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Privatizationandmarket liberalizationarewidely consideredto becomplementaryreformsin transition

economies. This article challengesthis view and the closely related“big bang” approachto economic

reform. Our analysissuggeststhat whenpursuedtoo vigorously, privatizationmay actually impedethe

transitionprocessfollowing market liberalizationand reducesocial welfare. Our result is basedon an

explicit modelof the market learningprocess,which is an intrinsic componentof any transitionfrom a

socialisteconomy—inwhich marketsandmarket institutionsareeithernonexistentor highly distortedby

governmentinterventions—toa fully-functioning market economy. The theoreticalliteratureto dateon

the transitionin CentralandEasternEuropehasignoredtheneedfor individualsto simultaneouslylearn,

throughtheir participationin themarket process,aboutthefeaturesof a market in transitionandtheeffects

of government-institutedreforms,e.g.Murrell. In whatfollows,wewill arguethat,insofar asit fails to take

accountof thelearningprocess,thepolicy adviceprovidedby Westernexpertsto transitioneconomiesmay

beseriously�a wed.

An urgenttaskfacingpolicymakersin a small transitioneconomyis to identify thosesubsectorsof the

economyin which their country will have a comparative advantage.1 Typically, very little information

aboutthe identity of thesesubsectorsis providedby relative pricesfrom thepre-transitionera,sincethese

werehugelydistortedby productionquotas,taxesandsubsidies,andothernonmarket in�uences. Sowhat

economicpolicieswill bestfacilitatetheprocessof acquiringthenecessaryinformation?Thestandardeco-

nomicadviceprofferedby Westerneconomistshasbeento follow a “big bang”approachof simultaneous,

andrapid,liberalizationandprivatization.Proponentsof thisapproachrely ontheef�cacy of AdamSmith's

“hidden hand” asa vehicle for achieving the optimal reallocationof resources:their belief is that newly

privatizedproducers,who will behighly responsive to thenewly liberalizedmarket signals,have thebest

chanceof identifying theoptimalpathof adjustmentto thenew market realities.

We investigatethe relationshipamonglearningand adjustmentand the degreeof privatization in an

extremely stylized model of the transitionprocess. We divide the productionsectorinto privatizedand

nonprivatized�rms (parastatals). The fraction of privatized�rms is viewed asa one-timepolicy choice,
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whichremains�x edfor thedurationof thetransitionperiod.Ourprivatized�rms aremodeledasresponsive

to market signals. Speci�cally, they basetheir productiondecisionson their privatesignalsaboutmarket

conditionsand previously realizedmarket prices. Parastatalssimply selecta �x ed level of production.

The �rms producefor a world market, with deterministicworld pricew � . Two inputsarerequiredfor the

productionprocess:the �rst is availableon world marketsandis perfectlyelasticallysuppliedat a price

of unity; the secondis nontradable,with a stochastic,upward-slopingresidualsupplycurve. The source

of thestochasticityis transition-relateduncertaintyaboutthedemandfor the input by othersectors,which

arealsoadjustingto the transitionprocessandaresimultaneouslyundergoing a similar learningprocess.

An unusualaspectof our model is that producersare requiredto make input decisionsbefore the price

uncertaintyhasbeenresolved. We imposethis assumptionbecauseof its convenience:togetherwith our

assumptionof risk neutrality, it insulatesexpectedwelfarefrom therandomnessin supply. Oneinterpretation

of the assumptionis that input decisionsaresequentialandthereis relatively little substitutabilityamong

inputs. For example,thenontradableinput might be labor: labor requirementsaretypically determinedat

thebeginningof theproductioncycle, while actualservicesarepaid for at theendof thecycle, by which

time thepriceuncertaintyis resolved.

More generally, by modelling �rms as bidding againstother sectorsfor a non-tradableinput, we are

ableto addresstheissueof comparative advantagein a reduced-formway within a onesectormodel.This

partialequilibriumorientationis, of course,a seriouslimitation of our modelasa tool for welfareanalysis,

especiallybecausewe are implicitly assumingthat market failuresare simultaneouslyoccuringin other

sectorsof theeconomy. Nonetheless,we believe thatour partialequilibriumorientationis warrantedby its

simplicity relative to thegeneralequilibriumalternative.

Theonly informationthatourproducershave abouttheinput, in additionto theirown individual signals,

is its pastrealizedprices.In particular, ourproducersknow neithertheexpectedinterceptof theinputsupply

curve, thenumberof nonresponsive producersnor theamountproducedby each.Further, they donotknow
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thestructureof themarket. Ratherthanattemptto learntheparametersof anunknown structuralmodel,our

responsive producerssimplypredictmarket pricesusinganadaptive expectations-stylelearningrule.

SinceLucas,modelsof expectationformationsuchasthe onewe presentherehave beenwidely criti-

cizedon thegroundsthatthey postulatenon-“rational”behavior by economicagents.If agentsbehaved in

themannerwepostulate,theargumentruns,thenarbitragepossibilitieswouldariseandremainunexploited,

dueto the`adhoc' natureof agents'priceexpectationformationrule. This critiqueis certainlycompelling

whenappliedto modelsof long-runor steady-statebehavior. Becausein suchcontexts an abundanceof

econometricdatawould be available,agentsshouldbe able to “reverseengineer”the economicenviron-

mentwithin which they areoperating,andthenbasetheir pricepredictionsandproductiondecisionson an

empiricallyvalidatedstructuralmodelof this environment.This critiquehasmuchlessforcewhenapplied

to modelsof short-run—and,in particular, transition—behavior. Becausethey areoperatingin a transition

environment,theagentsin our modelhave hadneitherthetime, thedatanor theexperienceto “masterthe

model” to theextentrequiredby therationalexpectationshypothesis.Giventheinevitableuncertaintyabout

market structurethatcharacterizesall transitioneconomies,andthe inevitable transition-relatednoisethat

contaminateswhatever datais available,it seemsreasonableto supposethatproducersmight usepastprice

observationsasa forecastingtool, ratherthanrelyinguponsomestructuralmodelin which they havenoba-

sisfor con�dence.A relatedpoint is frequentlymadeby econometriciansin defenseof theiruseof reduced

form time-seriesmodelsfor short-termforecasting(see,for example,Judgeet al, p. 675). Indeed,asan

empiricalmatter, it is well known thatthosevery arbitrageopportunitieson which therationalexpectations

critique is basedarein factextremelywidespreadin theearlystagesof transitioneconomies.While these

opportunitieswill no doubtbeexploitedeventually, if they have not alreadydisappeared,our focusin this

paperis on theperiodduringwhichagentshave insuf�cient informationto exploit them.

Ourapproachto thegradualismversusbig-bangcontroversydiffersfrom theapproachesthathavedomi-

natedtheeconomictransitionliteraturee.g.,Gates,Milgrom andRoberts;andMurphy, ShleiferandVishny.



4

Ratherthanmodelingacentrally-manipulatedprocess,in whichmarketparticipantsrespondperfectlyto in-

centivessetby government,wefocusspeci�cally onthefunctioningof transitionmarketswheninformation

andincentivesareimperfect. We ignorepolitical-economicconsiderationssuchasthoseraisedby Laban

andWolf. In contrastto studiessuchasDewatripontandRoland,we treatuncertaintyasan integral com-

ponentof the market transitionprocess,andconsiderhow individuals' responsesto market signalsaffect

production,pro�ts, pricesandsocialwelfare.

