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Abstract

A regulator anticipates learning about the relation between environmental stocks and economic damages. For a model
with linear-quadratic abatement costs and environmental damages, and a general learning process, we show analytically
that anticipated learning decreases the optimal level of abatement at a given information set. If learning causes the regulator
to eventually decide that damages are higher than previously thought, learning eventually increases abatement. Learning
also favors the use of taxes rather than quotas. Using a model that is calibrated to describe the problem of global warming,
we show numerically that anticipated learning causes a significant reduction in first period abatement and a small increase
in the preference for taxes rather than quotas. Even if the regulator’s initial priors about environmental damages are much
too optimistic, he is able to learn quickly enough to keep the expected stock trajectory near the optimal trajectory.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The belief that we will eventually obtain better information about the effects of greenhouse gases is central
to the current debate over efforts to reduce carbon emissions. If we were convinced that current uncertainty
would persist indefinitely, we could model it like any other form of randomness. The anticipation that we will
learn about the relation between greenhouse gases and global warming—together with disagreement about
how this anticipated learning should affect current policies—complicates the debate. If we incur large
abatement costs now and later learn that global warming is not a serious problem, we will have wasted
resources. If we delay cutting emissions and later learn that global warming is a serious problem, we will suffer
avoidable damages. Both sides of the debate claim that the prospect of learning supports their
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recommendations. This paper contributes to understanding the role of anticipated learning on optimal
greenhouse gas policy.

We construct a dynamic model of a stock externality in which a regulator anticipates learning about the
stochastic relation between the pollution stock and economic damages. This model nests as special cases the
situations where the regulator expects to obtain information zero times, a finite number of times, or infinitely
often in the future. Our primary result is that anticipated learning increases the optimal level of emissions, i.e.
it reduces abatement, at a given information set. Under learning, the information about damages changes. If
the regulator learns that damages are higher than previously thought, abatement is eventually higher with
learning than without learning (The converse also holds.).

An additional feature of this model is that the regulator and firms have asymmetric information about
abatement costs, and the regulator might use either taxes or quotas to control the externality. Our secondary
result is that anticipated learning about environmental damages favors the use of taxes.

The paper’s third contribution is it’s generalization of the linear-quadratic control problem. This model is a
work-horse in applied economic dynamics, and the discovery that there is still something to be learned about it
is noteworthy—and potentially useful for other applications.

We calibrate the model in order to assess the likely magnitude of the effects of learning on the level of
abatement and the choice between taxes and quotas. We find that anticipated learning causes a significant
reduction in the optimal level of abatement, and causes a small increase in the preference for taxes rather than
quotas. Even if the regulator begins with priors that are much too optimistic, learning occurs quickly enough
that the expected stock trajectory remains close to the full-information optimal trajectory.

Arrow and Fischer [1] and Henry [9] analyze the effect of learning on optimal decisions with irreversibilities.
Epstein [4] provides a more general treatment of this problem; his results have recently been extended by
Gollier et al. [6]. Ulph and Ulph [25] use Epstein’s results to show that in a two-period model of global
warming the effect of learning on first-period emissions is ambiguous in general. Chichilnisky and Heal [2]
explain why anticipated learning may lead to greater initial abatement when irreversibilities are important.
Heal and Kristrom [8] review the role of uncertainty in climate change.

Much of the existing literature concerning climate change uncertainty assumes that information decreases
and eventually resolves uncertainty. Nordhaus and Popp [21] and Peck and Teisberg [22] consider the
difference between “act and learn” and “‘learn and act”. Learning can occur all at once as in Kennedy [15] and
Kolstad [16], or more gradually as a function of time as in Kolstad [17]. Fisher and Narain [5] study the effect
of irreversibilities in the stock of gasses and of abatement capital, holding fixed the amount of learning. Kelly
and Kolstad [14] consider active learning about the relation between greenhouse gas levels and global mean
temperature changes; Leach [18] studies a generalization of their model.

Most of these papers rely on two-period analytic models or complex models that require numerical
solutions. The numerical models permit a rich description of the environment, but their complexity sometimes
makes it difficult to understand the relation between outcomes and specific features of the model. Two-period
models take as exogenous the second-period maximand. When learning can occur over many periods and
where the stock is persistent, as with global warming, the value of being in a particular state in the next
period—the value function—depends on future decisions and on future learning.

We compromise between the two previous approaches by using a model that is linear-quadratic in emissions
and stocks, but which has a very general learning component. Since the effect of learning is ambiguous even in
two-period models, it will also be ambiguous in a more general dynamic model. The fact that we obtain
unambiguous results for the linear-quadratic model does not, of course, mean that learning has the same effect
under other functional forms. Nevertheless, the linear-quadratic model is helpful in understanding the general
problem. The model is simple enough to produce analytic results in a genuinely dynamic context, i.e. one in
which a regulator controls a stock externality and has many opportunities to learn about environmental
damages. The generality of the learning component is important, because it allows for the possibility that the
regulator discovers that environmental damages are extremely high or negligible. The model is also simple to
calibrate and easy to interpret, making it possible to understand the effect of assumptions about parameters.

Several papers, [10,11,20,13], compare taxes and quotas for the control of stock externalities when firms and
the regulator have asymmetric information about abatement costs. The main result from Weitzman’s [26]
static model (where damages are associated with a flow rather than a stock) continues to hold: a flatter
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marginal environmental damage curve, or a steeper marginal abatement cost curve favors the use of taxes.
These models assume that the regulator knows the parameters of the damage function. We extend these
models by including anticipated learning about an uncertain damage parameter.

The intuition for our two analytic results—anticipated learning decreases abatement and favors taxes—is
simple, and is likely to apply in more general settings. If the regulator never learns about the unknown damage
parameter, it is appropriate to solve the problem by maximizing the expectation of the present discounted
stream of utility, using the subjective distribution of the unknown parameter. In the absence of learning, this
distribution is constant. With learning (and a feedback control rule) the regulator knows that future decisions
will be based on the most recent information. If, for example, the regulator begins to believe that damages are
more serious than previously thought, he can reduce future emissions. The ability to adapt makes the bad
news about the damage parameter less bad. Similarly, good news is more valuable when the regulator can
change his future decisions. Thus, anticipated learning has an effect that is similar to that of a more optimistic
subjective distribution about the damage parameter. Consequently, at a given information state the optimal
emissions are higher in the current period, relative to the case without learning.

The same kind of logic explains the effect of learning on the comparison between taxes and quotas:
anticipated learning is similar to a more optimistic prior on the slope of marginal damages. In this context,
greater optimism is equivalent to the belief that marginal damages are flatter. Flatter marginal damages favor
the use of taxes rather than quotas, just as in the static and dynamic linear-quadratic models mentioned above.

Section 2 presents the linear-quadratic model of abatement costs and environmental damages with the
general model of learning. Section 3 establishes the results described above. Section 4 presents a specific model
of learning. Section 5 calibrates the resulting model and assesses the magnitude of the effect of learning.
Section 6 discusses how our qualitative results might change under different assumptions, and relates our
results to the previous literature. Section 7 concludes.

