseonly policy instruments the

level of n. NotethatV.n/ is a corvex combinationof the perperiodvaluesof expectedsocialsurplus(i.e.,
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theweightson the perperiodvaluessumto one). Substitutingirom expression(13), we obtain:

" #
N.a+bw/> . N—n.N+bl o X [ 2 2ty

q - nn-18&%1- /
b.N + b/ n+b D1 Do

V.n/ =05

)

n X
-n1+- .1—/ tvar. py/ (14)
b tD1

We identify conditionsunderwhich a uniquesolutionexistsfor the policymaler's taskof maximizingV'y. -/
with respecto n. In generalwe cannotdo this becauseliscountedxpectedsocialsurplusis notin general
globally concae. In the short-run,hwever, the perperiodESSS are concae, sothata sufcient condition
for global concaity is that short-runconsiderationsre sufciently importantto the policymaker. The
following propositionmalkesthis precisetherewill beauniqueoptimallevel of privatizationprovidedthat

the policymaler is sufciently impatient. TheresultholdsundereitherAssumptior2 or Assumptiorn2®

Proposition4. Givenanyvaluesofb, N and , there exists = > 0 sud thatif the policymaler's discount
rate islessthan 7, thenther is a uniquelevel of privatizationthat maximizesliscountedxpectedsocial

surplus.

The propositionestablishedonditionsunderwhich a uniquelevel of privatizationwill exist, provided
that the policymaler is sufciently impatient. This uniquelevel may be an interior solutionor a corner
solution;the propositiondoesnot distinquishbetweerthem. An alternatve way to guaranteainiquenesss
to identify conditionsunderwhich a cornersolutionmustobtain. Under Assumption2® full privatization
will be optimal provided that the policy-maker is sufciently patient The key to this resultis thatin the
long-run,the varianceof anticipatedpricesactuallydeceaseswith n andhenceoneaspecbf the tradeof
betweenmisallocationand uncertaintyevaporateswhile the other aspectbecomesmore and more one-
sided. Henceif the policy-maler is sufciently patient,long-runconsiderationsvill eventuallydominate
short-runconcernsandfull privatizationwill be optimal. If the policymaler wasin nitely patient,with a

socialdiscountrateof 1, thenfull privatizationwould alwaysbeoptimal,since nite short-termossesvould
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be morethanoffsetby in nite long-termgains® By continuity we canamguethattherearesocialdiscount

ratescloseto 1 for whichfull privatizationis optimal,which allows usto statethefollowing proposition:

Proposition5. Givenanyvaluesof b, N and , if Assumptior® holds,there exists ~ < 1 sud thatif the
policymaler's discountrate exceeds”, thenfull privatizationwill bethe uniquemaximizerof discounted

expectedsocialsurplus.

4, CONCLUSION

This paperis premisedn theideathatlearningis anintegral partof the transitionfrom centralplanning
to a market economy Our focuson learningrevealsa welfaretradeof associatedavith privatizationpolicy
in transitioneconomieswhenmarket liberalizationis accompaniedby uncertaintyover market conditions.
A morevigorousprivatizationprogramincreasesoth short-runprice and productionvolatility aswell as
thetime it takesfor this volatility to worksits way out of the system. Theseeffectsdiminish welfare,so
if policymalersare sufciently concernedvith the short-runa policy of lessthancompleteprivatization
will be optimal. On the otherhand,anincreasen the numberof responsie private producergeduceshe
misallocationeffect dueto parastatalsdistortedproductionlevels, which is welfare-enhancing.Thus, if
policymakersaresufciently patientapolicy of full privatizationwill be optimal.

The magnitudeandthe distribution of transition-relatedincertaintyaffect the optimal level of privati-
zation. A uniform increasdn the varianceof producersiinitial signalsandall supplyshocksreduceshe
optimal degreeof privatization. Reducingthe shareof total uncertaintybornein the early stagesof the
transitionprocessncreaseshe optimallevel of privatization. In the casewith independenidentically dis-
tributedsupplyshocks anincreasen thetotal sizeof the sectorincreaseshe optimallevel of privatization
if andonly if thevarianceof theinitial signalsis lessthanthevarianceof the supplyshocks.Theinteraction
betweertheinput price uncertaintyfacedby the sectorandthe optimallevel of privatizationindicatesthat
uncertaintyregardingthe effectsof governmentpoliciesin thetransitionperiodwill affecttheoptimallevel

of privatization,possiblymakingit morecostlyto privatizein a givensector
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While transitiongovernmentaremoreconcerneavith dynamicissuessuchastheoptimalrateatwhich
parastatalshouldbe privatized,thanwith staticones,suchasthe optimallevel of privatization,our static
analysishassomecleardynamicimplications. Speci cally, it suggestshatthe greaterthe degreeof initial
uncertaintyaboutmarket conditions the moregraduallyshouldthe privatizationprocessegin. Also, gov-
ernmentpoliciesthat supportinformation provision andinstitution-luilding will be particularlyimportant
in theearlieststage®f transitionswhentheirbene tsarelargest.In addition,informationprovisionwill be
moreimportantin industrieswith moreprivatizedproducers.