Thepolicymaker in thispaperis modeledaschoosingaconstantlevel of privatizationfor theentiretran-

sition. In theinterestsof tractability, we do not attemptto identify theoptimalrateat which nonprivatized

�rms shouldbeconvertedinto privatized�rms. While this is a fascinatingandimportantpolicy issue,it is

alsoa much moredif�cult onein the context of an explicit modelof learning. In orderto addressit, we

wouldhave to formalizethedynamicoptimizationproblemfacingthepolicymaker andto addresstheissue

of how beliefsregardingthecountry's comparative advantagein productionshouldbeupdatedwithin this

context.

Whereaswe focuson the importanceof uncertaintyandthe functioningof transitionmarketswhenin-

formationandincentivesareimperfect,we nonethelesspresumethat the policymaker hasthe capacityto

manipulatethe transitionprocess.Formally, we modelthepolicymaker aschoosing,onceandfor all, the

fractionof �rms thatwill be privatized. This modelingapproachsuggeststhat thepolicymaker mustpos-

sessinformationregardingthetransitionprocessthat�rms do not,andusesthis informationto optimizeits

one-timeprivatizationdecision. Onemight wonder, then,why the policymaker doesnot simply shareits

informationwith the industryandtherebymitigatesomeof theuncertaintyof thetransitionprocess.2 We

preferto interpretourmodelasformalizingtheprivatizationpolicy thatwouldbeselectedby anomniscient

(but constrained)observer, i.e.,onemuchbetterinformedthantheactualpolicymaker. An alternative inter-

pretationis thatthechoiceof a speci�c numberby thepolicymaker is a convenientway of representingthe

muchmorequalitative typeof policy decisionthatpolicymakersareactuallyrequiredto make. Speci�cally
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it is mucheasierto formalizetheproblemweposethanthemorerealistic,but lessconcreteoneof how sup-

portive of privatizationthegovernmentshouldbe. Thepolicy implicationswe derive regardingtheeffects

of learningareno lessrelevantbecauseof this.

First, we constructa “modi�ed cobwebmodel” with time varying parameters.Second,we distinguish

threephasesof thedynamicadjustmentpath:(i) a phaseof explosive oscillationsin pricesandproduction;

(ii) aphaseof dampedoscillations;and(iii) aphaseof monotoneconvergenceto perfectinformationprices.

Wereferto the�rst two phasesastheshort-runandthelastphaseasthelong-run. Theresultsin thissection

focuson the relationshipbetweenpriceandproductionvolatility andthe fractionof privatizedproducers.

In theshort-run,volatility increaseswith thedegreeof privatizationwhile in thelong-run,additionalpriva-

tization reducesvolatility. Moreover, the lengthof the short-runincreaseswith the numberof responsive

producers.Third, wespecifythepolicymaker's performancefunctionandexaminehow theoptimallevel of

privatizationdependson thevariousparametersof themodel.

Increasingthe degreeof privatizationhasshort-runcostsandlong-runbene�ts. Pricevolatility results

in welfarelossesrelative to the perfectinformationequilibrium: our responsive producersbasetheir pro-

ductiondecisionson estimatedpricesandhencemisallocateresourceswhenthesepricesdiffer from real-

izedprices.A morevigorousprivatizationprogramincreasesvolatility both in theshort-runandtheearly

long-run,andhenceexacerbatesthis �rst kind of resourcemisallocation.On theotherhand,our parastatal

producersaremisallocatingresourcesby ignoringmarketsignals,andasthenumberof parastatalsdeclines,

this secondkind of misallocationbecomeslessimportant.Becausethecostsof privatizationdeclinein the

long-run,while the bene�ts remainconstantover time, the optimal level of privatizationdependson the

policymaker's rateof time preference.We prove that if theshortrun is suf�ciently importantto thepolicy-

maker, thereis a uniqueoptimal level of privatization,which falls shortof full privatization;on theother

hand,if policymakersaresuf�ciently patientthenfull privatizationis optimal.
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1. A MODEL OF LEARNING IN A TRANSITION ENVIRONMENT

We considera partial-equilibriummodel in which producerslearn about the market price of one of

their inputs. We adoptthe linear-quadraticmodelwhich is the standardfor learning-theoreticpapers(see

Townsend,Rausserand Hochman,Bray andSavin, etc.). We assumethat market demandfor output is

perfectlyelasticat the world price. Theproductionof q unitsof outputrequires0:5q2 unitsof a tradable

input andq units of a nontradableinput. While the tradableinput is elasticallysuppliedat a world price

of unity, thesupplyof theotherinput is upwardslopingwith a randomintercept.An interpretationof the

randomnessis that theresidualsupplyof the input is stochasticdueto stochasticdemandfor the input by

othersectors,which arealsoadjustingin the courseof the transition. At the startof the transition,each

price-responsive producerhasa point estimateof themarket-clearingpricefor the input. As the transition

progresses,producersrevise their estimatesof this price, basedon the unfolding pathof realizedprices.

Thus,our producersarelearningaboutthecostof doingbusinessin this particularsector:becauseof com-

petingpressuresfor resources,a key componentof their coststructureis unknown. With this formulation

we canaddressthepolicy questionof how a countryin transitionidenti�es thosesectorsin which it hasa

comparative advantage.

Thetotal numberof producers,denotedby N, will beheld �x edfor now. All producersarerisk-neutral

andhaveidenticalcostfunctions,but afraction� = n
N areprivatizedandresponsive to marketsignals,while

theremainingfraction.1− � / arenonresponsive parastatals.Eachparastatalproducesthequantityq̄, sothat

aggregateparastataloutputis .1− � / Nq̄. Producers'commoncostfunctionis denotedby C.q/ = pq+ 1
2q2,

wherep is the(unknown) priceof thenontradableinput. Thusin periodt, eachprivatizedproducer's esti-

matedpro�t maximizinglevel of outputis identicallyequalto thedifferencebetweenthecommonlyknown

world priceof output,w � , andher(subjective) estimateof themarket clearingpriceof theinput, p̂t i . It fol-

lows thatat anticipatedprices{ p̂t i }
n
iD1, aggregatedemandfor theinput is N

�
.1 − � / q̄ + � w �

�
−

P n
iD1 p̂t i .

Supplyof theinput in periodt at price p is equalto .a − � t + bp/, wherea < 0, b > 0 and� t is a quantity

shock.
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Weconsidertwo kindsof restrictionson supplyshocks.The�rst aremaintainedthroughout.

Assumption1. The� t 's are independentlydistributed.For each t, thedistribution of � t is symmetricabout

zero andhasboundedsupport.For everyt, a − � t ≤ 0 for all possiblerealizationsof � t .

The latterassumptionensuresthat the priceof the input will be positive (sincethevertical interceptof

the inverseinput supply curve is .� − a/=b > 0.) In addition,we will assumeeitherAssumption2 or

Assumption20 below. Assumption2 statesthatthesupplyshocksareessentiallytransitionalin nature,and

soeventuallyshrinkto zero.Thatis, letting �̄ t denotetheupperboundaryof thesupportof � t , weassume:

Assumption2. lim t !1
P t

� D1 �̄ � is �nite.

An implicationof thisassumptionis thatthesumof thevariancesof the� t 's is �nite also.3 Ouralternative

assumptionis:

Assumption20. The� t 's are identicallydistributed.

Themaindifferencebetweenthealternative assumptionsis thatunderAssumption2, anticipatedprices

asymptoticallycoincidewith theperfectinformationprice,whereasunderAssumption20, anticipatedprices

areasymptoticallyunbiasedpredictorsof theperfectinformationprice.

Themarketclearingpriceof theinput in periodt is pt = b� 1
�
� t + N

�
.1− � / q̄ + � w �

�
− a−

P n
iD1 p̂t i

�
.