2. The model

We first specify the abatement cost and then environmental damages. Our two analytic results—the effect of
anticipated learning on abatement and on the ranking of taxes and quotas—require a model with two different
types of uncertainty: about damages and about abatement costs. Anticipated learning distinguishes our model
from the models in previous papers that compare taxes and quotas for a stock pollutant.

2.1. Abatement costs

Abatement equals the difference between the actual level of emissions and the Business as Usual (BAU)
level. We assume that the abatement costs are quadratic in abatement, so the benefit of emissions is a
quadratic function of emissions. We also assume that the intercept of the marginal benefit function equals a
constant a plus a mean-zero random variable 0, with a constant and known variance a3. The slope of marginal
benefits is a known constant . In period 7 the firm, but not the regulator, knows the value of 0,. The benefit
function in period ¢ is

~ b
f—l—(a+0,)x,—§xf. (1)
When the regulator sets a tax p, per unit of emissions, the firm maximizes the benefit of emissions minus the
cost of tax. Its problem is

o b
mf}Xf + (a+ 0,)x, — zxf — DXt

The first order condition to this problem implies that the level of emissions is

«_a—p, 0 0,

! b b b @
Hereafter, we assume that the tax-setting regulator chooses z;, the expected level of emissions under a tax.

Substituting x¥ into the firm’s benefit function (1) and taking expectations, gives the expected benefit of

X
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emissions under the tax policy z;:
2

o b,

— — =z 3
+ 2b 2Zt ( )

The quota-setting regulator chooses x,, which by assumption is binding with probability 1. Thus, the
expected benefit of emissions under the quota policy x, is simply

f~+a21

~ b
f+ax, —Exf. )

The tax-setting regulator determines only the expected level of emissions, whereas the quota-setting regulator
chooses emissions.

2.2. Environmental damages and learning

Let S, be the stock of pollutants, and x, be the flow of emissions in period ¢. All time dependent variables are
constant within a period. The fraction 0 <A <1 of the pollutant stock lasts into the next period, so the growth
equation for S; is

Siy1 = AS, + x;. (%)

With taxes, the flow of emissions and thus the next period pollutant stock, S;;1, is stochastic since it depends
on the cost shock. With quotas, the regulator is able to exactly determine the change in pollution stock.
The environmental damage in period ¢ is

G* =
D(S;, wy; G*) = T(St - S)Z(Ut» (6)

where w; is an i.i.d. non-negative random variable with mean 1, and G* is the true but unknown non-negative
value of the damage parameter. S is a known non-negative constant at which environmental damages are
minimized. The presence of the damage shock (w,) means that the regulator might not learn the true value G*
in finite time.

The functional form of damages implies that the regulator is not able to influence the amount of learning by
manipulating the level of stocks. That is, learning is passive rather than active in this model. To see this, use
Eq. (6) to write the ““data” (or signal) at time ¢ as

data, = Lt_z = G*w,. (7

(S: = 9)

By Bayes’s theorem, the posterior on G*, Pr(G* | data,), is proportional to the product of the likelihood
function, Pr(data, | G¥), and the prior, Pr(G*). The numerical value of the data at ¢ depends on G* and w,, but
not on S, (A change in S, causes an offsetting change in D,, leaving unchanged the middle expression in Eq.
(7).). Therefore, Pr(data, | G*) is independent of S,; consequently, the posterior Pr(G* | data,) is independent
of S,. In other words, changing S, does not change the information (about G*) that the regulator obtains from
observing G*w,.” The regulator is not able to affect the amount of learning by manipulating the pollutant
stock.

The value of G* might be much higher than the regulator’s expectation of this variable, so damages could be
much higher than currently believed. To this extent, the model captures the uncertainty about global warming.
However, the model makes a number of assumptions that may not hold for global warming, as we discuss in
Section 6.

At time ¢ the regulator’s subjective expectation of the value of G* is G, = E;G*; the operator E; denotes the
expectation conditional on information available at time ¢. In any period, the expectation of the single-period
payoff is linear in G,. This linearity implies that if G, were a constant G (i.e. there is parameter uncertainty but

2Consider the alternative damage function %*(S, — 8)? + w,, where w appears additively rather than multiplicatively. In that case, the
data at time ¢ is (D, S;); a larger value of (S, — S)? causes G* to explain a greater proportion of the variation in damages. For this additive
model, there exists the possibility of active learning.



L. Karp, J. Zhang | Journal of Environmental Economics and Management 51 (2006) 259-279 263

no learning), we could solve the control problem by replacing G* with G and simply ignore the uncertainty
regarding G*. G is the certainty equivalent value of G* in the model where G, is constant. However, parameter
uncertainty together with anticipated learning leads to a non-trivial change in the optimization problem.?

In order to be able to use standard dynamic programming methods, we need to be able to describe the
subjective distribution of G* using a finite number of parameters. Those parameters are elements of the state
vector. In our model the subjective distribution of G* at time ¢ is defined by two moments, the mean and
variance, y, = (G, 05,). However, our proofs do not depend on whether o7, is a vector of higher moments or
a scalar (the variance). The regulator cannot predict his future subjective expectation, so his current subjective
expectation is an unbiased estimator of its future value, i.e. E,G, . = G, for t=0.

For the purpose of nesting special cases in a more general model, we use the non-negative integer n to
denote the number of periods during which the regulator expects to obtain information about the damage
parameter. In order to avoid uninteresting special cases, we assume that if n>1, learning begins in the current
period and continues for n consecutive periods.

The variance of the subjective distribution (or more generally, the higher moments) changes stochastically.
On average, we expect that learning decreases the subjective variance. However, if the regulator receives a
surprising piece of information, he may decide that he is less certain about the unknown parameter than he
previously thought. In that case, ¢ increases. We assume that if the variance ever falls to 0, i.e., if the
regulator ever becomes certain of the value of G¥, it does not subsequently increase. In addition, we assume
that the variance approaches 0 only asymptotically, if at all. The last assumption (adopted only to simplify the
notation) means that the control problem for very large but finite » and for n = oo are not exactly the same;
they can, of course, be very similar.

If n =0 the regulator expects never to obtain information about G*; in that case the regulator solves a
standard control problem without anticipated learning. For given G, the two control problems with n = 0 and
arbitrary %, or with 6% = 0 and arbitrary n, are equivalent. In these two cases the regulator never changes his
subjective mean of the damage parameter, either because he never acquires new information (n = 0) or
because he is convinced that he already knows the truth (¢% = 0).

This model of learning is quite general. It allows for the possibility that the regulator learns about G*
quickly or slowly. The regulator may discover that it is likely that damages are extremely high, and very
sensitive to changes in the stock, and his subjective variance might either increase or decrease.