Ratherthan supportingeither side of the big-bangvs. gradualismdebate ,our analysisaddsa new di-
mensiorto thedebateby emphasizinghelearningprocessThetradeof we derive favors gradualismunder
somecircumstancesndbig-bangsunderothers. Evenwhenthe learningconsiderationsiddressedh this
paperwould suggesta gradualistapproachgradualismmay not be optimal whenbroaderconsiderations,
particularly political-economicnes,aretaken into account.Regardlesof theseconsiderationshowever,
our analysisndicatesthatbecausehe big-bangapproacltfails to acknavledgethe costsof rapid privatiza-
tionin auncertairervironment,its predictionswill belikely to beoverly optimisticexceptwhenuncertainty

is minimal or policymalersarevery patientandlearningis correspondinglyinimportant.

APPENDIX
Proof of Lemma 1. Since0 > 1,Lemmal canbeveri ed by shawing thatlimy; 8. +1;t—-1/ =
1 1
limyi ané o W = 0. Obsere thatfor eachm < t.b; :n/, %ﬂlbn € [-b n;0/. More-

over, from Assumption 3, there exists .n/ € .0;1/ such that for al m > +t.b; ;n/,

Om 1 b In

—5—— €.0; .n//. Hencefor all andt > ,[8. +1;t—1/| is boundedabore by b 'n Bz /.

Moreover, fort > > t.b; ;n/,|8. +1;t/|< .n/|8. +1;t—1/|, fromwhich Lemmal follows.
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Proof of Proposition 1. Fix > 0. To prove part(a) of thepropositionwe will shav that

thereexistsT > Osuchthatforallt> T; |.pr—p /| < (15)

From Assumption3, thereexists € .0; 1=3/ satisfying.1 — 3 / = limy; P—tBlltSO—bl”. Thus,we can
pick T%sufciently largethatforallt > T% .1 -2 / > P—tBlltSO—bl”. By assumptior2, we canassume
additionallythat T?is sufciently largethatfor allt > T W < . It follows from (6) thatfor
t>TOif .py1—p/|> ,then

Py

t1 ! —b 1n
Lpp—p/l = —FPw4— + D|;1tl l.pt1—p/
b DO DO
< + . 1-2/|.pe1—p/l < A= [l.pr1—p/
It follows thatthereexists T suchthat|.pr —p /| =.1— /T Y. pp1—p /| < ,sincelimr; .1—
/T * = 0. Finally, obserethatif |.p, 1 — p /| < ,then
P b1
A _ t rx} - n A
| pci—p/l = P+—— + P | —p/l
b DO DO
< +.1-2/ = .1—/ <

Thuswe have establishedhatstatemen(15) is true,which completeghe proof.

P . P .
Toprovepart(b), obserethatEs. f—p / = Sp; &t 4 'S 8- CSMIUE 48 1t—1/. p—p /.

SinceE = 0,forall , part(b) followsimmediatelyfrom Lemmal.

Proof of Proposition 2. Supposd < t.b; ;n/. Eachincrementin t addsanotherpositive term
to expressiong9) and(10). Moreover, the coefcients on the commontermsarelargeratt thanatt—1.
HenceVar. p/ > Var.p; 1/ andVar. f/ > Var.f, 1/. Fort > t.b; ;n/, eachincrementin t againadds
anotherpositive termto the expressionsut the coefcients on commontermsaresmalleratt thanatt — 1.

Hencethe indeterminag. Now assumehat Assumption2 holds,let t increasewithout boundandlet S =
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P _
limyy tDl 2. (Theexistenceof Sis guaranteethy Assumption2.) Fix > 0andT®> f.b; ;n/ such
P P : 2
that 'o,' 2> S—0:5 b2 Nowpick T > Tsuchthat 'g,! &-CLT ¥ “4 8 1:t_1//2< 05 =S
T existsbecauseve aresumminga x ednumber(T 9 of terms,eachof which goesto zeroasT increases.

2
SinceT®> t.b; ;n/, &S < p 2 forallt> +1> TO(since8. +1;t—1/ is the productof

terms,all of whicharelessthanunity, andO exceedsunity.) Hencefort > T,

Xtog. 4ut-v 2, Xig oyrt-v 2,
+ .

Var. i/ = _
DTO bo DO bO
]
X1 ®1 8 1T — 2’
< b? Z+'S 8. 1TV < 05b* 4+ 050 =
DTO DO bo

Thisprovesthatlimy;  Var. p;/ = 0. It now follows from (10) thatin additionlim;; Var. p/ = 0.