Observe that pt dependsonly on thesumof price-responsive agents'anticipatedprices.To highlight this,

wede�ne theaverage anticipatedprice in periodt, p̂t = n� 1 P n
iD1 p̂t i , andrewrite theexpressionas:

pt = b� 1
�

M.� / + � t − � N p̂t

�
: (1)

whereM.� / = N
�
.1 − � / q̄ + � w �

�
− a > 0.

For each� ∈ [0; 1], wede�ne abenchmarkinputprice p� .� / with thefollowing property:if eachprivate

produceranticipatesthispriceandproducesaccordingly, andif therewerenosupplyshocks, thenthemarket
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clearingpriceof theinputwould indeedbe p� .� / . It is de�ned asfollows:

p� .� / =
M.� /

b + � N
(2)

Henceforth,we will refer to p� .� / asthe perfectinformationinput price andsuppressreferencesto �

exceptwhennecessary. A specialcaseis p� .1/ = . Nw � − a/=. N + b/, whichwe referto astheWalrasian

input price, pW, sincethis is the input price thatwould prevail in theWalrasianequilibriumof theperfect

informationversionof our model with no parastatal�rms. We assumethat .w � − pW/ 6= q̄, i.e., that

parastatals'productionlevel differsfrom thelevel thatwouldbeParetooptimalif all �rms wereresponsive.

Beforeany productiontakesplace,eachproducerhasapointestimate,p̂1i , of themarketclearingpriceof

theinput. Onepossibleinterpretationis that p̂1i is theview of market conditionsthati acquiresduringher

pre-transitionexperience.Theseestimatesareprivateinformation. We make no assumptionsat this point

aboutthe statisticaldistribution of producers'estimates.In particular, they may or may not be unbiased

estimatesof the perfectinformationprice p� .� / . We will, however, maintainthroughoutthat producers

have no ideawhetheror not theirestimatesareunbiased.Indeed,producershave nootherprior information

aboutmarket conditions. In particular, themagnitudes� , N, a andb areunknown, asaretheparameters

governing the distribution of the � t 's. Furthermore,producersdo not know the structureof the market.

That is, they do not know that input supplyis linear, or that other�rms have linearsupplycurves. These

assumptionsre�ect thelackof market knowledgethatcharacterizeseconomiesat theoutsetof a transition.

In periodt > 1, i 's estimateof the t' th periodinput price,denotedby p̂t i , is a convex combinationof

realizedmarket pricesin previous periodsandher original privatesignal,with higherweightsplacedon

morerecentpricerealizations:p̂t i =
� P t� 1

� D0 
 �
� � 1 hP t � 2

� D0 
 � pt � � � 1 + 
 t� 1 p̂1i

i
. Here,
 is notarateof time

preferencebut ratherre�ects the rateat which producersdiscountpastprice information. We assumethat


 is identicalfor all individuals. To avoid dealingwith certainspecialcases(seep. 12 below) we impose

additionalboundson thesizeof 
 .
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Assumption3. (a) 0 < 
 < b� 1; (b) lim t !1
P t

� D1 
 � > b� 1N.

Notethat

p̂tC1;i =

 
tX

� D0


 �

! � 1 "

pt +
tX

� D1


 � p̂t i

#

(3)

Again aggregatinganticipatedprices,setting0 t =
P t

� D0 
 � andobservingthat0 t − 1 =
P t

� D1 
 � , we

obtainthefollowing relationshipbetweenaverageanticipatedpricesin successive periods:

p̂tC1 = .0 t / � 1
�

pt + .0 t − 1/ p̂t

�
(4)

Observe from equations(1) and(2), we have for all t ≥ 1:

. pt − p� / =
n
b

� � t

n
− . p̂t − p� /

�
(5)

The learningrule we specifyderivesfrom theadaptive expectationsliterature. Muth (1960)shows that

suchrulesareoptimalpredictionruleswhentheeffectof uncertaintyonasystemhasbothatemporaryanda

permanentcomponent.In theclassicalliteratureonadaptiveexpectations,theindividualswhoarepredicting

the system's behavior do not interactwith the system. In our model, by contrast,agents'expectations

in�uence theirproductiondecisions,which in theaggregateaffect thebehavior of thesystem.Nonetheless,

giventhepatternof behavior weassumefor ouragents,aneconometricianwhodoesnotknow thestructure

of themodelbut only knows thatagentsutilize adaptiveexpectations,sothatthereis bothapermanentanda

transitorycomponentto shocks,cannotdoabetterjob of predictingpricesthanby estimatingcoef�cients on

laggedprices.Indeed,it is dif�cult to imaginea moresophisticatedrule thatproducersmight adopt,given

their total ignoranceabouttheparametersthatdeterminemarket conditionsandthestructuralmodel.Note

in particularthat at leastin theearly stagesof the transition,it would be a challengingstatisticalproblem

to disentangletheeffectsof theper-periodsupplyshocksfrom thoseof agents'privateinitial signals.For

example,supposethatthe�rst few realizedpricesexceedp̂1i . Evenif sheknew theunderlyingstructureof
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thesector, produceri wouldhavenowayof knowing whetherto attributetheseunexpectedlyhighpricesto:

(a)a largenegativevalueof . p̂1i − p� / ; (b) a largenegativevalueonaverageof . p̂1j − p� / , j 6= i , resulting

in underproduction;or (c) a sequenceof positive � t 's.

2. THE DYNAMICS OF PRICES AND PRODUCTION

2.1. Production and Price Paths for �xed � . In this subsectionwe �rst derive anexpressionfor average

anticipatedprice in periodt. We then�x an arbitraryvectorof privatemarket signalsanda sequenceof

s − 1 supplyshocks,andconsiderthedynamicpathof realizedinputpricesfrom periods into thefuture.

Whent = 1, privateproduceri 's anticipatedinput price is just her initial privatesignalof the market

price, p̂1i . As notedabove (equation(5)), whetherthedifference,. p1 − p� / , betweenthemarket clearing

priceandtheperfectinformationpriceis positive or negative dependsjointly on whetherprivateproducers

haveonaverageunder- or over-estimatedtheperfectinformationprice—i.e.,ontherelationshipbetweenp̂1

andp� — andon thesignof � 1. In periodt = 2, i 's updatedestimateof themarket price, p̂2i , is a weighted

averageof her initial signalandthepreviousperiod's realizedprice, p1. From(4) and(5), theexpression

. p̂2 − p� / , which is the divergencefrom the perfectinformationprice of the averageanticipatedprice in

periodtwo is . p̂2 − p� / = 1
1C


�
� 1
b +

�

 − b� 1n

�
. p̂1 − p� /

�

As the transitionprogresses,privateproducerssequentiallyrevise their estimatesof the market price.

While earlierpriceobservationsareincreasinglydiscounted,eachnew priceobservationhasanincreasingly

smallrole in determiningproducers'estimates.Combining(3) and(5), weobtainthefollowing relationship

betweenaggregateanticipatedpricesin periodst−1 andt:

. p̂t − p� / =
� t� 1

b
P t� 1

� D0 
 �
+

P t� 1
� D1 
 � − b� 1n

P t� 1
� D0 
 �

. p̂t� 1 − p� / (6)



11

By recursively substituting,wecanexpress. p̂t − p� / in termsof therealizedsupplyshocksup to period

t−1 andthegapbetweentheaverageinitial signalandtheperfectinformationprice:

. p̂t − p� / =
t� 1X

� D1

8 .� +1; t−1/
b0 �

� � + 8 .1; t−1/. p̂1 − p� / (7)

where 8 .� ; � 0/ =
Q � 0

mD�

�
0m� 1� b� 1n

�

0m
if � ≤ � 0 and 1 otherwise. For future reference,note that

@8 .� ;� 0/
@n = −b� 18 .� ; � 0/

P � 0

mD�

�
0m − 1 − b� 1n

� � 1
.