2.3. The optimization problem

The model has three types of state variables, the stock S, the moments of the subjective distribution
% = (G,0%), and the number of periods of future learning, n. The state y (and under taxes, the state S) changes
stochastically and the state n is deterministic.

The expected payoff in a period is equal to the expected benefits of emissions minus the expected damages.
The expectation is taken with respect to the cost shock, 6, the damage shock w and the unknown parameter
G*. Under taxes, where emissions are given by Eq. (2), the expected single period payoff is

bz o7 G,

Z
fz"‘aZz—T[‘i‘E—CtSz—?S? (8)

with f, =7 - 45, ¢,= -G5.

We discuss the control problem in which the regulator uses taxes. We can obtain the solution under quotas
immediately from the solution under taxes, simply by replacing z with x and setting o7 = 0. (Compare the
expressions (3) and (4).)

The parameter f, affects the value of the payoff but it does not interact with either the stock or the control,
so it has no effect on the optimal policy or on any of our results. Therefore, to simplify notation we replace f,

3Although the single period payoff is linear in the subjective expectation of G*, the value function is non-linear in this parameter. This
fact means that anticipated learning about G* affects the optimal program; in contrast, parameter uncertainty in the absence of learning
does not change the optimization problem. Even with a more general specification of the payoff, parameter uncertainty in the absence of
learning is not of any particular interest. For example, if the single period payoffis #/(G*, S,, z;, 0;) and there is no learning, we can solve the
control problem as if there were no parameter uncertainty, replacing the single period payoff with H(S,z;,0,) = Egh(G*, S}, z:,0,).
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with a constant, f. Our formulation of damages, Eq. (6), implies that the intercept of marginal damages is the
unknown constant —G*S, so the subjective expectation of the intercept is ¢, = —G,S. The critical feature in
our model is that the slope of marginal damages is uncertain. The uncertainty about the intercept is an
incidental feature. In order to establish this point, we also consider an alternative model of damages, in which
the intercept is a known constant, ¢. With this alternative, we need a restriction on the magnitude of the
constant; that restriction is automatically satisfied when the slope is ¢, = —G,S. We state our results for both
the cases where the intercept of marginal damages is a constant and where it equals —G,;S. To simplify
notation we drop the time subscript on ¢; unless it is needed for emphasis.
With a discount factor f, the tax-setting regulator’s maximized expected payoff at time ¢ is

J(S,, G, 0> n):mainﬁ’ ftaz —bzf+f+“—5—cs G )
>t Vgt t £ t+1 2 2b +t P t+t (*
The dynamic programming equation is
bz* o2 G
(S0, g1 m0) = max.f +az — —+ i — S, — 7‘53 + BE,,. (Eo,J(Sts1s Lis1s 1))
. 0
subject to Sy =AS; +z+ L n; 1 = max(n, — 1,0). (10)

b

To evaluate the continuation payoff we take expectations with respect to S,;1 and y,,, the stochastic states.
The maximization in problem (10) is subject to the equations of motion for y, the moments of the subjective
distribution. Since the analytic results do not depend on these equations, we do not specify them at this time.

There are at least three ways that we can think about increasing learning in this model: (i) An increase in 7,
the number of times that new information will arrive; (ii) An increase in 6%, the measure of uncertainty about
the unknown parameter—if o2 is close to zero, there is little scope for learning, and if % is large, potential
learning is also large; and (iii) An increase in the precision of future information (Section 4 formalizes the
meaning of this third possibility.). The first two changes alter an argument in the value function, and the third
change alters the equation of motion for %, thereby altering the value function itself.

3. The effect of learning on emissions and policy ranking

We begin by examining the case where n = 1 in order to show the relation between our model and previous
models in which learning occurs only once. The next subsection states our two major results: anticipated
learning increases emissions in the current period, and it favors the use of taxes rather than quotas. Most
proofs are in the Appendix.

3.1. One-time learning (n = 1)

For any n, the first order condition to problem (10),
a—bz=—BE;  (Eo,Js(Si+1, Lig1,Me+1))s 9y

states that the expected marginal benefit of emissions in the current period should equal the discounted
expectation of pollution’s shadow cost (defined as the negative shadow value, i.e. —J5).

Denote the value of G, when there is no anticipated learning (n = 0) as G°. In the absence of learning, this
value does not change, so we do not use a time subscript. Because G* enters each period’s payoff linearly, the
value function depends on G° but not on the higher moment(s) azG’, when n = 0. Consequently, when n = 0 the
value function can be written as J(S;, G,, O'ZG’, 0) = ](S,; GO).

We can apply the logic used in previous models where learning occurs only once, e.g. Ulph and Ulph [25], to
compare emissions when n = 1 and n = 0. In both of these cases, n = 0 in the next period. Denote the value of
G, in the current period as G, so for n =0, G'=G;forn=1, E.Giyy = E.G'=G.
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In the two cases where n = 0 or n = 1 Eq. (11) specializes to
n=0:a—bz=—P(EgJs(Si1;G")
n=1:a—bz=—PEg (EgJs(Sis1:G").

The optimal z is larger under learning (n = 1) relative to no-learning (n = 0) if and only if the function
Ey,Js(Si+1, G%) is convex in G°.* If this function is convex, then

Eg(Eg,Js(St+1,G") > (Eo I s(Sp+1, E/G"))

by Jensen’s inequality. When moving from no-learning to learning, z must increase in order to maintain the
equality in the first order (11).

For the linear-quadratic specification we have an explicit expression for Jg(Sy; G°). It is easy to confirm that
this function is convex in G°, so the optimal level of emissions is higher when n = 1 compared to n = 0. This
fact provides the starting point for an inductive proof that establishes that an increase in n increases the level
of emissions.

3.2. Statement of results

We begin with the following simple but useful result.

Lemma 1. For both taxes and quotas, and for any integer n=0, the value function is quadratic in S; that is, the
value function has the form J(S, G, 6%,n) = Zy + 1,S + %Sz, where Ay, i, and p,, are functions of (G,c%,n).

This lemma is important for our analytic results, and it is also useful for numerical work. It enables us to
express the solution to the optimization problem as an explicit functional of 4,, i, and p,. We can obtain those
three functions by solving a recursive system of functional equations. This system does not involve optimization,
a fact that greatly simplifies the numerical solution to the system. The proof of Lemma 1 presents this system.

As a consequence of this lemma we have

Proposition 1. The Principal of Certainty Equivalence with respect to the cost shock 0 holds for any integer n=0.
Consequently, the expected level of emissions under the optimal tax equals the optimal quota.

Proof. Both statements follow from inspection of the control rules, given in the proof of Lemma 1. These
control rules are independent of the variance of the cost shock, and they are identical for taxes and
quotas. [

This fact has been previously noted in a model that does not involve learning about damages [11].

The following lemma identifies a restriction on parameter values needed to insure that when the stock is
sufficiently close to 0, the optimal level of emissions is positive. This restriction makes the problem
economically meaningful. The benefit of emitting in the current period must be great enough to induce the
regulator to allow positive emissions, at least when the stock is low. Here we explicitly consider both the case
where the intercept of marginal damages is a constant ¢, and where the intercept equals ¢; = —G,S.