Proof of Proposition 3. (a) By de nition of .b; ;n/, 0, — 1—b n is negative for everym <

_ _ P ) ) . i
f.b; ;n/.Henceforevery <t<f.b; ;n/, .1, On—1—b'n 1|snegatr\/e,so%|sposm\/e.

2

. . . P
Toseethat ™22 > 0, obsere thatin theshort-rurell termsin thesummation &3 o Om—1—b n *

are negative, so that the squareof the sumexceedsthe sum of the squares.(b) Fort > t.b; ;n/ >

P _ i : .
‘1l Om—1-b'n ! includesboth positve andnegative terms,sothatthe coefcients onthe 's

cannotbe signedin general. (c) Considerthe expressionfor dv‘i‘jﬁl'@’ in (11). Obsenre that for each

. P . L . .
limyn ‘5 oY = 0. Also, by assumption)im ;1 2 = 0. Finally, asnotedin the text be-

1
low (11), thesequence 0, —1—b In ! o1 is bounded.It follows thatfor every > 0, thereexists
m

T suchthatfort > T, ®&® < t Moreover, thereexists € .0;1/ and T%suchthatfort > T°

8. CLt/ 8. CLt Y - dvar. i/
andevery < t, St < 1-2 Sl Hencefor t sufciently large ©Beil <

1-2/t+1U < .1- Jt. Thatis, 228 s eventually dominatedby a geometricallydecreas-
ing series,and hencecorvergesto zero. (d) Let 2 denotethe commonvarianceof the 's and con-
siderthe expressioninsidethe curly bracletsin display(11). Notethatall of the termsin the summation
over arepositve exceptfor when < f.b; ;n/. Now considerthe lasttermin the summationover

, = t—1. Wecanpick > 0 suchthatfor eacht > t.b; ;N/ > t.b; ;n/, the coefcient on
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4y 2 _

21 Bgét Y " 0,—-1—b n * exceeds. Moreover, from Lemmal, thereexists T suchthat for
P P b _ 2 P

t> 7T, .8.Lt-12 'l 0p—1-0 lgz_" M1 8. Clty tl  Op—1-n b o2

is smallerthan 2. Thus,fort > T all of the negative termswithin {-} areexceededn absolutevalueby

. 2 ) ) L
thesinglepositve term 8';31’ Om—1-b In te Becausd-} is precededby aminussign, it follows

thatVar. p,/ decreasewithnfort> T.

Proof of Proposition 4. To prove the proposition,it is sufcient to prove thatfor sufciently small ,

P
V./=.1— | [, 'V, /isstrictly concae ontheintenal [1; N].°

( " #
dv.n/ N+b 2 R X1
05 12 12 _ 1_ /on—1g? ottt 22ty
dn n+b D1 Do
R n n dvar p/
- .1/ tT 142- Varp/ +n 14+- —— (16)
o1 b b ~ dn
" #
dn? N+ b/ tD1 DO
R Var. p/ n dvarp/ n n d?Vvar. p/
t1 : 14+ 2— LI - 14+- — = 17
o % T T2 b Taw 7

.N n/
nCh

Considerthe expressionfor V.n/ given by (13). Clearlyfor all n, andn.n — 1/ arecorvex in
n. Moreover, 5 1+b n is bothcorvex andincreasingn n. Theproducty 1+b In Var. p/ will be
corvex in n, andhenceV,.-/ will be concae, provided thatVar. i/ is corvex andincreasingatt. Now
Proposition3 establisheghatVar. i/ is corvex andincreasingn n for t < t.b; ;n/. Part(a) of Assump-
tion 3 guaranteethatt.b; ;n/ > 1for all n. Moreover, t.b; ;./ increasesvith n (p.11). ThereforeVy. -/

is concaeon[1; N], forallt < t.b; ;1/. Indeed,thereexists ~ > 0 suchthatfor allt < t.b; ;1/,

dzg/r;z-/ > ~on[1; N]. Ontheotherhand sinceboth L& gng dZV(;g@’ areboundedabaove (p. 16),it
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follows thatif ~ is sufciently small

( )

d?v../ X d2v 2V
— =.1-"/ T+ i

dn t<fNb; ;1 dn >fNb; ;U dn

( )
< —.1-7/ s 4o < 0
t<fNb; ;1/
Proof of Proposition 5. To prove the propositionit is sufcient to shav thatfor all n € [1; N], —dvarr‘]' !

is positive (seeexpression16) ). This rst termontheright handsideis positve andboundedaway from
zero. The secondermapproachegeroast approaches nity . FromProposition2, limy;  Var. p/ = 0,

while from Proposition3, limy;  &2-® — 0, so thatthe weightedsumof the Var. p/'s andthe second

termcanbe madearbitrarily smallby choosing sufciently closeto zero.
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