Let t̄ .b; 
 ; n/ denotethe smallestt suchthat
P t � 1

� D1 
 � ≥ b� 1n. Note that t̄ .b; 
 ; n/ increaseswith n.

Assumption3 guaranteesthat t̄ .b; 
 ; n/ > 1 for all n. To ensurethat certaincritical derivatives exist—

speci�cally expression(11)below—we imposethefollowing technicalassumption:

Assumption4. For all natural numbers n,
P Nt.b;
 ;n/

� D1 
 � 6= b� 1n.

Observe in equation(7) that for m ∈ [� +1; t−1], them' th elementof theproduct8 .� +1; t−1/ will

be positive iff m ≥ t̄ .b; 
 ; n/ . An importantpropertyof our modelis that the coef�cients on eachof the

randomtermsin expression(7) shrinkto zeroast increases:

Lemma 1. For all � , lim t !1
8 .� C1;t� 1/

b0 �
= 0.

Theproofsof this lemmaandthefollowing propositionsaregatheredtogetherin theappendix.

We cannow constructthe sequenceof gapsbetweenrealizedpricesandthe perfectinformationprice,

startingfrom anarbitraryvectorof privatemarket signals.First observe from (5) and(7) thatfor all t ≥ 1,

thegapbetweentherealizedpriceat t andtheperfectinformationpriceis

. pt − p� / =
n
b

 
� t

n
−

t� 1X

� D1

8 .� +1; t−1/
b0 �

� � − 8 .1; t−1/. p̂1 − p� /

!

(8)

If Assumption2 holds,expression(8) andAssumption3 imply that every sequenceof realizedprices

convergesto theperfectinformationprice, p� . This resultrequiresno restrictionson thestatisticaldistribu-

tion of agents'initial signals.An immediatecorollary is thatwith certainty, averageanticipatedpricewill
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asymptoticallycoincidewith p� . If Assumption20holdsratherthanAssumption2, thenthebestwecansay

is that,conditionalonany vectorof initial marketsignalsandsupplyshocksupto times, theexpectedpaths

of actualandanticipatedprices,startingfrom periods + 1, convergeto theperfectinformationprice p � .

Proposition1. (a) If Assumption2 holds, then for any vector of initial market signalsand sequenceof

supplyshocks, lim t !1 . pt − p� / = 0 andlim t !1 . p̂t − p� / = 0. (b) If Assumption20holds,thenfor any

vectorof initial market signalsand sequenceof supplyshocks up to period s, lim t !1 Es. pt − p� / = 0

andlimt !1 Es. p̂t − p� / = 0.

2.2. Qualitati ve propertiesof production and price paths. Ourgoalin thisandthefollowing subsection

is to study“the shape”of theproductionandpricepathsgeneratedby anarbitraryvectorof privatemarket

signalsandsupplyshocksover time,andto investigatehow this shapechangeswith n. Unlessrestrictions

are imposedon supply shocks,however, very little can be said aboutany given path. Accordingly, we

assumeinitially that all supply shocksare zero,which allows us to illustrate the factorsin�uencing the

effectsof theinitial uncertainty.

We begin by analyzingthe sequenceof averageanticipatedprices. In periodone,privateproduceri 's

anticipatedinput price is just her initial privatesignalof themarket price, p̂1i . In periodtwo, i 's estimate

of themarket price, p̂2i , is a weightedaverageof her initial signalandthepreviousperiod's realizedprice.

Considertheexpression. p̂2− p� / , whichis thedivergencefrom theperfectinformationpriceof theaverage

anticipatedpricein periodtwo assumingno supplyshocks:. p̂2 − p� / = 1
1C


�

 − b� 1n

�
. p̂1 − p� / . Note

thatbecauseb
 < 1 (p. 8 above), thesignon . p̂2 − p� / is differentfrom thesignon . p̂1 − p� / .

Now considerthebehavior of theaverageanticipatedpricein periodt asafunctionof theprecedingperiod's

averageanticipatedprice: . p̂t − p� / =
P t� 1

� D1 
 � � b� 1n
P t� 1

� D0 
 � . p̂t� 1 − p� / . Underassumption3, we candistinguish

threecases,dependingon whether:(i) .
P t� 1

� D1 
 � − b� 1n/ < −
P t� 1

� D0 
 � or equivalently1 + 2
P t� 1

� D1 
 � <

b� 1n; (ii) .
P t� 1

� D1 
 � − b� 1n/ ∈ [−
P t� 1

� D0 
 � ; 0] or equivalently
P t� 1

� D1 
 � < b� 1n < 1 + 2
P t� 1

� D1 
 � ; (iii)
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P t� 1
� D1 
 � > b� 1n. In case(i), thecoef�cient on . p̂t� 1 − p� / is lessthan-1; in case(ii) it belongsto [−1; 0],

while in case(iii) it belongsto [0; 1]. Let t.b; 
 ; n/ denotethelargestt suchthatcase(i) holds,andt̄ .b; 
 ; n/

denotethesmallestt suchthatcase(iii) holds.It follows from theprecedingobservationthatin theabsence

of supplyshocks,the pathof anticipatedpricesgeneratedby any vectorof initial market signalscanbe

dividedinto atmostthreephases:phase(i) runsfrom period1 to t.b; 
 ; n/ , phase(ii) from t.b; 
 ; n/ + 1 to

t̄.b; 
 ; n/−1 andphase(iii) from t̄.b; 
 ; n/ on. Phase(i) is characterizedby explosiveoscillations,phase(ii)

by dampedoscillationsandphase(iii) by monotoneconvergence.Weshallreferto phases(i) and(ii) asthe

short-run, andto phase(iii) asthelong-run. Thus,in theshort-runthepathsof productionandanticipated

pricesexhibit thefamiliarcobwebpattern,exceptthattheunderlyingparametersvarywith time.

Oncesupplyshocksare introduced,a “representative price path” is, of course,no longermeaningful.

Certainly, we can no longer proceedas above and partition any given price sequenceinto threephases

with qualitatively differentdynamicproperties.4 For example,therearesequencesof supplyshockswhose

associatedpricepathsalternateforever betweenoscillatoryandmonotonephases.In a probabilisticsense,

however, the propertiesof the modelwith supplyshocksmirror the characteristicsdescribedabove. For

example,if t .b; 
 ; n/ > 1, thenthegapbetweenp̂t .b;
 ;n/ andp� will morelikely thannotbewider thanthe

gapbetweenp̂1 and p� . Similarly, thegapbetweenp̂Nt .b;
 ;n/ and p� will morelikely thannot benarrower

thanthegapbetweenp̂t .b;
 ;n/ andp� .5

2.3. The effectof increasingthe number of price-responsiveproducers. In theabsenceof supplyuncer-

tainty, anincreasein n, thenumberof privateproducers,hasthreeconsequences.First, thereis anincrease

in themagnitudeof oscillationsduringtheshort-run.Second,thedurationof theshort-runincreases.More

precisely, botht.b; 
 ; ·/ andt̄ .b; 
 ; ·/ increasewith n (p. 11),but t.b; 
 ; ·/ increasesby morethant̄.b; 
 ; ·/

sothatphase(i) is extendedandphase(ii) is squeezed.Third, oncethelong-runis reached,pricesandpro-

ductionconvergeto perfectinformationlevelsata fasterrate.To seethis,considertheratio

�
0 t � 1� b� 1n

�

0 t
. In

theshort-run,whenthis ratio is negative,anincreasein n makesit morenegative, increasingthemagnitude
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of oscillations.Also, an increasein n postponesthedateat which theratio turnspositive. In the long-run,

whenit is positive,anincreasein n makesit lesspositive, increasingtherateof convergence.