Lemma 2. When c is a known constant, in the absence of learning the optimal level of expected emissions is
positive for S = 0 iff

1— 4
PGy 20

B
When ¢, = —G,S with G*>0 (so that G,>0) and S=0 the optimal level of expected emissions is positive for
S=0.

(12)

“The validity of this assertion depends on the fact that the single period payoff is linear in G*. If the single period payoff were non-linear
in G* the comparison between learning and no learning would depend on the convexity Ey,Js with respect to the distribution of G*, as in
Epstein [4].
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The following lemma provides the basis for understanding the effect of learning on the optimal level of
emissions, and on the comparison of taxes and quotas. The lemma uses the functions p,(y) and w,(x)
introduced in Lemma 1.

Lemma 3. When the initial variance is o%; >0: (a) The function p,(y) is increasing in n; (b) The function w,(y) is
increasing in n if ¢, = —G,S<0 or if ¢ is a constant and inequality (12) holds.

The geometric intuition for this lemma is straightforward. Additional opportunities to learn must increase
the payoff (provided that 6% >0). Thus, for n>1

1
IS, 1m) = J(S, 1m0 = 1) = (on = Jnt) + (s = 1-0)S + 5 (P = p,)S >0, (13)

This inequality must hold for all S, so it must be the case that p, — p,_; >0 (It must also be true that
An — An—1 >0, but this inequality does not influence our two major results, which depend only on the shadow
cost of pollution, equal to —u, — p,S.). There is no reason to suppose—in a general linear-quadratic control
problem—that u, — p,_; >0. However, that inequality does hold for parameter values that lead to a positive
level of emissions at small stock levels.

Our primary result is

Proposition 2. Suppose that the initial 02G >0. (i) An increase in the opportunities for learning (an increase in n)
always increases current emissions provided that S is sufficiently large. (i1) An increase in the opportunities for
learning increases current emissions for all S=0 if ¢ is a constant and inequality (12) holds or if ¢, = —G,S <0.

Proof. By Lemma 1, we can write the first order condition given by Eq. (11) as

a—bz=—BE;[, () + p,1(0S]- (14)
By Lemma 3(a), the right side is a decreasing function of n for large S. By Lemma 3(a) and (b) it is a decreasing
function of n for all $=0 if ¢ is a constant and inequality (12) holds, or if ¢, = —=G,S<0. Under these

conditions, an increase in z requires an increase in current emissions in order to retain equality between the
marginal utility of current emissions and the shadow cost of the stock of pollution. [

Proposition 2 shows (under the stated conditions) that anticipated learning increases emissions in our linear-
quadratic setting. We know from earlier work (especially [25,6]) that in some settings increased learning has an
ambiguous effect on emissions; therefore, anticipated learning might have an ambiguous effect in a more
general dynamic model.

Despite this lack of generality, our result describes a plausible effect of learning. As is evident from the first
order condition, anticipated learning increases emissions if and only if it decreases the expectation of
discounted shadow costs. A sufficient condition for that decrease is for learning (higher n) to decrease the
shadow cost of pollution at any state (i.e., any (x, S)). The shadow cost (—u, — p,,S) equals the amount that
the regulator would pay for a marginal decrease in the stock of pollution. It is “reasonable’ for anticipated
learning to reduce this shadow cost, because policies can be adjusted to accommodate new information. Here,
the anticipation of learning reduces not only the cost of the stock (i.e., it increases the value of the program, as
inequality (13) states), but it also reduces the marginal cost of the stock.

Proposition 2 describes the effect of anticipated learning at a given information set, i.e. for initial beliefs. Of
course, an important effect of learning is that it changes those beliefs. If learning eventually eliminates
uncertainty, i.e. if 5, — 0 and G; — G* as t — oo, the subjective distribution collapses to the true parameter
value. In this case, the regulatory program approaches the abatement rule under full information (with respect
to G*). The control rule under full information and under no-learning (Eq. (24) in the Appendix) implies that
an increase in G* or G decreases emissions. This observation implies the following:

Remark 1. If azG’, — 0 and G, - G* as t — oo, anticipated learning eventually increases abatement and
reduces the stock trajectory (relative to no-learning) if and only if G| < G*.

If the regulator initially underestimates damages (G, < G*) but is able to learn the true relation between stocks
and damages, learning eventually increases abatement.
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Using superscripts 7" and Q to denote the value functions under taxes and quotas, we state our second major
result (This result holds regardless of whether the intercept of the marginal damage function equals —G*S or a
known constant; in the latter case, it does not matter whether inequality (12) is satisfied.).

Proposition 3. For 02>0, JT(S, y,n) — J(S, y,n) is an increasing function of n: Increased opportunities for
learning favor the use of taxes rather than quotas.

In the static linear-quadratic problem (where damages are associated with the flow rather than the stock of
pollution), taxes are preferred to quotas if and only if the slope of marginal abatement cost exceeds the
expected slope of marginal damages [26]. In the dynamic version of this problem (i.e., where damages are
caused by the stock) without learning, taxes are preferred to quotas if and only if the slope of marginal
abatement costs exceeds the discounted slope of the shadow cost of the stock, —fp, [11]. The function —fp, is
increasing in the expected value of G*. The intuition for policy ranking in the static and dynamic problems
(without learning about the damage parameter) is essentially the same.” Since po is convex in G = EG™ (as the
proof of Lemma 3 shows), one-time learning (n = 1) decreases E(—fp,). Learning thus has an effect on the
policy ranking that is comparable to a decrease in G, so learning favors the use of taxes. Increased
opportunities to learn (a higher value of p, corresponding to a larger value of n) reinforce this effect, further
favoring the use of taxes.

4. The log-normal learning model

In order to calibrate a model for greenhouse gasses, we need an explicit learning rule. We assume that the
distribution of the damage shock in Eq. (6) is lognormal:

2 ()

We express the subjective moments in terms of g = In G. The regulator begins in period ¢ with normal priors
on g* = In G*, with mean g, and variance 63,,:

G~N(g, 02,). (16)

Given distribution (16), the subjective distribution of G* is log-normal with

o2
w,~iid. lognormal(——‘”,oz). (15)

1
E,G*= G, =exp (g, + Eaj’,) .06, = var(G*) = exp(2g, + 7, )(exp(a,,) — 1). (17)

Since damages are a product of independent log-normally distributed variables, the regulator has log-normal

priors on damages. After observing damages and the current stock, the Bayesian regulator updates his belief

about g*. The moment estimator of g*, denoted §,, is
A 2D[ 02
g=In———+-2

LS8 2

with variance 03 = az). The posterior for g* is normally distributed with the posterior mean ¢, , and posterior

variance o2

(18)

g,t+1 :
2 2
o o
[) gt A
Ji+1 = b} b} gt+ b} b} 9 (19)
o, + Oy o, + Oy
2 2 2 2
%4.:% 2 04.0%
Pgit1 = 52 52 Og0 = 2 102 (20)
O O-g,z‘ 0% + O-g,O

where ‘7;2;,0 is the prior at the beginning of the initial period, ¢ = 0 [7, pp. 407-410].

SWith quotas the regulator chooses emissions exactly, and with taxes the regulator chooses the expected value of emissions. Since the
damage function is convex, expected damages are higher when emissions (in the static problem) or the stock (in the dynamic problem) are
random variables—as they are under taxes. A larger value of G increases the convexity of damages and therefore favors quotas.
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A smaller value of ¢2 is equivalent to greater precision of future information. Using (19), greater precision
of information implies that this period’s posterior mean, g,,, is more responsive to information obtained in
the current period. Using (20), greater precision of information means that the posterior variance decreases
over time more rapidly. Thus, greater precision of information increases the amount of learning, as stated in
Section 2.3.

The subjective distribution for the unknown damage parameter G* collapses to the true value of this
parameter as the number of observations approaches infinity. Appendix B1, available through JEEM ’s online
archive for supplementary material at http://www.aere.org/journal/index.html, proves this result.

If the regulator begins with too optimistic a prior (g, <g*) g, increases over time, on average. This increase
can be enough to offset the decrease in aj,t, leading to an increase in var,(G;) (using (17)). In this case, during a
phase of the learning process the regulator becomes less certain about the value of G*, although he eventually
learns the correct value with probability 1. It is also straightforward to show that the regulator’s current
expectation of G* is an unbiased estimate of the future expectation: E,G,,. = G;, Y1 =0.

In the absence of anticipated learning, tlgg regulator solves the control problem treating G, as a constant. In
this case the constant G = G; = exp(g, + -5 is the certainty equivalent value of G*.

5. Quantitative results

We calibrate the model to describe the problem of controlling CO, emissions in order to limit the possible
damages caused by global warming. Most global warming models contain a more complex relation between
greenhouse gas stocks and environmental damages. In some respects these models reflect more accurately the
current state of art of the physical sciences.

This model is much simpler. It is easy to discover how assumptions about the likely consequences of
increased carbon stocks and about abatement costs determine the optimal level and method of abatement, and
to explore the role of learning. Our model is consistent with the more complex models, because our calibration
uses much of the same data and opinions. The numerical results provide an indication of the quantitative
effect of learning on both the optimal level of abatement and on the choice between taxes and quotas.

5.1. Calibration of a global warming model

Most readers would find it difficult to decide whether a particular value of g (or G) should be considered
large or small. Therefore, we describe our calibration in terms of the parameter ¢, defined as the expected
percentage reduction of Gross World Product (GWP) due to a doubling of stocks from their pre-industrial
level. The parameters ¢ and G are linearly related, as described in the online Appendix B2. The values
¢ =0.3,¢ = 1.33 and ¢ = 3.6 represent low, moderate, and high estimates of damages. Table 1 contains the

Table 1
Base-line parameters

Parameter Note Value
U(ZD Variance of In(damage shock) 0.6349
S Zero damage stock, billion tons of carbon 590
a Intercept of the marginal benefit,
$/(ton of carbon) 224.26
X BAU decade emissions,
billion tons of carbon 116.73
b Slope of the marginal benefit, 1.9212
billion $/(billion tons of carbon)’
) Standard deviation of cost shock, 5.5945
$/(ton of carbon)
A An annual decay rate of 0.0083 0.9204

p A continuous yearly discount rate of 3% 0.7408
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baseline parameter values. The online Appendix B2 explains how we obtain these values, and the relation
between our calibration and previous models.

5.2. Numerical results

We present four sets of simulations in order to assess the magnitude of the effect of learning on abatement
and on the comparison between taxes and quotas. We assume that learning continues indefinitely (n = 00). We
obtain the control rule in this case by numerically solving the recursive fixed point equations (27) and (28) in
the Appendix.

Fig. 1 shows the optimal abatement in the first period, when S = 781 billions tons of carbon, equivalent to
the current atmospheric CO, concentration. This abatement is expressed as a percentage of the BAU level of
emissions, using three different values of ¢ (defined as the regulator’s initial point estimate of the annual
percentage loss in GWP due to a doubling of carbon stocks). As noted above, the values ¢ = 0.3, ¢ = 1.33 and
¢ = 3.6 represent low, moderate, and high estimates of damages. In performmg this simulation we change aj )
and make offsettlng changes in g, so that G| = E|G* = exp(g; + 3 3 aq |) remains constant. As we hold G, fixed
and increase ag |- the initial expectation of damages remains constant but the amount of uncertainty increases.
Consequently, the potential for learning i 1ncreases We show the results as 031 varies from the minimum level,
0, to the level in our calibration, 0.63. As ‘791 varies over this range, the coefficient of variation of damages
varies from 0.94 to 1.6.

As we previously noted, in the absence of anticipated learning, the optimal decision depends on the certainty
equivalent parameter Gy, but it does not depend on the amount of uncertainty about the parameter G*.
Therefore, the dotted lines labeled “without learning” are constant with respect to aq] In the absence of
learning, optimal abatement is sensitive to the estimate of damages; a 170% increase in the estimate of
damages, from ¢ = 1.33 to ¢ = 3.6, results in a 138% increase in abatement.

25 N
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$=38.6, with learning

20
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% 10k $=1.33, without learning |
g 444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444
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Fig. 1. Abatement with learning as a function of initial uncertainty.
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Fig. 2. Abatement with learning as a function of the variance of the signal (¢ = 1.33, o-f, =0.63).

The potential for learning increases with the amount of parameter uncertainty. Not surprisingly, the
difference between the optimal level of abatement with and without learning also increases with this
uncertainty. When ¢ takes the values 0.3, 1.33 and 3.6, (fixing oé = 0.63) the potential for learning decreases
the level of abatement by 16%, 19% and 20%, respectively.

The second experiment studies the effect of learning as a function of the variance of the damage shock. As
this variance increases, the signal becomes less informative. Consequently, learning occurs more slowly, so the
anticipation of learning has a smaller effect on the optimal decision. Our base-line calibration assumes that the
damage shock and the parameter uncertainty contribute equally to the overall level of uncertainty about
damages: o, , = o, = 0.63.

Fig. 2 shows how the variance of the damage shock affects the optimal level of abatement. For very large
variances (e.g. 2,>400), learning occurs so slowly that it is virtually worthless, and there is a negligible
difference between the optimal first period policy with and without learning. However, even if the variance of
the damage shock is substantially larger than in our calibration, the effect of anticipated learning remains
significant.