Now supposethatsupplyshocksarenon-zero.Again,theeffectsof n arecomparableto thoseabove,but

only in aprobabilisticsense.For example,if n increasesto n0, thentheprobabilitythatthethegapbetween

p̂t .b;
 ;n0/ and p� is wider thanthegapbetweenp̂1 and p� will exceedtheprobability that thegapbetween

p̂t .b;
 ;n/ and p� is wider thanthegapbetweenp̂1 and p� . Now considerthelong-run,andsupposethatthe

gapbetweenp̂t .b;
 ;n0/ and p� is equalto the gapbetweenp̂t .b;
 ;n/ and p� . In this case,an increasein n

increasesthelikelihoodof smoothconvergenceto theperfectinformationprice,sincefor t > t̄.b; 
 ; ·/ , the

coef�cients on the� t 's declineasn increases.

2.4. The variance of market prices. In the precedingsubsections,we consideredthe the shapeof indi-

vidual dynamicprice andproductionpathsandthe effect of n on theseshapesin the absenceof supply

uncertainty. We now examinethe statisticalpropertiesof thesepathsandthe effect of n on theseproper-

ties.To simplify theanalysisin thissection,weassumethattheaverageinitial privatesignalis anunbiased

estimatorof theperfectinformationprice.6

Assumption5. E. p̂1 − p� / = 0.

UnderAssumption5, (7) impliesthat for every t, p̂t is anunbiasedestimatorof theperfectinformation

price. Thevarianceof p̂t is obtaineddirectly from thesameexpression.Letting &2 denotethevarianceof

theaverageinitial signaland� 2
t denotethevarianceof � t , weobtain:

Var. p̂t / =

(
t� 1X

� D1

�
8 .� +1; t−1/

b0 �

� 2

� 2
� + .8 .1; t−1//2 &2

)

(9)

To economizeon notation,we set00 = b� 1 and� 2
0 = &2. Wecannow rewrite (9) as

Var. p̂t / =
t� 1X

� D0

�
8 .� +1; t−1/

b0 �

� 2

� 2
� (90)
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Wecalculatethevarianceof thet-period'th realizedpricefrom expressions(8) and(9)

Var. pt / = b� 2

(

� 2
t +

t� 1X

� D0

�
n8 .� +1; t−1/

b0 �

� 2

� 2
�

)

(10)

Holdingn �x ed,theeffect of time on thevariancesof both p̂t and pt will beimmediatelyapparentfrom

expressions(9) and(10). Theturningpoint betweenphases(i) and(ii) in thezerosupplyshockcasehere

determinesthe behavior of the variancesof p̂t and pt . In the very short-run(phase(i)), eachperiodan

additionaltermwith magnitudegreaterthan1 is multipliedby thet − 1 pre-existing termsandanotherterm

is addedto thesum,sothatbothvariancesincreasewith t. In phase(ii) andthebeginningof phase(iii), an

additionaltermwith magnitudelessthanoneis multipliedby thepre-exisiting terms,but anadditionalterm

is added,sotheeffect of t is indeterminate.In thevery long term,however, bothvariancesshrinkto zero.

Proposition2. For t < t.b; 
 ; n/ , Var. pt / > Var. pt� 1/ and Var. p̂t / > Var. p̂t� 1/ . For any given t ≥

t .b; 
 ; n/ , therelationshipbetweenvariancesin successivet's cannotbedetermined.However, if Assump-

tion 2 holds,thenlim t !1 Var. p̂t / = limt !1 Var. pt / = 0.

We now considertherelationshipbetweenn andthevarianceof theaverageanticipatedprice in period

t. We �nd that in theshort-run,anincreasein n increasesvolatility, while in thelong-run,theeffect of n is

indeterminate.Recallingfrom p. 11 theexpressionfor @8 .� ;� 0/
@n , we obtainthefollowing expressionsfor the

�rst andsecondderivativesof Var. p̂t / with respectto n:

dVar. p̂t /
dn

= −
2
b

(
t� 1X

� D0

�
8 .� +1; t−1/

b0 �

� 2
 

t� 1X

mD�C1

�
0m − 1 − b� 1n

� � 1

!

� 2
�

)

(11)

d2Var. p̂t /

dn2 =
2
b2

8
<

:

t� 1X

� D0

�
8 .� +1; t−1/

b0 �

� 2
2

4 2

 
t� 1X

mD�C1

�
0m − 1 − b� 1n

� � 1

! 2

(12)

−

 
t� 1X

mD�C1

�
0m − 1 − b� 1n

� � 2

!#

� 2
�

)
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UnderAssumption3, 8 .� +1; t−1/ is the productof termswhich for suf�ciently large t areeventually

all lessthanunity. Note the sequence
� �

0m − 1 − b� 1n
� � 1

� 1

mD1
is bounded.Thesefacts7 togetherwith

Assumption2, imply thatthesequences
�

dVar. Opt /
dn

� 1

tD1
and

�
d2Var. Opt /

dn2

� 1

tD1
arebounded.

UnderAssumption2, the comparative staticsof volatility with respectto n aredeterminateonly in the

short-run,whenanticipated(andhencerealized)pricesbecomemorevolatileasn increases.UnderAssump-

tion 20, they arealsodeterminatein theextremelylong-run,whenpricevolatility declinesasn increases.

Proposition3. (a) In the short-run(i.e., for t < t̄.b; 
 ; n/), Var. p̂t / is increasingand convex in n. (b)

Under Assumption2, for any givent ≥ t̄ .b; 
 ; n/ , the derivativeof Var. p̂t / with respectto n cannotbe

signed.(c) UnderAssumption2, lim t !1
dVar. Opt /

dn = 0, for all n. (d) UnderAssumption20 thereexistsT such

that for all n andall t > T, dVar. Opt /
dn is negative.

3. EXPECTED SOCIAL SURPLUS

3.1. Expectedsocial surplus in period t. Expectedsocial surplusin period t, V t , is de�ned as as the

sumof the expectedproducersurplusesaccruingto privateproducersandparastatalsandthe surplusthat

accruesto suppliersof thenontradableinput. We compareV t to Walrasiansocial surplus, SSW, which is

thesurplusthatwouldariseif therewereno uncertaintyandif all productionoccuredatWalrasianlevels. It

is usefulto introduceanintermediatelevel of socialsurplus,perfectinformationsocialsurplus, SS� , which

is thesurplusthatwould ariseif privateproducersrespondedoptimally to parastatalproductionlevelsand

therewereno uncertainty(thusSSW = SS.1/ ). We cannow decomposeV t into threecomponents:SSW

plus a (negative) misallocationeffect, 1 MSS = SS� − SSW, which measuresthe deadweightlossdueto

parastatals'non-Walrasianproductionlevels,plusa(negative) uncertaintyeffect, 1 U SS= V t − SS� , which

measuresthelossdueto privateproducers'imperfectinformationaboutmarket conditions.