The third experiment investigates the importance of anticipated learning in the ranking of taxes and quotas.
For our calibration, the expected payoff under taxes is approximately 30 billion dollars larger than the
expected payoff under quotas, for 1.3<¢ <3.6 (Fig. 3). The difference decreases with ¢, in line with previous

analytic results [11].° For ¢ = 3.6 and O'Z’O = 0.63, anticipated learning increases the difference in payoffs

The difference in payoffs under taxes and quotas is proportional to the variance of the cost shock, a parameter about which we have
little information. Nevertheless, $30 billion is a fairly small amount, since it is the difference in value functions. With our decade discount
factor of = 0.74, $30 billion is equivalent to a flow of approximately $7.8 billion per decade.
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Fig. 3. The effect of learning on the comparison of taxes and quotas.

under taxes and quotas from $29.6 to $30 billion, an increase of about 1.3%. For this calibration, anticipated
learning has a very small effect on the policy ranking.

The final experiment illustrates the effect of learning about the damage parameter on the expected stock
trajectory. Fig. 4 shows the expected stock trajectories under four scenarios: Business as Usual; the case where
the regulator believes that ¢ = 1.33 and does not learn; the case where he knows that ¢ = 3.6; and the case
where the true value is ¢ = 3.6, the regulator begins with the belief that ¢ = 1.33 and he anticipates learning.
The other parameters equal the baseline values in Table 1, and we use 05,1 = 0.63. The right panel shows the
trajectories over a horizon of 50 periods (500 years) and the left panel shows the trajectories during the first
three periods.

All of the stock trajectories begin at the same initial level. Abatement is positive with or without learning, so
the stock trajectories under regulation always lie below the BAU trajectory. Initial abatement with learning is
lower (emissions are higher) under anticipated learning, compared to no-learning, for given initial beliefs that
¢ = 1.33. Therefore, the expected trajectory under anticipated learning lies above the expected trajectory
without learning, for early periods (the left panel). Both of those trajectories lie above the expected trajectory
when the regulator is certain that ¢ = 3.6. With learning, the regulator increases his subjective expectation of
G*. The level of abatement in the scenario with learning is eventually greater than under no-learning, and the
expected stock is lower in the former case. Within 5 periods (fifty years) the expected stock is very close to the
level under perfect information about G*.

For our parameterization, learning occurs quickly enough that the stock remains close to its optimal level,
even though the regulator’s initial belief about damages is much too optimistic. The stock decays slowly and
emissions during a decade are a small fraction of the stock; the stock changes slowly relative to the speed of
learning. This example illustrates Remark 1.
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Fig. 4. The effect of learning on the stock trajectory.

6. Model sensitivity

The functional forms for abatement costs and environmental damages (but not for learning in the
theoretical model) are restrictive, and the model ignores a number of features of the global warming problem.
In assessing the applicability of the model, it is worth distinguishing between these two types of limitations.
This section discusses the effect of allowing inequality constraints, catastrophic changes, or different types of
abatement activities.

Our results hold even if 4 =1, i.e. if the stock does not decay. However, the model does not include
inequality constraints, such as x,>0. Thus, even when 4 = 1 the stock is reversible. The possibility (in a more
general model) that an irreversibility constraint might bind is one reason that anticipated learning could
increase abatement [2]. This possibility does not arise in our model.

Kolstad [16] finds that a non-negativity constraint on emissions does not bind for reasonable
parameterizations of the DICE model, provided that the stock of abatement capital is reversible. In this
situation, in his simulations anticipated learning has negligible effect on abatement. Ulph and Ulph [25] find
that a non-negativity constraint on emissions binds only for extreme parameter values, using Maddison’s [19]
model. When the constraint does bind, the effect of anticipated learning is ambiguous. When it does not bind,
learning decreases abatement, typically by a small amount.

We conducted numerical experiments (reported in the online Appendix B3) which show that the probability
that it is optimal to set emissions less than 0 is not measurably different from 0. In our model and for our
calibration, the constraint x>0 is (essentially) never binding. Thus, imposing the constraint x>0 would not
alter our qualitative results.
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The model excludes the possibility of catastrophic changes. There are a variety of ways to model such a
change, but the two obvious alternatives are to assume that the probability that the catastrophe occurs is a
function of the stock [3] or that the catastrophe occurs when the state crosses an unknown threshold [23]. Tsur
and Zemel [24] show that under plausible circumstances, either type of risk reduces the steady state stock
(conditional on the catastrophe not having yet occurred). In this case, the risk increases abatement, at least
asymptotically.

We are not aware of any analysis of the effect of anticipated learning about such a risk. This anticipation
increases the value of being in a pre-catastrophe state in the next period. If, as seems likely, anticipated
learning also increases the shadow cost of the stock in a pre-catastrophe state, it encourages abatement in the
current period. Again, we would have to use numerical methods to test whether this conjectured effect exists,
and if so, whether it would outweigh the effect described in Proposition 2.

In our model, abatement in the current period and in future periods both decrease future stocks, relative to
BAU levels. In that sense, the current and future actions are substitutes. In some situations, actions in different
periods might be complements. For example, in the current period it may be possible to undertake research (or
some other type of investment) that can only be used in subsequent periods.

Karp and Zhang [12] study the case where investment increases a stock of abatement capital that reduces
future marginal abatement costs. Current investment and future abatement are complements, but the relation
between the two is independent of the information about environmental damages. In this setting, anticipated
learning about environmental damages is likely to have the same effect as in the model without capital.
Anticipated learning about damages decreases the shadow cost of the stock of pollution, and therefore
decreases the level of investment and the level of abatement at a given information state.

However, the fruits of current research (or investment) might be more useful the more we know about
global warming. For example, research might enable us to respond more flexibly to future information about
global warming. The value of this flexibility might depend on the quality of our information. In this case,
anticipated learning increases the shadow value of current research, increasing current R&D. Examples that
go in the opposite direction are also easy to construct. For example, anticipated learning might increase the
benefit of waiting to invest, until we learn what type of technology is appropriate.

7. Conclusion

There is tremendous scientific uncertainty regarding the relation between greenhouse gasses and global
warming; the science is likely to improve. There are many reasons why people disagree about the appropriate
response to the danger of greenhouse gasses. One reason is that they hold different views about how the
anticipation of learning should affect the regulatory decision. There is good reason for these differing views:
even in two-period models the effect of learning is ambiguous. In a more realistic multi-period problem the
comparison will also be ambiguous.

Despite the impossibility of a general answer to the question “How does anticipated learning affect optimal
regulation of greenhouse gasses?”’, economic models can shed light on the issue. We adapted a linear-quadratic
model to include anticipated learning about a damage parameter. In this model, anticipated learning always
reduces abatement, for a given set of beliefs (Learning eventually increases or decreases abatement, relative to
no-learning, depending on how the beliefs change.). The intuition for this result is simple: the ability to
respond to new information reduces the threat of future damages, and therefore has an effect that is similar to
a more optimistic view of future damages. The simplicity of this intuition is important because it suggests that
the result is robust to functional forms. We also showed that anticipated learning favors the use of taxes rather
than quotas.

We confirmed numerically that the absence of an explicit irreversibility constraint on the level of emissions is
not important in our model. However, the possibility of irreversible catastrophic changes resulting from the
accumulation of greenhouse gasses, would be likely to weaken, and might overturn the conclusion that
anticipated learning reduces abatement efforts. The assessment of that possibility requires a more complicated
model, which could probably be analyzed only by using numerical methods.

An important advantage of the linear-quadratic formulation is that it permits a simple calibration. We
know little about the relation between greenhouse gas stocks and global warming, and little about the relation
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between global warming and economic costs. Rather than attempting to model both of these relations, we
posit a direct relation between stocks and damages which we calibrate using estimates that have appeared in
the literature.

We find that the effect of anticipated learning causes a 15-20% reduction in the optimal level of abatement.
Even if learning occurs much more slowly than our baseline assumes, it still causes a significant reduction in
abatement. Learning has a small effect on the ranking of taxes and quotas. Even if the regulator begins with
priors that are much too optimistic, the expected stock trajectory remains close to the full information optimal
level. The numerical results suggest that a substantial level of abatement is optimal even with anticipated
learning. The results therefore do not support a policy of ignoring the dangers of global warming while
learning takes place.

Appendix A. Proofs

The Appendix proves the results stated in Section 3.2. In the proofs, the operator E takes expectations of the
moments in the next period, ¥’ = (G, 0%). Note that the proofs do not require that ¢% be a scalar. In the text
we refer to ¢% as the variance, but we pointed out that it could also be viewed as a vector of higher moments.

Proof of Lemma 1. We use a proof by induction. We begin the induction with n = 0, where we have the well-
known linear-quadratic model without anticipated learning. The value function when n = 0 is quadratic in S,
re. J(S,x,0) = Ao+ poS + %pOSz. Here we merely present the formulae for the coefficients of the value
function and the control rule when the regulator uses taxes. By comparing the expected payoff functions under
taxes and quotas, we can obtain the coefficients of the value function and of the control under quotas simply
by replacing z with x and by setting ¢} = 0.

We use the definition:

¥ = /(G2 + 2BGb + 262 + b — 26°BA + 22 4%) >0,
The formulae for the coefficients of the value function are
1

pozﬁ(—Gﬁ—i—b—bﬁAz— V) <0, (21)
—cfpy + be — afpy4
= 22
B ¥ Bp+ bpa @2
021 ﬁp0+b 0_2+_az_ﬁzl’t(z)_zaﬂﬂo_sz+2fﬁp0 (23)
2(1—pp* "’ 2(=b+ Bpo)(1 — B)
The optimal control is
Z = a+ P+ ﬁPOAS. (24)
b — Bp,

For co>n>1 we use an inductive argument to show that the value function is quadratic in .S and to obtain
the formulae for the coefficients of the value function and the control rule. Suppose that the value function is
quadratic at n — 1 (as we know is true when n = 1): J(S, G,0%,n — 1) = /1 + 1, S + ""T“SZ. The dynamic
programming equation when there are » future learning periods is

. bz* o> G
J(S,G,azG,n)zmax;f+az—7+i—cS—ES2
El 2 A Pn—1 A 2 Pn—1 65 2
+ B n—1 F 1 ( S+Z)+T( S+2) +T? . (25)

The functions 4,1, 1,_;, and p,_; depend on the index n and also on the values of the state in the next period,
G, O'ZG/; we suppress those arguments.
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The operator E takes the expectation of the next period value (G',d%), conditional on the subjective
moments in the current period, (G, ¢%). In writing the DPE (25) we took expectations with respect to the
current cost shock, 6. This operation accounts for the presence of the terms involving the variance of the cost
shock, 3. We also took expectations with respect to the damage shock, w, using Ew = 1.

The optimal control rule, obtained by performing the maximization, is

.o_at BEw,_, + BEp,_|AS
" b— ﬁEpn—l .

Substituting this control rule into the DPE, using the trial solution J(S, G, a%;, n) = A, + u,S + %”SZ and then
equating coefficients in orders of S, we obtain the coefficients in the current period

_ (GB+bBA»Ep, | — bG -

(26)

= 0, 27

P b— ﬁEpn—l ( )
—bc + flad + ¢)Ep,_, + bBAEw,_,

n = , 28)

a b— ﬁEpn—l (
1b + ﬁEpnfl

/ln = ET 6(2)
o CYB =2 Bl VEpy_y + 2aPEp, .y + 2bBE 1 +2bf + B (Ep, 1)’ + @ 29)

2(b = PEp,_1)

In order to establish the inequality in Eq. (27) we use the definitions of p, and induction. We start the
inductive chain using the inequality in Eq. (21).

If we set ¢ = SG*, an unknown parameter, we repeat the steps above. The parameter c is replaced by SG, its
current estimate, in the above equations. [

Proof of Lemma 2. Using the formula for g, and z(, Eqgs. (22) and (24), the value of zy when S =0 is

a+Puy  a(pA—1)+ fe
b—Ppo Bpo+b(BA—1)

Since p, <0, this expression is positive if and only if Eq. (12) holds. O

Proof of Lemma 3. Part (a). We use an inductive proof. In Step 1 we start the induction by showing that p,(G)
is a convex function of G, which implies that p,(G, 6%)> p,(G). (This inequality is part of the condition that
insures that a single learning period reduces emissions, as described in Section 3.1.) In Step 2 we complete the
induction.

Step 1: Recall our comment in the text that J(S,G,0%,0) is independent of ¢%. Consequently, p, is
independent of 020- If the regulator does not expect to learn in the future, the optimal decision depends on the
expectation of G*, but not the higher moments of the subjective distribution. The formula for p,, Eq. (21),
implies

d2p0 B 2,82})21‘2
dG*  (v)y

>0,

so p, is a convex function of G. Jensen’s inequality implies,

E[py(G) 1 (G, 01> po(ELG | (G, p)]) = po(G) (30)
whenever ¢ >0. The equality in (30) is a consequence of the fact that J(S, G, ¢%,0) is independent of ¢Z.
In order to ease the notation, define the right side of Eq. (27) as the function
Gpr + bpA*r — bG
b— Br '

h(r; G) =
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In this function, r is the proxy for Ep,_;; h(-) is strictly increasing in r: 4,>0. Using this definition we rewrite
po and p, as

Po(G) = h(py; G),

p1(G.0g) = h(Elpy(G) | (G.o5)L: G)).

In view of the fact that % is increasing in its first argument, and using inequality (30), we have

p1(G,0G)>h(py(EIG' | (G, a5)]); G) = h(py(G); G) = po(G)

for all G and for all 6% >0.

Step 2: We now compare the functions p,(G, %) and p,_;(G,d%) for n>2. Note that we are comparing
these two functions evaluated at the same argument, (G,d%). We want to show how the number of
opportunities for learning, n, affects the functions for given beliefs (i.e., given subjective moments).