This formulationallows usto highlighta tradeoff thatariseseachperiod.While thetradeoff is starkestin

theshort-run,it alsoappliesto theearlystagesof thelong-run.(UndereitherAssumption2 or Assumption

20, the tradeoff becomesone-sidedin the extremely long-run.) For standardreasons,the misallocation
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effect declinesasn increases:sinceparastatalsmisallocateresources,anincreaseof n (or, equivalently, in

� = n=N) movestheperfectinformationequilibriumprice p� .� / closerto theWalrasianprice p� .1/ . On

theotherhand,anincreasein n exacerbatestheuncertaintyeffect. Privateproducers'pro�ts arenegatively

relatedto pricevariance,which increaseswith n. Sinceparastatalmembersareassumedto berisk neutral,

their expectedsurplusis independentof the degreeof price variance.We will show that both effectsare

convex in n, so thatexpectedsocialsurplusattainsa uniquemaximum. Theseeffectsdependnot only on

thenumberof privateproducers,n, but alsoon thetotal numberof producersin thesector, N. Accordingly,

we treatthetotalnumberof producers,N, asavariableratherthanaparameter.

Walrasiansocial surplusis the sum of aggregatepro�ts and input producersurplusin the Walrasian

equilibriumwith no uncertainty. SincetheWalrasianoutputlevel is .w � − pW/ , aggregateproducerpro�ts

are N.w � − pW/2=2, andtotal input producersurplusis N.w � − pW/ × . pW + a=b/=2. ThusSSW =

N.aCbw� /2

2b. NCb/ .

The misallocationeffect, 1 MSS, is a function of 1 q̄ = q̄ − .w � − pW/ , the differencebetweenthe

parastataloutputlevel andtheWalrasianlevel, andof &2. 1 MSSis obtainedby summingtheareasof three

deadweightloss trianglesdueto parastatalmisallocationunderperfectinformationwith deadweightloss

dueto totalprivateproductionnotbeingproducedin thecost-minimizingfashionacross�rms. Aggregating

theareasof theparastataltrianglesyields−0:51 q̄2 . N� n/. NCb/
nCb . Thelossdueto differencesin priceforecasts

acrossprivate�rms is equalto −0:5nE[. p̂t i − p̂t /2], so that, sinceproducers'initial price signalsarein-

dependentandidenticallydistributed,1 MSS= −0:5
�

1 q̄2 . N� n/. NCb/
nCb + .

P t � 1
� D0 
 � / � 2
 2.t � 1/n.n − 1/&2

�
.

Note that1 MSSis concave with respectto n. Sincethe�rst termincreaseswith n, while thesecondterm

decreaseswith n, thesignof 1 MSSis indeterminate.

Theuncertaintyeffect, 1 USS,is thesumof two termswith oppositesigns. Privateproducersareneg-

atively affectedby uncertainty. Whenever they over-produce,the input priceexceedsp� .� / andwhenever

they under-produce,the input price falls shortof p� .� / . In eithercase,pro�ts fall shortof perfectinfor-

mationlevels. Input producers,in contrast,arepositively affectedby uncertainty. Their salesexceedthe



18

perfectinformationlevel whenever theinputpriceexceedsp� .� / andfall shortof this level whenever thein-

putpriceis below p� .� / . Parastatalproducersareunaffectedby uncertainty, sincethequantitythey produce

is independentof price.

E
�
PSt − PS� .� /

�
=

2n + b
2b

E. p� /2 −
2n + b

2b
Ep̂2

t

Similarly, denotingthe input producer's actualsurplusin period t by ISt and its perfect information

surplusgiven� (andq̄) by IS� .� / , we have:

E
�
ISt − IS� .� /

�
= .2b/ � 1n2Var. p̂t /

Summingthe two expecteddifferencesyields1 U SS= −n
2

�
1 + b� 1n

�
Var. p̂t / . The input quantityshock

hasno furthereffect on expectedsocialsurplus,since�rms arerisk neutralandmake their input usedeci-

sionsbeforetheuncertaintyis resolved.

Summarizing,expectedsocialsurplusin periodt asa functionof n is:

Vt .n/ = 0:5

(
N.a + bw � /2

b. N + b/
− 1 q̄2 . N − n/. N + b/

n + b
− .

t � 1X

� D0


 � / � 2
 2.t � 1/n.n − 1/&2

− n
�
1 + b� 1n

�
Var. p̂t /

�
(13)

3.2. Presentdiscountedvalueof expectedsocialsurplus. Sofar, wehaveconsideredtherelationshipbe-

tweenthesizeof theprivatesectorandexpectedsocialsurplusateachgivenpoint in time. However, thekey

policy issueour analysisaddressesis: what fractionof �rms shouldbeprivatized,assumingthat this frac-

tion will be�x edfor theentiretransitionperiod?To answerthisquestion,weconsiderthedecisionproblem

facinga policymaker with discountrate� , whoseobjective is to maximizethepresentdiscountedvalueof

expectedsocialsurplus,de�ned asV.n/ = .1−� /
P 1

tD1 � t� 1V t .n/ , andwhoseonly policy instrumentis the

level of n. NotethatV.n/ is a convex combinationof theper-periodvaluesof expectedsocialsurplus(i.e.,
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theweightson theperperiodvaluessumto one).Substitutingfrom expression(13), weobtain:

V.n/ = 0:5

(
N.a + bw � /2

b. N + b/
− 1 q̄2 . N − n/. N + b/

n + b
− n.n − 1/&2.1−� /

1X

tD1

� t� 1

"

.
t � 1X

� D0


 � / � 2
 2.t � 1/

#

− n
�
1 +

n
b

�
.1−� /

1X

tD1

� t� 1Var. p̂t /

)

(14)

Weidentify conditionsunderwhichauniquesolutionexistsfor thepolicymaker's taskof maximizingV t . ·/

with respectto n. In general,wecannotdo thisbecausediscountedexpectedsocialsurplusis not in general

globally concave. In theshort-run,however, theper-periodESS'sare concave, sothata suf�cient condition

for global concavity is that short-runconsiderationsare suf�ciently important to the policymaker. The

following propositionmakesthis precise:therewill beauniqueoptimallevel of privatizationprovidedthat

thepolicymaker is suf�ciently impatient.TheresultholdsundereitherAssumption2 or Assumption20.

Proposition4. Givenanyvaluesof b, N and
 , there exists�̄ > 0 such that if thepolicymaker's discount

rate� is lessthan ¯� , thenthere is a uniquelevelof privatizationthat maximizesdiscountedexpectedsocial

surplus.

The propositionestablishedconditionsunderwhich a uniquelevel of privatizationwill exist, provided

that the policymaker is suf�ciently impatient. This uniquelevel may be an interior solutionor a corner

solution;thepropositiondoesnotdistinquishbetweenthem.An alternative way to guaranteeuniquenessis

to identify conditionsunderwhich a cornersolutionmustobtain. UnderAssumption20, full privatization

will be optimal provided that the policy-maker is suf�ciently patient. The key to this result is that in the

long-run,thevarianceof anticipatedpricesactuallydecreaseswith n andhenceoneaspectof the tradeoff

betweenmisallocationand uncertaintyevaporates,while the other aspectbecomesmore and more one-

sided. Henceif the policy-maker is suf�ciently patient,long-runconsiderationswill eventuallydominate

short-runconcerns,andfull privatizationwill beoptimal. If thepolicymaker wasin�nitely patient,with a

socialdiscountrateof 1, thenfull privatizationwouldalwaysbeoptimal,since�nite short-termlosseswould
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bemorethanoffsetby in�nite long-termgains.8 By continuity, we canarguethattherearesocialdiscount

ratescloseto 1 for which full privatizationis optimal,whichallows usto statethefollowing proposition:

Proposition5. Givenanyvaluesof b, N and 
 , if Assumption2 holds,there exists ˜� < 1 such that if the

policymaker's discountrate� exceeds˜� , thenfull privatizationwill betheuniquemaximizerof discounted

expectedsocialsurplus.