Suppose that for some n>2 the following relation holds: p,_,(G, azG)>pn,2(G, azG) for all G and for all
0'2G>0. (We know from Step 1 that this relation is true for n = 2.) This inequality implies that

p—1 = E[pn—l(G,7 OJ(%) | G: J%}] >E[pn—2(G/a OJ(2;) | G: O—%;] =2
for all G and for all 6% >0. Consequently,
Pn = h(rl’l—l; G)>h(rn—2; G) = Pu—1-

Part (b). We concentrate on the case where ¢ is a known constant and then briefly consider the case where
¢, = —SG,. We first obtain an intermediate result, we then start the inductive chain by considering the case
where n = 0 and we then complete the inductive argument.

Step 1: We first note some characteristics of the mapping in Eq. (28), which we repeat for convenience.

_ —bc+aPAEp, , + cBEp, ; + bBAEW,_,

u
" b— ﬁEpn—l
Using the right side of this equation, we define the function
—bc + aPfAr + cfir + bfAq
s = .
b— pr
In this function, r is the proxy for Ep,_; and ¢ is the proxy for Eyu, ;. We note that
ds b4
. f — 1
7 b—ﬂr>0 or b — fr>0, (31)
ds a+ Pq
—=pBAb——=5 >0 for a+ fq>0, 32
a =P (b — pr)? Ba (32)
d’s _ bpA

—=——->0. 33
dgdr (b — Br)* (33)
An increase in ¢ and r when b — fr>0 and a + f¢>0 increases the value of the function s.

The inequalities (31)—(33) imply that the following is a set of sufficient conditions to conclude that u, >, _;.

Condition 1. (a) b — fEp,_,>0. (b) Ep,_,> Ep,_». (¢) Ey,_y>Ep,_». (d) a+ pEu,_,>0.

The inequality in Eq. (27) establishes that Condition 1(a) holds for all #>1 and the proof of Lemma 3(a)
shows that condition 1(b) holds for all n>2.

Step 2: We now establish that u; > u,. To verify this inequality we begin by showing that y, is convex in G.
We use the chain rule to obtain

dity _ Otto Opo

dG ~ dp, oG
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and

dzllo _ o’ O Ky <6p0>2 4 o Opto <6 Po>
dG*  op} \0G 0py \ OG>
Eq. (22), the formula for y,, implies
JTh cf—a+apa
— = —fb4 55
po (=b+ Ppo + bp4)
2 —_—
6_;12()=2[3sz cfp—a+apA -
9p; (=b+ Ppo + bp4)

The last three equalities imply

— optpa Pt aba <%>2 _ ppa—P—atapa <d2po)
B (—b + Bp + b4y’ (—b+ fp + bpAY \dG?

(cp — a+ apA) 2p%b A (@) Y (d p0>
(=b+ Bpo + bBA) \ dG dG*

~ (=b+ Bpg +bpay
The term in square brackets is negative, so u, is a convex function of G iff ¢f — a + a4 <0, i.e. iff Eq. (12)
holds. For all G,c% Jensen’s inequality implies,

& Ho
dG*

(34)

Eug(G,0%)> uo(EG, 0%) (35)

(iff c< %) (Recall that y, like p,, depends on G but not on GZG. The expectation of p, with respect to G
obviously does depend on ¢%.).

Eqgs. (31)—(33), (35), and the facts that Ep,>p, and b — fEp,>0 establish that u; >u,. Consequently,
Eu,>Euy and a+ fEu; >a+ fEu,>0 (by Lemma 2, given that Eq. (12) holds). Therefore, Conditions
1(a)~(d) hold for n = 2.

Step 3: We now consider the case for n>2. Suppose that Condition 1 holds for some n>2 (The previous
paragraph confirms this hypothesis for n = 2.). For this value of n we have y,>u,_; (by part b, Step 1) so
Eu, > Eu,_,; thus, Condition 1(c) holds for n+ 1. In addition, a + Eu,>a + Eu,_, >0, so Condition 1(d)
holds for n + 1. Condition 1(b) holds by virtue of part a of this proof. Condition 1(a) holds in view of Eq. (27).
Thus Condition 1 holds for n 4 1. This completes the proof when ¢ is a known constant.

Step 4: In the case where ¢; = —SG,, the outline of the argument is unchanged, but the formula for L4 ig
more complicated because p, now depends directly on G = EG*. There is still the indirect effect of G on ,uo via
the parameter p,. Taking into account this direct effect, Eq. (34) is replaced by

gy (cp—a+apa)
dG*  (=b + Bpy + bpA)

28%b A <ap0) Y po BbAb* 4
(=b+ Bpo + bBA) 0G* (b + Bp, + b4y

The only difference is that an additional negative term appears in the square brackets. The rest of the
argument remains the same as in the case where ¢ is a known constant. [

Remark 2. The proof of Lemma 3 shows that the functions y, and p,, are increasing in »n, and the proof of
Lemma ]Z JrsI}ow that p, is bounded above by 0. The value function 4, + u,,S + 2an2 is bounded above by
= 5(]" + %, —-1), so both 7, and p, are bounded above. Consequently, the two sequences of functions (G, 0%)
and p,(G, O'G) converge to functions pi(G, 0%), poo (G, 6%) as n — oo. These limits are the solution to the fixed
point mapping obtained by removing the subscript # in Egs. (27) and (28). We solve this fixed point mapping
to obtain the control rule for n = oco. O
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Proof of Proposition 3. We rearrange Eq. (29) and use a superscript 7 to denote taxes. Under taxes, the
constant (with respect to S) in the value function obeys the difference equation

}szlb‘*'ﬁEPn L2 4 BEIT +7 —2f BEp,_1 +2bf + 2aPEu,_; + & + B (Ep,_ 1)2
"2 L) b— BEp,_,

The expression for the constant (with respect to S) in the value functlon under quotas, denoted iQ obeys the
same difference equation, except that the term that multiplies 00 is absent (As we noted in the proof of
Proposition 1, p, and p, are the same under taxes and quotas.). Defining D, = AT )nQ, we have
1 b + ﬁEpn—l
=
We want to show that D, > D,_;. We use an inductive proof, and first show that this inequality holds for
n = 1. Using Eq. (23) to compute D, gives

0'5 +ﬁEDn—1~ (36)

o2
D b+
Taking expectations at n = 1 and substituting this function into Eq. (36) gives
o3
D +
1 2 (- /3) e (b + EPBpy).

Using the convexity of p, in G we confirm that D > Dy.
Now suppose that D, _; > D,_, for some n>2 (We have already confirmed that this hypothesis is true, using
n = 2.). This hypothesis implies ED,_| — ED,_»>0. We have

BEP, 1 — Ep,_2) o2
26
The first term on the right side is positive by Lemma 3a and the second is positive by the hypothesis, thus
confirming D,, — D,,_ >0.
This proof does not involve the parameter c, so it does not matter whether we view it as a known constant or
as SG.

Dn - anl = + ﬁ(EDn 1 — ED1172)~
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