4. CONCLUSION

This paperis premisedon theideathatlearningis anintegral partof thetransitionfrom centralplanning

to a market economy. Our focuson learningrevealsa welfaretradeoff associatedwith privatizationpolicy

in transitioneconomies,whenmarket liberalizationis accompaniedby uncertaintyover market conditions.

A morevigorousprivatizationprogramincreasesboth short-runprice andproductionvolatility aswell as

the time it takesfor this volatility to works its way out of the system.Theseeffectsdiminish welfare,so

if policymakersaresuf�ciently concernedwith the short-runa policy of lessthancompleteprivatization

will beoptimal. On theotherhand,an increasein thenumberof responsive privateproducersreducesthe

misallocationeffect due to parastatals'distortedproductionlevels, which is welfare-enhancing.Thus, if

policymakersaresuf�ciently patientapolicy of full privatizationwill beoptimal.

The magnitudeandthe distribution of transition-relateduncertaintyaffect the optimal level of privati-

zation. A uniform increasein the varianceof producers'initial signalsandall supplyshocksreducesthe

optimal degreeof privatization. Reducingthe shareof total uncertaintybornein the early stagesof the

transitionprocessincreasestheoptimal level of privatization.In thecasewith independentidenticallydis-

tributedsupplyshocks,anincreasein thetotal sizeof thesectorincreasestheoptimallevel of privatization

if andonly if thevarianceof theinitial signalsis lessthanthevarianceof thesupplyshocks.Theinteraction

betweentheinput priceuncertaintyfacedby thesectorandtheoptimal level of privatizationindicatesthat

uncertaintyregardingtheeffectsof governmentpoliciesin thetransitionperiodwill affect theoptimallevel

of privatization,possiblymakingit morecostlyto privatizein agivensector.
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While transitiongovernmentsaremoreconcernedwith dynamicissues,suchastheoptimalrateatwhich

parastatalsshouldbeprivatized,thanwith staticones,suchastheoptimal level of privatization,our static

analysishassomecleardynamicimplications.Speci�cally, it suggeststhatthegreaterthedegreeof initial

uncertaintyaboutmarket conditions,themoregraduallyshouldtheprivatizationprocessbegin. Also, gov-

ernmentpoliciesthatsupportinformationprovision andinstitution-building will beparticularlyimportant

in theearlieststagesof transitions,whentheirbene�tsarelargest.In addition,informationprovisionwill be

moreimportantin industrieswith moreprivatizedproducers.

Ratherthansupportingeithersideof the big-bangvs. gradualismdebate,our analysisaddsa new di-

mensionto thedebateby emphasizingthelearningprocess.Thetradeoff wederive favorsgradualismunder

somecircumstancesandbig-bangsunderothers.Evenwhenthe learningconsiderationsaddressedin this

paperwould suggesta gradualistapproach,gradualismmay not be optimal whenbroaderconsiderations,

particularlypolitical-economicones,aretaken into account.Regardlessof theseconsiderations,however,

our analysisindicatesthatbecausethebig-bangapproachfails to acknowledgethecostsof rapidprivatiza-

tion in auncertainenvironment,its predictionswill belikely to beoverly optimisticexceptwhenuncertainty

is minimalor policymakersareverypatientandlearningis correspondinglyunimportant.

APPENDIX

Proof of Lemma 1. Since0 � ≥ 1, Lemma1 canbeveri�ed by showing thatlim t !1 8 .� +1; t−1/ =

limt !1
Q t� 1

mD�C1

�
0m� 1� b� 1n

�

0m
= 0. Observe thatfor eachm < t̄.b; 
 ; n/ ,

�
0m� 1� b� 1n

�

0m
∈ [−b� 1n; 0/. More-

over, from Assumption 3, there exists � .n/ ∈ .0; 1/ such that for all m ≥ t̄ .b; 
 ; n/ ,
�

0m� 1� b� 1n
�

0m
∈ .0; � .n// . Hencefor all � andt > � , |8 .� +1; t−1/ | is boundedabove by

�
b� 1n

� Nt.b;
 ;n/
.

Moreover, for t > � > t̄.b; 
 ; n/ , |8 .� +1; t/ | < � .n/ |8 .� +1; t−1/ |, from whichLemma1 follows. �
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Proof of Proposition1. Fix � > 0. To prove part(a)of theproposition,wewill show that

thereexistsT > 0 suchthatfor all t > T; |. p̂t − p� / | < � (15)

FromAssumption3, thereexists � ∈ .0; 1=3/ satisfying.1 − 3� / = lim t !1

P t� 1
� D1 
 � � b� 1n
P t� 1

� D0 
 � . Thus,we can

pick T0 suf�ciently large that for all t > T 0, .1 − 2� / >
P t� 1

� D1 
 � � b� 1n
P t� 1

� D0 
 � . By assumption2, we canassume

additionallythat T0 is suf�ciently large that for all t > T 0,
�
�
� � t� 1

b
P t� 1

� D0 
 �

�
�
� < � � . It follows from (6) that for

t > T0, if |. p̂t� 1 − p� / | > � , then

|. p̂t − p� / | =

�
�
�
�
�

� t� 1

b
P t� 1

� D0 
 �

�
�
�
�
�

+

P t� 1
� D1 
 � − b� 1n

P t� 1
� D0 
 �

|. p̂t� 1 − p� / |

< � � + .1 − 2� / |. p̂t� 1 − p� / | < .1 − � / |. p̂t� 1 − p� / |

It follows thatthereexistsT suchthat|. p̂T − p� / | = .1− � /T� tC1|. p̂t� 1 − p� / | ≤ � , sincelimT!1 .1−

� /T� t = 0. Finally, observe thatif |. p̂t� 1 − p� / | ≤ � , then

|. p̂tC1 − p� / | =

�
�
�
�

� t

b
P t

� D0 
 �

�
�
�
� +

P t
� D1 
 � − b� 1n

P t
� D0 
 �

|. p̂t − p� / |

< � � + .1 − 2� /� = .1 − � /� < �

Thuswehave establishedthatstatement(15) is true,whichcompletestheproof.

Toprovepart(b),observethatEs. p̂t−p� / =
P s� 1

� D1
8 .� C1;t� 1/

b0 �
� � +

P t� 1
� Ds

8 .� C1;t� 1/
b0 �

E� � +8 .1; t−1/. p̂1−p� / .

SinceE� � = 0, for all � , part(b) follows immediatelyfrom Lemma1. �

Proof of Proposition 2. Supposet < t.b; 
 ; n/ . Eachincrementin t addsanotherpositive term

to expressions(9) and(10). Moreover, the coef�cients on the commontermsarelarger at t thanat t−1.

HenceVar. pt / > Var. pt� 1/ andVar. p̂t / > Var. p̂t� 1/ . For t ≥ t .b; 
 ; n/ , eachincrementin t againadds

anotherpositive termto theexpressionsbut thecoef�cients on commontermsaresmallerat t thanat t−1.

Hencethe indeterminacy. Now assumethatAssumption2 holds,let t increasewithout boundandlet S =
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limt !1
P t

� D1 � 2
� . (Theexistenceof S is guaranteedby Assumption2.) Fix � > 0 andT 0 > t̄.b; 
 ; n/ such

that
P T0� 1

� D1 � 2
� > S− 0:5� b2. Now pick T > T0suchthat

P T0� 1
� D1

�
8 .� C1;T� 1/

b0 �

� 2
+ .8 .1; t−1//2 < 0:5� =S.

T existsbecausewe aresumminga �x ednumber(T 0) of terms,eachof which goesto zeroasT increases.

SinceT0 > t̄.b; 
 ; n/ ,
�

8 .� C1;t� 1/
b0 �

� 2
< b� 2, for all t > � + 1 > T 0 (since8 .� +1; t−1/ is theproductof

terms,all of whicharelessthanunity, and0 � exceedsunity.) Hencefor t > T,

Var. p̂t / =
t� 1X

� DT0

�
8 .� +1; t−1/

b0 �

� 2

� 2
� +

T0� 1X

� D0

�
8 .� +1; t−1/

b0 �

� 2

� 2
�

< b� 2
t� 1X

� DT0

� 2
� + S

 
T0� 1X

� D0

�
8 .� +1; T − 1/

b0 �

� 2
!

< 0:5� b2 + 0:5� b2 = �

Thisprovesthatlim t !1 Var. p̂t / = 0. It now follows from (10) thatin additionlim t !1 Var. pt / = 0. �

Proof of Proposition 3. (a) By de�nition of t̄ .b; 
 ; n/ ,
�
0m − 1 − b� 1n

�
is negative for every m <

t̄.b; 
 ; n/ . Hencefor every � < t < t̄ .b; 
 ; n/ ,
P t� 1

mD�C1

�
0m−1−b� 1n

� � 1
is negative,so @Var. Opt /

@n is positive.

Toseethat d2Var. Opt /
dn2 > 0,observethatin theshort-runall termsin thesummation

� P t� 1
mD�C1

�
0m − 1 − b� 1n

� � 1
� 2

arenegative, so that the squareof the sumexceedsthe sumof the squares.(b) For t ≥ t̄ .b; 
 ; n/ > � ,

P t� 1
mD�C1

�
0m − 1 − b� 1n

� � 1
includesbothpositive andnegative terms,so that thecoef�cients on the � � 's

cannotbe signedin general. (c) Considerthe expressionfor dVar. Opt /
dn in (11). Observe that for each� ,

limt !1
P t� 1

� D0

�
8 .� C1;t� 1/

b0 �

�
= 0. Also, by assumption,lim � !1 � 2

� = 0. Finally, asnotedin the text be-

low (11), thesequence
� �

0m − 1 − b� 1n
� � 1

� 1

mD1
is bounded.It follows that for every � > 0, thereexists

T suchthat for t > T,
�
�
� dVar. Opt /

dn

�
�
� < t� . Moreover, thereexists � ∈ .0; 1/ and T 0 suchthat for t > T 0

and every � < t,
�
�
�
�

8 .� C1;t /
b0 �

� �
�
� < .1 − 2� /

�
�
�
�

8 .� C1;t� 1/
b0 �

� �
�
�. Hencefor t suf�ciently large

�
�
� dVar. OptC1/

dn

�
�
� <

.1 − 2� /. t + 1/� < .1 − � / t � . That is,
�
�
� dVar. OptC1/

dn

�
�
� is eventuallydominatedby a geometricallydecreas-

ing series,and henceconverges to zero. (d) Let � 2 denotethe commonvarianceof the � � 's and con-

sidertheexpressioninsidethecurly brackets in display(11). Note thatall of the termsin thesummation

over � arepositive except for when � < t̄.b; 
 ; n/ . Now considerthe last term in the summationover

� , � = t−1. We can pick � > 0 suchthat for eacht > t̄ .b; 
 ; N/ ≥ t̄ .b; 
 ; n/ , the coef�cient on
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� 2
t� 1,

�
8 .t;t� 1/

b0 �

� 2 �
0m − 1 − b� 1n

� � 1
, exceeds� . Moreover, from Lemma1, thereexists T suchthat for

t > T,

�
�
�
�.8 .1; t−1//2 P t� 1

mD1

�
0m − 1 − n

b

� � 1
&2 −

P Nt.b;
 ;n/ � 1
� D1

�
8 .� C1;t� 1/

b0 �

� 2 � P t� 1
mD�C1

�
0m − 1 − n

b

� � 1
�

� 2

�
�
�
�

is smallerthan� � 2. Thus,for t > T all of thenegative termswithin {·} areexceededin absolutevalueby

thesinglepositive term
�

8 .t;t� 1/
b0 �

� 2 �
0m −1−b� 1n

� � 1
� 2. Because{·} is precededby aminussign,it follows

thatVar. p̂t / decreaseswith n for t > T. �

Proof of Proposition 4. To prove theproposition,it is suf�cient to prove thatfor suf�ciently small � ,

V. ·/ = .1−� /
P 1

tD1 � t� 1V t . ·/ is strictly concave on theinterval [1; N].9

dV.n/
dn

= 0:5

(

1 q̄2
�

N + b
n + b

� 2

− .1−� /. 2n − 1/&2
1X

tD1

� t� 1

"

.
t � 1X

� D0


 � / � 2
 2.t � 1/

#

− .1−� /
1X

tD1

� t� 1
� �

1 + 2
n
b

�
Var. p̂t / + n

�
1 +

n
b

� dVar. p̂t /
dn

� )

(16)

d2V.n/

dn2 = − 1 q̄2 . N + b/2

.n + b/3
− .1−� /2&2

1X

tD1

� t� 1

"

.
t � 1X

� D0


 � / � 2
 2.t � 1/

#

− .1−� / ×

1X

tD1

� t� 1
�

Var. p̂t /
b

+
�
1 + 2

n
b

� dVar. p̂t /
dn

+
n
2

�
1 +

n
b

� d2Var. p̂t /

dn2

�
(17)

Considerthe expressionfor V t .n/ given by (13). Clearly for all n, . N� n/
nCb andn.n − 1/ areconvex in

n. Moreover, n
2

�
1 + b� 1n

�
is both convex andincreasingin n. Theproduct n

2

�
1 + b� 1n

�
Var. p̂t / will be

convex in n, andhenceV t . ·/ will be concave, provided that Var. p̂t / is convex andincreasingat t. Now

Proposition3 establishesthatVar. p̂t / is convex andincreasingin n for t < t̄ .b; 
 ; n/ . Part (a) of Assump-

tion 3 guaranteesthat t̄ .b; 
 ; n/ > 1 for all n. Moreover, t̄ .b; 
 ; ·/ increaseswith n (p. 11). ThereforeV t . ·/

is concave on [1; N], for all t < t̄.b; 
 ; 1/ . Indeed,thereexists �̄ > 0 suchthat for all t < t̄.b; 
 ; 1/ ,
�
�
� d2Vt . �/

dn2

�
�
� > �̄ on [1; N]. On theotherhand,sinceboth

�
dVar. Opt /

dn

�
and

�
d2Var. Opt /

dn2

�
areboundedabove (p. 16), it
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follows thatif �̄ is suf�ciently small

d2V. ·/

dn2 = .1− ¯� /

(
X

t< Nt.b;
 ;1/

�̄ t� 1 d2V t

dn2 . ·/ +
X

� > Nt.b;
 ;1/

¯� t� 1 d2Vt

dn2 . ·/

)

< − .1− ¯� /

(
X

t< Nt.b;
 ;1/

¯� t� 1�̄ + �̄

)

≤ 0:

�

Proof of Proposition5. To prove thepropositionit is suf�cient to show thatfor all n ∈ [1; N], dV.nI� /
dn

is positive (seeexpression(16) ). This �rst termon theright handsideis positive andboundedaway from

zero.Thesecondtermapproacheszeroast approachesin�nity . FromProposition2, lim t !1 Var. p̂t / = 0,

while from Proposition3, lim t !1
dVar. Opt /

dn = 0, so that the weightedsumof the Var. p̂t / 's andthe second

termcanbemadearbitrarily smallby choosing� suf�ciently closeto zero. �
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